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The first edition in Russian of the book in September 2004 was devoted by the author
to the 175ys anniversary of the first publications on non-FEuclidean Geometry,

to the 100ys anniversary of the first publications on Theory of Relativity

and to their great creators — Lobachevsky, Bolyai, Lorentz, Poincaré, Einstein

To the readers

Seldom, what division of mathematical science is so well-known and understandable yet
since school years as the Trigonometry. Originated in antiquity it practically completed own
development and obtained its modern form at the end of the 18th century in the works of great
Leonard Euler. Meanwhile Geometry, from the historically initial Euclidean forms, passed far
ahead for the last two centuries. Furthermore, its various multi-dimensional and non-Euclidean
tensor forms were discovered and studied.

In the monograph, we undertake constructing general forms of the TensorTrigonometry
in multi-dimensional homogeneous and isotropic spaces with quadratic metrics (as Euclidean,
quasi- and pseudo-Euclidean ones). The classic Scalar Trigonometry acts on eigenplanes of the
binary trigonometric subspace of a tensor angle. The angle between two lines (or vectors),
between two subspaces (or lineors) in multi-dimensional linear spaces has accordingly the
nature of bivalent tensors, determined by the set reflector tensor of the binary space. However,
its kind is determined by the concrete quadratic metric. In these metric spaces, a tensor angle
and its trigonometric functions are respectively either orthogonal, or quasi-orthogonal, or
pseudo-orthogonal tensors. (In particular, for Euclidean spaces, the simplest reflector tensor
is a unity matrix, and we can deal only with the middle reflector of the concrete tensor angle.)

These tensor angles and all their trigonometric functions can be defined in the two forms:
(1) projective one by a pair of eigenprojectors or eigenreflectors; (2) motive one by the given
rotational or deformational matrix. Projective and motive angles are one-to-one connected.

In order to obtain the tensor construction, it was necessary to consider highly thoroughly
a number of related questions in the Theory of Exact Matrices, what is a part of Linear Algebra.
In addition to this, our efforts were rewarded by attainments of interesting and unexpected
results in Algebra, Geometry and Theoretical Physics.

Tensor Trigonometry point of view gives such advantages, that some rather difficult and not
easily perceivable mathematical or physical theories became quietly transparent and natural
for understanding. We exposed this on more elementary examples of trigonometric modelling
different motions with the use of their polar representations in quasi-, pseudo-Euclidean and
non-Euclidean geometries and in the Theory of Relativity. So, the hyperbolic tensor of motion
with the certain scalar multipliers produces all the kinematic and dynamic scalar, vector and
tensor physical relativistic characteristics of a moving material body, and gives the general law
of summing motions and relativistic velocities. The hyperbolic tensor of deformation produces
all the relativistic seeming geometric parameters of a moving object.

Main content of the book are at the joint of problems studied in multi-dimensional Geometry
and Linear Algebra. Since the exposition of the theory required many of additional notations
and terms, the author tried to give them the most convenient and logical forms. So, this
relates to the matrix alphabet based on wide-spreading examples. The author will be grateful
to readers who will express opinion, remarks or proposals concerning the book on my web-site.

Anatoly S. Ninil (Dr. Ph.), December 25 2020

web-site for contacts: http://ninul-eng.narod.ru/ or
e-mails ninulas2004@gmail.com , ninul-eng@yandex.ru
ORCID (in math): https://orcid.org/0000-0003-2861-383X
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Introduction

In Theory of Matrices such usual notions as a singular matrix, its rank, eigenvalues,
eigenvectors or eigensubspaces, annuling polynomial, and so on, have a sense only for
exact matrices and at exact computations. We distinguish the exact theory of notions
and the approximating theory of notions estimates. Each of them places its own part.
The notions connected with exact numerical characteristics relate to the exact theories.
These theories are used not only for constructing and analysis of abstractions, but they
are also important for analyzable objects from applied problems because the numerical
characteristics of objects are always exact and only their estimates are approximate.

The main two parts of the monograph, in twelve chapters, contain both the results of
our investigations in Theory of Exact Matrices (Part I, chapters 1+4) and developed on
this platform Tensor Trigonometry (Part I, chapters 5+12). The latter is a constituent
division of the corresponding to it Geometry with a certain quadratic metric.

The historical roots of Scalar Trigonometry, as a constituent part of two-dimensional
Geometry, refer to far-away times. Yet in the Euclidean "Elements” some trigonometric
formulations were be found. Much later, in II age Claudius Ptolemy of Alexandria
widely used in "Almagest" sine-cosine formulae with his trigonometric equivalent of
the Pythagorean Theorem. Some spherical functions were used also in IX-X ages
in the works of Arabian mathematicians. It is of interest that the Trigonometry on a
sphere became developed much earlier than the one on a plane. It was, due to the fact,
that it was needed in the practical astronomy. So, in 1603, Th. Harriot connected the
angular excess of a spherical triangle with area and radius. Though some trigonometric
elements were introduced into the European science by R. Wallingford in the beginning
of XIY age. Thus, in particular, he used it in solving of a right triangle.

Hyperbolic functions were discovered by A. Moivre (1722) and obtained in complete
set by V. Riccati from a unity hyperbola (1757). First these functions were used really
in hyperbolic Scalar Trigonometry and in geometric investigations by J. Lambert and
F. Taurinus. So, in 1763, J. Lambert connected the angular defect of a hyperbolic
triangle with area and radius. In 1825, F. Taurinus discovered the first (cosine) formula
for summing two segments in the hyperbolic geometry. Creators of the hyperbolic non-
Euclidean geometry N. Lobachevsky and J. Bolyai used it analogy in the small with
the spherical geometry as a main mathematical instrument for inferences of its metric
formulae. These geometries have such distinction: their geodesic arcs—segments are
hyperbolic and spherical. In pseudo-Euclidean or so called quasi- Euclidean geometries,
there are straight segments, but with hyperbolic or spherical angles between them!

The modern perfect form of the Scalar Trigonometry was given by L. Euler, who
realized also its complexification. On the other hand, Geometry continues to develop
and essentially violently according to the appeared idea of a multi-dimensional space.
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Multi-dimensional space was arisen apparently at the middle of XIX age in classical
work of H. Grassmann "Die lineale Ausdehnungslehre” [1]. H. Grassmann and, indepen-
dently of him, W. Hamilton laid the foundation of Vector Analysis in the spaces.
Before (in 1808) J.-G. Garnier emits Analytical Geometry as the whole division of
Geometry. The outstanding contribution in justification of the algebraic approach to
the geometry of any objects in multi-dimensional arithmetic spaces was realized by
the famous "Cantor-Dedekind Axiom about Continuum”.

About of that time appearance of Linear Algebra and its following development in
the works of F. Frobenius, G. Cramer, L. Kronecker, A. Capelli, J. Silvester, L. Hesse,
C. Jordan, Ch. Hermite and other mathematicians led, with time, to its larger filling
by geometric content. That is why, Linear Algebra found effective applications in the
theory of vector Euclidean spaces and also, after the well-known works of H. Poincare
and H. Minkowski, in the theory of new pseudo-Euclidean spaces. This process was
activated thanks to algebraic definitions of notions connected with metric properties of
arithmetic spaces and of their geometric objects (the lengths of vectors and the values
of scalar angles between them). As well-known for the basic algebraic definitions of
measures mathematicians used the Pythagorean Theorem and the algebraic cosine
Inequality of Cauchy or sine Inequality of Hadamard.

Besides, for the strict algebraic approach to the geometry in arithmetic spaces, it
is impossible to realize it completely without Theory of Exact Matrices. For example,
E. Moore and later R. Penrose proposed the general methods of quasi-inversion of
singular matrices. R. Courant developed the large parameter optimization method
with penalty functions, useful in such algebraic applications too. A. Tichonov gave
the small parameter method of regularization with the limit method for normal solving
degenerated systems of linear equations. Results of these investigations had also a big
geometric importance and, to some degree, served for initiating the present work.

The main aims of this monograph were (as 1st) to develop with further applications
a number of algebraic and geometric notions in Theory of Exact Matrices (Part I,
chapters 1+4), and then (as 2nd) on the platform to work out the basic aspects
of Tensor Trigonometry for binary tensor angles formed by two linear subspaces or
formed by rotation of a linear subspace in the superspace (Part II, chapters 5+12).
Since Tensor Trigonometry has a lot of applications in other mathematical and some
physical domains, the largest examples of which are exposed in the book’s Appendix.

First of all, the structure of matrix characteristic coefficients for n x n-matrices in
the explicit form is installed by special differential method. They appeared in Theory
of Exact Matrices in middle of XX age in the works of J.-M. Souriau and D. K. Faddeev
in addition to scalar characteristic coefficients with the well-known structure. These
last were used yet in XIX age by U. Le Verrier at his famous prediction of Neptune. We
express all eigenprojectors and quasi-inverse matrices in explicit form, in terms of the
scalar and matrix coefficients. And the minimal annulling polynomial for n X n-matrix
in explicit form is identified with the connections of all matrix singularity parameters.
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In passing, the general inequality for all average values is inferred, and hierarchical
invariants for the spectrally positive matrix are installed for the justification of the
stated geometric norms. The new global limit method for step by step calculating all
roots of a real algebraic equation is proposed, and the more strict necessary condition
for all its roots reality and positivity, than the classical Descartes condition, is gotten.

The particular (of order t) and general (of order r) quadratic norms (measures) are
introduced for the linear geometric objects lineors, determined by n x r-matrices A,
where 1 <7 < n (at r = 1 they are vectors), and for the tensor angles between them
or between their images in n-dimensional arithmetic spaces. In particular, at t = 1
they are the Euclidean and Frobenius norms (measures). The theoretical basis for
these particular and general norms is the hierarchical general inequality for all average
positive values. Also the specific multiplications of cosine and sine types are defined
for a pair of these lineors with inferring the general cosine and sine inequalities through
the special matrix trigonometric spectra. Their elementary algebraic and trigonometric
cases are the cosine Inequality of Cauchy and the sine Inequality of Hadamard.

Tensor Trigonometry, as the main new content of this monograph, is exposed then
in its three kinds: projective, reflective and motive, which naturally complement each
others. Two types of motive trigonometric transformations, as rotational (sine-cosine)
and deformational (tangent-secant), are defined. Besides, the general homogeneous
transformations, due to the former polar representations, are divided as either principal
spherical and orthospherical rotations or principal hyperbolic and orthospherical ones.

The special dual relations are established between primary spherical and hyperbolic
notions on the basis of spherical-hyperbolic analogy in abstract and specific senses.
This is widely used in developing Tensor Trigonometry and in its applications. So,
similar definitions of quasi-Euclidean and pseudo-Euclidean metric spaces and their
Tensor Trigonometries are exposed, in terms of the initially given reflector tensor of a
binary space with the kind of quadratic metrics (Euclidean or pseudo-Euclidean).

In the pairs (spherical, orthospherical), (hyperbolic, orthospherical) all rotations in
these binary spaces, with an identical reflector tensor, form two noncommutative groups.
The first one is the homogeneous group of quasi-Euclidean motions. The second one is
the homogeneous pseudo-Euclidean group of Lorentz. In the so-called universal bases,
the intersection of these two groups is a proper subgroup of secondary orthospherical
rotations. This reflector tensor and both quadratic metrics define in the same spaces
two sets of reflective transformations. Obviously, reflections do not form groups.

Most importantly, the quasi-Euclidean space and geometry filled in this monograph
a previously unnoticed gap that existed in the theory of homogeneous isotropic spaces.
This can be explained by the fact that the pseudo Euclidean space with the Lorentz
group was introduced back in 1905 by H. Poincaré as the mathematical apparatus of
the theory of relativity. This name was given to it later by M. Planck. The geometry
of this space was developed by H. Minkowski in 1907. But mathematically, they are
pseudoanalogues namely of this original quasi-Euclidean space and its geometry!
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In Appendix (chapters 1A+10A) — see more in the Preface to it, as the rather im-
portant case, we considered the tensor trigonometric transformations in elementary
forms, with single principal and orthospherical eigen angles of motions and therefore
with one frame axis for them. In the case, the new interesting possibilities are discov-
ered for the very clear study of various types of motions in pseudo-Euclidean Geometry
of Minkowski, in quasi-Euclidean Geometry with the same reflector tensor but with
Euclidean quadratic metric, in both non-Euclidean Geometries of constant radius, and
also in the Theory of Relativity. So, the rotations defined by Tensor Trigonometry in
these metric spaces with quadratic metrics are equivalent to the motions defined by
geometry in the small for subspaces of constant radius (hyperspheroid or hyperboloids)
embedded into them. The general law of summing non-collinear principal motions or
velocities in STR is established in the trigonometric matrix, vector and scalar forms
with identification of the secondary orthospherical rotation. In all these non-Euclidean
geometries and STR, we represented the law in noncommutative biorthogonal form
with Big and Small Pythagorean Theorems. As bright novelty we gave the solution of
a pseudo-Euclidean right triangle in a pseudoplane with connections of its angles, and
we proposed an updated concept of the parallel angle for all non-Euclidean geometries.

In the Kunstkammer in the book end, the readers may test themselves in solving a
number of the suggested by the author questions and tasks near to the work’s topics.

In conclusion, it is necessary to clarify the name of the new subject: Why tensor?

Usual angles are binary as between two linear geometric objects. They and their
functions are completely determined by square matrices how for any bivalent tensors.
In the presence of some of two quadratic metrics, the tensors are orthogonal; in the
absence of any metric, they are affine. The new subject mainly deals with orthogonal
tensors, their projections, and all scalar invariants. What is more. On a quasiplane
these tensors are spherically orthogonal, in a quasi-Euclidean space they are quasi-
Euclidean orthogonal. On a pseudoplane these tensors are hyperbolically orthogonal,
in a pseudo-Euclidean space they are pseudo-Euclidean orthogonal. In addition, they
may be symmetric and anti-symmetric, real, imaginary and complex, and so one. For
trigonometric functions of the binary tensor angles we use by analogy with scalar ones,
as most convenient here, the classical notations of J. Lagrange and K. Scherffer.

Tensor trigonometry in Russian was issued in 2004 by scientific Publisher "MIR"
thanks to a bright review of encyclopedically versatile eminent Russian mathematician
Postnikov M.M., widely known as author of a large number of valuable monographs and
textbooks in various algebraic and geometric fields. In the updated English version,
all theorems and formulae under 750 numbers and others of the 2004 edition are saved.

New methods of Tensor Trigonometry can be used further more widely in the various
domains of mathematics and physics. The author hopes that readers will find a lot
of interesting contents and new knowledges. He will welcome, if somebody wishes to
dare in this direction for its following development with new surprising results.



Notations

1. Notations of matrices (Matrices alphabet)

A — rectangular n X m- or m x n-matrix, or n X r-lineor in a space (at r =1 — n x l-vector a),
{lig(t)A} — rows submatrix of A of order t,

{col(t)A} — columns submatrix of A of order ¢,

A" — spherically orthogonal quasi-inverse matrix of Moore—Penrose,

B — quadratic n x n-matrix or external multiplication B = Aj A} of n x r-lineors Ay, As;

BY — adjoint matrix for nonsingular B (B~' = BY /detB),

B; = B — p;I — i-th singular eigenmatrix for B,

{D-minor (t)B} — t x t-submatrix for the diagonal (or principal) minor of B of order ¢,
{Dh-minor (t)B} —t x t-submatrix for the hypodiagonal minor of B of order ¢,

B (or Bp) — null-prime singular matrix: (ker B) N (im B) = (0),

B (or Bm and Bn) — adequately and Hermitian null-normal matrices: (ker B)L(im B),

B~ (or Bp~) — affine (or oblique, or hyperbolically orthogonal) quasi-inverse matrix,

B (or Be) — null-cell (two-block-diagonal) form of Bp, Bm, Bn,

? (or B—]; ) — affine or oblique eigenprojector into (ker B) parallel to (im B),

% (or ?p ) — affine or oblique eigenprojector into (im B) parallel to (ker B),

B (or Bm ) — spherically orthogonal eigenprojector into (ker B) = (ker B’),

B (or %) — spherically orthogonal eigenprojector into (im B) = (im B’),

C — free cellular matrix multiplier or internal multiplication C' = A Az of n x r-lineors A; and Ag,
C\(B) — basic (g-block-diagonal) form of the matrix B (¢ — quantity of the eigenvalues of B),
D — diagonal matrix,

Ej, — certain base (frame of reference),

E) — unity base of the diagonal cosine or universal base with the spherical-hyperbolic analogy,

F(...) — matrix function of (...),
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{GT}(x), {G*}(u) and G, — metric tensors (positive, sign-indefinite and mutual with G),

H - Hermitean complex matrix, H® - positively definite Hermitean complex matrix,

I — unity matrix, {I™} and {I~} - reflector tensor of Euclidean and anti-Euclidean spaces,

{I*} and {R};, I*Rw} = {V I }s — reflector tensors of quasi-Euclidean and pseudo-Euclidean spaces,
It— totally-unity matrix: all the elements of which are equal to 1,

Jy (B) — canonic Jordan form of a matrix B,

K — anti-symmetric real or complex matrix,

Kp(e) — matrix characteristic polynomial of the parameter e for a matrix B,

Ki(B,t) and Ks(B,t) — matrix characteristic coefficients for a matrix B of order ¢,

+Ref{Bm} — eigenreflectors for matrices Bm (spherically orthogonal),

+Ref{Bp} — eigenreflectors for matrices Bp (affine or oblique or hyperbolically orthogonal),

L, (B) — g-block-triangular form of a matrix B (q - quantity of eigenvalues of B),

M — normal (real and adequately complex) normal matrix,

N — Hermitean complex normal matrix,

O — nilpotent matrix,

P — prime matrix,

(@ — anti-Hermitean complex matrix,

Q@ p(€) — reduced matrix characteristic polynomial of the parameter ¢ for a matrix B,

Q1(B,t) and Q2(B,t) — reduced matrix characteristic coefficients for a matrix B of order ¢

R — orthogonal (real and adequately complex) orthogonal matrix, Rq — quasi-orthogonal n X r-matrix,
Ry — orthogonal modal matrix for transformation of a prime matrix P into its W-form,

S — symmetric real or complex matrix, S¢ - positively definite symmetric real matrix,

T — matrix of the rotational trigonometric modal transformation (active or passive),

U — unitary (Hermitean orthogonal) complex matrix,

V' — matrix of the general linear modal transformation (active or passive),

W (P) — mono-binary form of a prime matrix P,

X — matrix argument,

Y — matrix function, connected one-to-one two spaces in their direct sum in a certain basis space,

Z — zero matrix.
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2. Notations of binary tensor angles and their functions

@' — principal tensor spherical projective angle between two planars and in reflectors,

A
I

—®’ — principal tensor spherical motive angle in rotations and deformations,

[1]:

and = — complementary tensor spherical angles till the tensor spherical right angle I1/2,

[ = —I" — principal tensor hyperbolic projective angle between two planars and in reflectors,

I' = I — principal tensor hyperbolic motive angle in rotations and deformations,

T and T - complementary tensor hyperbolic angles till the tensor hyperbolic infinite right angle A,
0=0 - secondary tensor orthospherical projective angle (additional to the angle ® or the angle f‘),
© = —0O’ — secondary tensor orthospherical motive angle (additional to the angle ® or the angle T'),

U =&+ i, U = & +il' — complex adequate tensor projective and motive spherical angles,

H = & + il = H* — complex Hermitean tensor projective spherical angle (<:I> =¢* T'= —f*),

H =& +i' = —H* — complex skew-Hermitean tensor motive spherical angle ® = —®* T' =T).
(all the tensor angles correspond to the set reflector tensor of the space — see in item 2),

Rot ® and rot ® — principal spherical rotation at the angle ® (and elementary one),

Roth T and roth I — principal hyperbolic rotation at the angle I' (and elementary one),

Rot © and rot © — secondary orthospherical rotation at the angle © (and elementary one),

Def ® and def ® — spherical deformation at the angle ® (and elementary one),

Defh T and defh T — hyperbolic deformation at the angle I' (and elementary one),

3. Notations of spaces and sub-spaces

(A™) — arithmetic affine n-dimensional space,

(tim ...) and (ker ...) — image and kernel of the matrix ...,

(E™) — Euclidean n-dimensional space, (C") — Euclidean cylindrical n-dimensional space,
(E™T4) — complex binary Euclidean (n + ¢)-dimensional space of the index q (q < n),
(P"*4) — real binary pseudo-Euclidean (n + ¢)-dimensional space of the index q (q < n),
(Q"*1) — real binary quasi-Euclidean (n + ¢)-dimensional space of the index q (q < n),

(last two spaces at ¢ = 1 are over-spaces for n-dimensional hyperbolic and spherical geometries,
and for this case: ((€™)) — projective flat hyperplane, ((C™)) — projective cylindrical hyperplane),

(&M®) (£9)(k) — Euclidean subspaces in (Q"17) or (P"+9) with respect to the base Ej,

(Pi), (Pij) — trigonometric subspaces of the tensor angle.

13
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4. Other notations

a,b,... and a, b, ... —scalar and vectorial number-elements,

lla]|g — Euclidean norm for the n x 1-vector a,

[|Allr = ||A||l1 — Frobenius norm (first order quadratic norm) for the n x m-matrix A,

||Al]; — particular quadratic order ¢ norms for the n x m-matrix or n x r-lineor A,

JA]|; — trimmed particular quadratic order ¢ or algebraic norms (algebraic medians of order t),
[|All» — general quadratic order r or geometric norm (geometric median),

C! — binomial coefficients of Newton,

det B — determinant of the matrix B,

d(x) — residual of the linear algebraic equation of x,

DI(r)B — dianal of the singular n x n-matrix B, i. e. the full sum of its basis principal minors,
(tm A) or (im B) — image of the matrix A or of the matrix B,

(ker A') and (ker B) — kernel of the matrix A" or of the matrix B,

kp(e) = det(B + €l) — scalar characteristic polynomial of parameter e for the matrix B,
kp(—p) = det(B — u;I) = 0 — secular equation for the matrix B,

k(B,t) — scalar characteristic coefficient for the matrix B of order t,

I — FEuclidean and quasi-Euclidean length, A — pseudo-Euclidean length,

my; — algebraic mean (small median) of order ¢, My — power mean (large median) of order 6,

Mt(r)A or Mt(r)B — minorant of the singular matrix, i. e., the square root from the full sum
of its quadric basis minors,

n — dimension of the space,

g — index of the quasi- or pseudo-Euclidean space,

qp(€) — reduced scalar characteristic polynomial of parameter e for the matrix B,
gB(—p) = 0 — reduced secular equation for the matrix B,

q(B,t) — reduced scalar characteristic coefficient of the matrix B of order ¢,

r =rankB (r = rankA) — rank of the matrix,

r’ — 1st rock of the singular matrix B, i. e. maximal order of non-zero k(B,t),

r" — 2sd rock of the singular matrix B, i. e. maximal order of non-zero K (B, 1),

s and s’ — geometric and algebraic multiplicities of the zero eigenvalue of a singular matrix B,

0 _

s; =r! —r; 4+ 1 — annulling multiplicity of the i-th eigenvalue of a quadratic matrix B,
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t — order of matrices characteristics, dimension of submatrices and minors,
tr B — trace of the matrix B,

7; — reversive algebraic mean (reversive small median) of order ¢,

Vi — reversive power mean (reversive large median) of order 0,

X, y — real-number vectorial arguments (variables),

z and z — complex-number vectorial arguments (conjugate variables),

sin, sinh, cos, cosh, tan, tanh, sec, sech, cot, coth, cosec, csch — trigonometric functions,
arcsin, arsinh, arccos, arcosh, arctan, artanh, arcsec, arsech — reverse trigonometric functions.

Greek some notations :

¢ — principal scalar spherical angle,

~v — principal scalar hyperbolic angle,

6 — secondary scalar orthospherical angle (respectively to the principal angles ¢ or 7).

¢ — complementary spherical angle at ¢ (till right spherical angle 7/2),

v — complementary hyperbolic angle at v in a rectangular pseudo-Euclidean triangle,

6 — infinite hyperbolic angle in a rectangular pseudo-Euclidean triangle,

n — scalar Hermitean spherical angle,

m  — Archimedes Number and an open spherical angle,

w = arsh 1 — especial hyperbolic angle (and number) as analog of the spherical angle /4
w; — i-th eigenvalue of a quadratic matrix with its quantity g,

o; — j-th eigenvalue of multiplicative matrices AA’ and A’A,

27 — trigonometric rank of the binary tensor angle,

v — dimension of the sub-space of the intersection (im A;) and (im As) (i. e., of zero sine),

V" — dimension of the sub-space of the intersection (im A;) and (ker Ab) (i. e., of zero cosine).

5. Using symbols

" — mark of simple transposing, * — mark of Hermitean transposing,

..C ... —theset ... belong totheset ..., ...C ... —theset ... belong or is identical to the set ... |
..€ ... —element ... belong to the set ... , ...¢ ... —element ... no belong to the set ... ,
..U ... — mark of summing (joining) the two sets, ...N ... —mark of intersecting the two sets,

..= ... — mark for the identity of the two sets,
@ ... — mark of the direct summing the two sets,

..H ... and ...X ... — marks of the spherical and hyperbolic orthogonal direct summing the two sets,
W

. — mark of the geometric summing the two angles,

/ /
® and I' — mark over the summarized tensor angles in the case of reverse order of two- or multistep

rotations (particular motions), and in the case of reverse angular shifting.



Part 1

Theory of Exact Matrices: some of general questions

The developed further Tensor Trigonometry (in Part II), at the beginning in its projective version, is
based on the use of eigenprojectors for a null-prime singular n x n-matrix B, whose image and kernel form a
direct sum. Besides, any prime matrix P has a full trigonometric spectrum formed by mono-binary spectrums
of its null-prime eigenmatrices P; ={P — u;I}. The essential role in a strict foundation of the eigenprojectors
and the trigonometric spectrum for a null-prime matrix is played by the coefficients of its characteristic
polynomials — scalar and matrix. The most logic way for introducing the coefficients is the use of a resolvent
for the given square matrix B.

In Chapter 1, respectively the structure and properties of these scalar and matrix characteristic coefficients
are found and studied in details. The fundamental inequality for basic parameters of singularity for matrix B
is established. As additional result, from the highest orders 7/, r” of these scalar and matrix characteristic
coeflicients for eigenmatrices B; a minimal annulling polynomial of the matrix B is identified in the explicit
form. The general inequality for average values (means) is formulated and proved in a whole form including
a chain of particular inequalities for algebraic means as a basis of hierarchical algebraic norms entered
subsequently. Its opportunities are shown in the theory and technique for solutions of real algebraic equations,
in that number of secular ones. In the case of positive equation roots (e. g., of the eigenvalues for positively
definite matrices), the limit method and formulae for calculating of maximal and minimal roots are gotten
in terms of the equation coefficients (with following sequential calculating of all the roots).

In Chapter 2, the explicit formulae for two characteristic eigenprojectors and the quasi-inverse matrix
for a null-prime singular n x n-matrix B in terms of its matrix and scalar characteristic coefficients of the
highest order r = rankB are established. (The simplest case of null-prime matrices is a n x n-matrix B
consisting from r of basis columns and n — r of zero columns.) As very important especial case, the null-
normal singular n x n-matrices B, whose image and kernel form a direct orthogonal sum, are entered and
studied. (Their considered separately important particular cases are symmetric S and multiplicative matrices
AA’, A’ A)) Besides, the modal matrices for transformations of these null-prime and null-normal matrices into
the two-cell block-diagonal canonic form are gotten. As additional applications of the eigenprojectors and
quasi-inverse matrices, the general formulae of solutions for vector and matrix linear equations are gotten.

In Chapter 3, the more general linear geometric objects in linear spaces than n x 1-vectors and lines are
entered additionally into consideration, as n X m-lineors A and planars (im A) and (ker A), i. e., set by
the matrix A, where 1 < m < n (in particular, at m = 1 they are vector a, lines (im a) and hyperspace
(ker a)). The scalar invariant relations for matrices and corresponding to them inequalities having cosine
or sine nature (generalizing well-known algebraic norms for a cosine and a sine of the angle between vectors
or lines in Euclidean arithmetic space) are defined. As additional result, the limit explicit formulae for the
eigenprojectors and quasi-inverse matrices are gotten by algebraic and functional manners.

In last Chapter 4 of the Part, the main alternative complexification variants of algebraic and geometric
characteristics are considered upon transition from real arithmetic spaces into different complex ones. It is
important, in particular, for following constructing similar complex Tensor Trigonometry variants. A number
of the concrete examples of complexification in different mathematical fields, including arithmetic, algebraic,
geometric and functional ones, are given.



Chapter 1

Coefficients of characteristic polynomials

1.1 Simultaneous definition of scalar and matrix coefficients

In Theory of Exact Matrices, especial attention is paid to characteristic polynomials.
They are studied from algebraic and geometric points of view. Detailed analysis of the
question is necessary for further construction of Tensor Trigonometry foundation.

As it is known, for each n x n-matrix there is its own secular equation determined by
the scalar characteristic polynomial (a polynomial with scalar coefficients) depending
on a certain parameter pu. The roots u; of this polynomial (the roots of the secular
equation) for a given square matrix B are the eigenvalues of the matrix. The matrix B
has also the matriz characteristic polynomial (a polynomial with matrix coefficients).

Introduce simultaneously two kinds of the characteristic polynomials and their co-
efficients, we follow mainly to D. K. Faddeev [19, p. 311-316]. Consider a nonzero
n X n-matrix B of rank r and the unity matrix I. The resolvent of the matrix B is its
following transformation:

4 (B+el)V  Kgle) |
~det(B+el)  kple) (1)

In fact, it is the usual formula of the inverse matrix for B + el: the numerator is the

(B +€l)

adjoint matrix, the denominator is its determinant, € is an arbitrary scalar parameter.
This operation determines two characteristic polynomials: scalar one of order n as the
denominator and matrix one of order n — 1 as the numerator of the fraction:

kp(e) = Z k(B,t)e" ' =€"4+tr B-" ' +... +det B,
=0

n—1
Kp(e) =Y Ki(B,t)e "1,
t=0

The formulae of the polynomials contain so-called the scalar characteristic coefficients
k(B,t) and the matriz characteristic coefficients of the 1-st kind K1(B,t) (ones of the
2-nd kind Ky(B,t) will be defined later). The sequential-increasing number ¢ is the
order of the scalar and matrix coefficients.

In this book, we consider characteristic polynomials for square matrices in (1), as
a rule, in the sign-constant form as polynomials in the scalar parameter € = —u. The
opposite parameter y = —e represents the eigenvalues of the matrix B. The similar
scalar polynomial in p is zero and determines the sign-alternating secular equation for
the matrix B:

kp(—p) = (—p)" +tr B-(—p)" ' +---+det B=0.
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Thus the scalar coefficients of order ¢ are the Viete sums of p; and the sums of all
principal ¢ x t-minors, but with the summands of constant sign. They may be computed
by Le Verrier’s method [19, 20] with use of the known recurrent Waring formula,
where the Viete sums are changed by the scalar characteristic coefficients, and the
Waring sums are replaced by the characteristic traces (of the same order t):

H~|>—\

zt: VY k(B,t —6)-tr BY. (2)

=1

It is the recurrent Waring—Le Verrier direct formula. Note, that the equivalent explicit

expressions
[ tr B 1 0 o 0 i
] tr B> trB 2 o 0
]{;(B,t)zg.det (3)
! tr Bt—l tr Bt—2 tr Bt—3 ce 1
| tr Bt tr B! tr B ... tr B |

are of more theoretical interest |16, p. 38]. Formulae (2) and (3) are obtained from the
Newton system of linear equations for n unknown coefficients with n given roots as the
result of the change described above. The sequence of the scalar coefficients (the Viete
sums) is, due to the Newton system of equations, in the one-to-one correspondence
with the sequence of the characteristic traces (the Waring sums) up to the special
order, what has the following property

t = ¢’ = min{rankB"} <r

and all the scalar coefficients of greater orders are equal to 0. Here the number ’ is
called the 1-st rock of the matrix B (the 2-nd rock r” is the greatest order of the nonzero
matrix characteristic coefficients). All problems concerning the scalar coefficients for
equations may be expressed in terms of the Waring sums, and ones for the matrices
may be analyzed in terms of the characteristic traces.

1.2 The general inequality of means

In main part 11, we often deal with positively (semi)definite symmetric and Hermitian
matrices of fixed rank and their scalar invariants. Suppose that B is such a matrix.
Consider the secular equation for B in the usual sign-alternating form and its scalar
coefficients. All these coefficients of orders up to ' = r = rankB are positive real
numbers. Moreover, all the roots pu; of the secular equation (the eigenvalues of the
matrix B) are nonnegative real numbers.
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Let p; be n nonnegative numbers and exactly r of them (r < n) are nonzero. Special
characteristics of the set (j;), the small medians Ty, m; (the algebraic means) and the
large medians My, My (the power means), are defined as follows:

==Y )
71 = /@1 = /KB D/, 5)

My = {/Sy(pi) /n = {Jtr B In, (6)

where s;(j1;) are the Viete sums, Sy(u;) are the Waring sums, n is the size of the set
(u;) or of the quadratic matrix, ¢ and 6 are orders of the corresponding means, C? are
the Newton binomial coefficients. (The arithmetic mean m; = Mj is the intersection
of the set of all small medians and the set of all large ones.) Therefore formulae (5)
express the algebraic medians not only in terms of the Viete sums, but also in terms
of the equation coefficients, and formula (6) represents the power medians in terms of
the Waring sums as well as in terms of the matrix traces. If there are zeroes among
w; and t > r, then m; = 0.
Otherwise the analogous reverse medians are defined as follows:

(Z - ) i (7)

= V/s(u; 1) /CL = /k(B-1,t)/Ct (8)
= /Sy /n= /tr B-9)/n. (9)

They too play the role of average values, i. e., the reverse means of the numbers 1/ ;.
Notice that the geometric mean m,, = v, is the intersection of the set of all small
medians and the set of all their reverse analogs; but vy = V; is the harmonic mean.

For a set of n positive real numbers (u;) containing at least two distinct ones, the
following general inequality of means does hold on all the interval in R containing (ji;):

max{j;) = My > -+ > My > --- > M| = (10)
ST > e ST > e > T, = (11)
=Ty > > T > > 7] = (12)

Vi (13)

(t=1,....,n; 0=1,...,00).

The equality for all the means simultaneously does hold iff 1 = --- = p,. If there
are exactly n —r zeroes among p;, thenmy---m, #0 and m; =0 forall t > r.
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Moreover, if under this condition all nonzero pu; are equal, then the medians are
expressed as the functions

my = p-/CL/CL My=p-/7/n.

Note also, that in the general inequality middle chains (11) and (12) of means are
connected by one-to-one functional bound. The same relates to any continuous chains
of it from n means iff all the original n numbers are different. This bond is interpreted
obviously as direct and back n-vector-function of n-vector-argument. The fact will be
used in the next section.

Special cases of the general inequality are the Cauchy inequality for arithmetic
and geometric means and its reverse analog for harmonic and geometric means, the
Maclaurin inequality for algebraic means and its reverse analog, the Holder inequality
for power means and its reverse analog [22]. Suppose B is a spectrally positive (all
i; > 0) matrix. The arithmetic, geometric, and harmonic medians are defined as
follows:

my =tr B/n = M, (14)
m, = Vdet B =1,, (15)
o1 = (tr B_l/n)_1 =V (16)

Let A be an m X n-matrix (in particular, A = a may be an n x 1-vector), B = AA’.
Then the arithmetic median is expressed in terms of the Frobenius and Euclidean
Norms:

HAI@,
lall%-

Since B is a spectral-positive matrix, the chain of simplest inequalities—estimations

n-ml(B):trB:{

max{u;) > tr B"/n > (tr B/n)" > det B >

> (tr (B™Y)/n) " > (tr (B™)/n)"" > min(u?") (17)

follows from (10)—(13). Closer to each other are the eigenvalues, less are all the defects
in (17). The equality holds iff the matrix B is proportional to the unit matrix I.

Clearly, the limit medians for B in the general inequality are the extremal eigen-
values of B:

max() = lim 7, (18)
min(u') = li_>m V. (19)

Now we prove the general inequality and analyze it with use of differentiation to
explore extrema.
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Consider n positive numbers x; as the vector x = (z1,...,2,) in the 1-st quadrant
(the basis is standard) and the scalar functions expressing the differences and the ratios
of the corresponding means:

| 00 = = e

R [ O] () = Vg (0 — Vo),

R| | 60 = 3060 - )

PO 0 = St e

F [ ! ] (x) = My (=) /().

Each of the functions r, R, and f, F' has the only and common stationary value
corresponding to x = b, where b is the bisectrix of the 1-st quadrant. These functions
have the zero gradients at all points of b. Therefore,

T/(b) - R/(b) - f/(b) = F/(b) =0, ©y=-x,= b7
r(b) =R(b) =0, f(b)=F(b)=1,

and b is the region of minimum as the corresponding Hesse matrices are positively
semi-definite (their rank is n — 1):

ol o= L e
AR RNICE
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where It is the totally-unity matrix, all its elements are equal to 1. The matrix G has
the positive principal minors of orders r, r < n, they are equal to

irn—r
nb n

The Hesse matrix is degenerated at all points of the bisectrix, the one-dimensional
linear subspace. The stationary values computed above lead to the following equalities

ota]oeme ] ]
AP O P )
RO oy = | O ),
P H—gm_ (b) = mF” _9;1_ (b).

Therefore, on the bisectrix b, these facts give us the following logical corollaries.

1. The Hesse matrices of the adjacent means ratio do not depend on their orders.

2. These matrices vary as additive functions of the difference between the orders.

3. The Hesse matrices for all adjacent power means ratios are equal to the Hesse
matrix for the ratio of the arithmetic and geometric means.

4. The Hesse matrices for all adjacent algebraic means ratios consist of n — 1
identical parts of the matrix from Corollary 3.

But two next corollaries seem surprising and paradoxical. Namely:

5. The Hesse matrix for the ratio of the power and arithmetic means is unlimited
at all points of the bisectrix, it increases as proportional to 6. Though the same
function F, in accordance to (18), tends to Tmaee/ My as 0 — 0o, it is continuous and
takes the minimal value 1 at all points of the bisectrix.

6. The Hesse matrix for the adjacent power means ratio is constant at all points of
the bisectriz even as 6 — o0o. Though, according to (18), the same function F tends
to 1 at all points of the bisectriz, its limit value is the constant for which the gradient
and the Hesse matrix are zero.

These conclusions seem contradictory, but they can be explained by correlation
between the infinitely small deviation of x from the bisectrix and the infinitely large
parameter 6. That is why the Hesse matrix is discontinuous and becomes zero in the

neighborhood of the bisectrix. The function F [ i’ (x), in its turn, tends to 1 as

1
0 — oo, but it depends up to infinitesimal on x and takes the minimal value 1 at
1
points of b. Contrary, the function F' [ 9; ] (x) takes the value 1 there at once.
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Interpret these facts on the model functions of one scalar variable:

0+ 1 o1 1+ 2041 o/ 1+ x?
F{ 0 }@)— Ve / V2

19 01—|—$9 1+x
Rl w- {4 / L0 62)

Suppose, for certain conditions of the task, that x > 1, then it is the greatest element
of the model set (1, x).
If 6 is finite, then

Fl(l) = FQ(l) =1l=min, 1< Fl(ﬂf) < FQ(SE);

dF dF,
"= =
2F | 2R -1 & 2F,
1) = 1) — > .
W=7 W= e =z5@>0

If 0 is infinite, then
Fi(z) =1+ B(z), B(x) =0, B(1) =0, F3(1) =1 = min,

2¢/(1 +x) ifx>1,

Fy(z) = { 2§E1+x; if o < 1,

dFy,, . dF, dF,
iy s
d2F1(1) 1 d>F,
dx? 4 dx?
d>F, 0—1 > Fy

(1) =0, (1i@):i% (v — 0);

(x) = 0 provided that x # 1,

The Hesse matrix is also discontinuous in the neighborhood of (b), that is why the
trivalent symmetric matrix of third derivatives tends to infinite one as 8 — oo and is
negatively semi-definite at all points of the bisectrix. Notice that for the analogous
functions of the reverse means, all these facts do hold, the only difference is that the
Hesse matrix changes the sign. The same transformation of the Hesse matrix takes
place under inverting the ratios.

These arguments as well as limit formulae (18) and (19) complete our proof and
analysis of the general inequality of means. Now we consider some applications of
the general inequality in the theory and techniques for solving algebraic equations,
particularly, secular ones.
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1.3 The serial method for solving an algebraic equation with real roots

The small and large medians are connected by the system of modified Newton equations
and the modified Waring—Le Verrier formulae, for example, of the direct type. These
direct formulae are similar to (2) provided that ¢ > r and m; = 0:

Cio ) = €37 ) (W) = i) (V) -+

(=10, () (M) + (=1)"7 1 (M)

If all the coefficients of a secular equation are the same, then the well known particular

formula for binomial coefficients
Cll=Ct -2 (D)0 + (=)
follows from one above.

Limit formulae (18) and (19) allow one to compute consequently all the roots of
an algebraic equation provided that all its roots are real numbers. Multiplicity of the
roots may be found in the process of reducing, but it is worth to separate the roots
before solving with use of the 1-st derivative and Euclidean algorithm. Sturm’s method
|7, p. 225-229] and the prior boundaries of the roots (FFoo) ensure one that the roots
are real numbers. Other useful criterions for identification of the roots reality follow
from the inequalities for the real roots of an algebraic equation represented here in its
sign-alternating form [16, p. 40]:

—1—%/—mink; = A < iy < AW =1+ %/ —min(—1)ik;

where A and A®) are the boundaries of the negative and positive real roots, hy
and hy are the indexes of the first negative coefficients, respectively k; and (—1)7k;.
Maclaurin’s Theorem is used for inferring these inequalities |7, p. 223|.

The serial method for solving an algebraic (secular) equation is the following.

It is supposed to be already known that all the equation roots are real nonnegative
numbers, in particular, they may be the eigenvalues of a nonnegatively definite matrix
AA or A'A.

The first step is computing the Viete sums and the Waring sums up to order r. For
example, the Waring—Le Verrier recurrent formula of the direct type (such as (2)) is
used for matrices, and the following Waring—Le Verrier recurrent formula of the reverse
type |16, p. 38| is used for an arbitrary algebraic (polynomial) equation:

Sp=5159-1— 525 2+ -+ (=1)"28,_15 11+ (1) 5,5, =
= Fy(S1,...,5) = fo(s1,...,8), O=r+1,r+2,....
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Next step is consequent computing the power medians

My = /sg/7.

Due to (10), the sequence of the fixed root approximations increases. Clearly, more
different are the roots, faster is the process. The recurrent formula with limit value
(18), being divided by x/~", is the original equation as an identity. That is why on
a certain iteration computing should be finished in order to avoid a round-off error.
This results in the maximal root. The minimal root may be found according to (19) by
the similar way with use of the equation inverse form in (—1/x) obtained by dividing
original one by (—x)" and by the highest coefficient k,. (For matrices, k, = det B.)

Approximate computing a rational root induces a periodic sequence starting with
some significant digit, that is why the precise value of this root should be checked in
the original equation. Irrational roots are computed up to a given precision. Thus
the algorithm results in all the real roots of an algebraic equation. This method has
the common limit idea with classical Lobachevsky—Greffe’s one (1834) (see detailed
comparison of both the methods in other our monograph [18, p. 162-163]).

If all the equation roots are real numbers of arbitrary signs, then the variable x of
this equation should be substituted for x + C', where the positive constant C' shifts the
variable into the positive semiaxis. In order to faster convergence, this shift should be
as small as possible.

[t is known that all the eigenvalues of real symmetric matrices S = S’ and imaginary
anti-symmetric ones (1K) = —iK, where K = —K' is a real matrix, are real valued
numbers. In particular, these matrices are characteristic ones of a real matrix B:

SB:(B+B/)/2, KB:(B—B/)/2, B =5+ K3.

Condition SpKp = KpSp means that B € (M) is a normal matrix. These matrices
may be transformed into diagonal ones simultaneously. The eigenvalues of a normal
matrix M are the sums of the summand matrices eigenvalues. Thus separated solving
the secular equations for Sy, and —i K (the secular equation for —i Ky is biquadratic)
result in the real and imaginary parts of the matrix M complex eigenvalues. Further,
the values obtained should be paired by checking in the secular equation for M.

This approach may be extended on complex matrices by use of the Hermitean and
skew-Hermitean conjugations. All eigenvalues of Hermitean matrices are real numbers.
Take advantage of the following complex Hermitean normal matrix decomposition:

HB:(B—FB*)/Z, QB:(B—B*)/Q (B:HB+QB:HB—|—ZHQ),
HBQB :QBHB(:)HBHQ :HQHB@B € <N>, where NN* :N*N,

and so on.
Thus the serial method represented here is also applicable to real normal matrices
and complex Hermitean normal ones.



26 CHAPTER 1. COEFFICIENTS OF CHARACTERISTIC POLYNOMIALS

Suppose that all the roots of the secular equation for a some matrix are real numbers
and shifting described above is used. Then, for the equation in alternating-sign form,
the lower boundary of the negative roots satisfies the following inequality:

min(y;) > A7) = -1 — %/—min kj.

Substitution z = y + A7) results in the equation with the positive coefficients and
roots, this may be checked by Sturm’s method on (0;+o00). This shift leads to the
matrix transformation B — (B — AC).

There exists another way as alternative to shifting. If all the eigenvalues of a some
matrix B are real numbers of arbitrary signs, then the following sequence of actions
may be performed instead of shifting:

1) squaring B,
2) computing the squared eigenvalues,
3) choosing the signs of the eigenvalues by checking in the equation.

If all the roots of an algebraic equation are real positive numbers, then the theoretical
value of its greatest root is in the explicit form

max(p;) = hm \/det KO /r, (20)

where KW is the following (r +0) x (r 4 0)-matriz of the equation coefficients:

I k1 ~1 0 ... 0 0 ... 0 0
—2ky k1 -1 ... 0 0 ... 0 0
3k3 —ko ki o... 0 0 ... 0 0
(—D) Yk, (=) 2k (1) 3ko ... 0 0
KW = 0 (=) %k (=1 2kq ... e ... 0 0.
0 0  (=1)"tk. ... 0 0
0 0 0 ... (=) 2k (-1)" 3k, ... -1 0
0 0 0 ... (D" ke ()" 2ky ... Kk -1
i 0 0 0 ... 0 (-1 'k ... —ky ki |

All zero elements of the matrix are only in the two triangles of sizes # and n + 6 — 2,

i. e., for lower and upper ones, other elements are nonzero. Here det K = Sy is
the Warmg sum of order 6 (see above), according Waring—Le Verrier reverse explicit
formula [16, p. 38].

By similar arguments and due to (9),

min(y;) = lim V/det (K@ /k,)/r,

f— o0

where K2 is the following (r + ) x (r + #)-matrix of the same equation coefficients
considered in the inverse form:
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I Er_1 —k, 0 0 0 0 0
—2k,_o kr_1 —k; 0 0 0 0
3ky_3 —ky_g kr_1 0 0 0 0
(=)t (=1)" 2k (=1)"3ky 0 0
K® = 0 (=)' (1) 2K 0 0
0 0 (-1t 0 0
0 0 0 ... (=) 2k (-1)"3ky ... —k 0
0 0 0 ... (=)t (=D 2k ... k1 —k
L 0 0 0 ... 0 (—1)T_1 coe —kp—o kg |

By Sylvester’s criterion, a symmetric or Hermitian matrix is positively definite iff all
its principal minors are positive. The minor of the highest order is the determinant,
so Sylvester’s condition also means that the matrix is nonsingular. Besides, a singular
symmetric or Hermitian matrix is positively semi-definite iff all its sign-alternating
secular equation’s coefficients up to order r are positive, and ones of orders ¢t > r are
equal to 0, as all the roots here are real numbers. Thus the elements of normal matrices
contain sufficient information for finding all the eigenvalues provided that all the roots
of the secular equation are real numbers, and then the serial method is applicable.

Solvability of the same problem for more general matrices as well as the similar
one for an arbitrary algebraic equation of degree n > 4 depends on the answer to the
question: whether a given algebraic equation has complex conjugate roots? We showed
above that the answer can be found by Sturm’s method. However this method does
not give necessary and sufficient conditions on the equation coefficients under which
all the roots are real numbers and, due to shifting, positive.

One well known necessary condition follows from the Descartes sign Rule: all the
coefficients of an equation in the sign-alternating form must be positive. Unfortunately
even under this condition pairs of conjugate complex roots are possible. If the shift
parameter is greater than noted above, for example, it is equal to 1 + max |k;|, then
only the real parts of the roots are necessarily positive [16, p. 39].

Inequalities (11) have the following corollary.

If all the roots of an algebraic equation are real positive numbers, then all its medians
in (10) — (13) are equal to each other iff the equation has the binomial form

(x —p)" =0.

This means also that my = L.

If an equation in the sign-alternating form has at least two distinct roots, then
its coefficients do not form the binomial sequence and then inequalities (11) do hold.
For example, if there exist two adjacent medians equal to each other or some of the
equation coefficients of order less than r are equal to zero, or the median hierarchy is
violated, then there exist complex conjugate roots.
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The following conditions are necessary and stronger than Descartes’ one given above.

For all n the roots of an algebraic equation of degree n represented in the sign-
alternating form to be positive real numbers it is necessary that all the equation
coefficients-medians (5) satisfy the following two conditions:

() they are positive real numbers
(according to the Descartes sign Rule),

(1) all of n inequalities (11) do hold.

For an n x n-matrix to be positively definite it is necessary that all the matriz
traces-medians (6) of orders 1,2,...,n satisfy two conditions:

() they are positive real numbers,

(23") first n inequalities (10) do hold.

For any real algebraic equation and any real quadratic matrix condition (i) may be
satisfied by use of shifting. For real symmetric or complex Hermitian matrix Sylvester’s
criterion gives the necessary and sufficient condition for all the roots of the secular
equation (its eigenvalues) to be positive real numbers. If a real matrix is of the form
AA’, then all its eigenvalues are a priori real and nonnegative. The necessary and
sufficient conditions for all the roots of an algebraic (polynomial) equation of degree n
to be positive real numbers are inferred in our next monograph [18; p. 165-191] with
the use of the Special diagrams.

Note that for any algebraic median,

{/m(:cff+---+x£)<(’/m(x‘{+---+x%)

provided that
1 <p<yq, 1=1,....,n—1,

there exist at least two distinct elements, and the quantity of the nonzero elements is
greater than ¢. This follows from (10).

1.4 Structures of scalar and matrix characteristic coeflicients

For a given square matrix B, its scalar characteristic coefficients of any order ¢t may be
represented according to (5) as the Viete sums of the eigenvalues ;. The eigenvalues
are invariant under all linear transformations of the matrix and the bases; therefore,
the scalar coefficients are invariant under such transformations too.

For any matrix B there exists a unique pair of matrices (Pp,Op) such that Pg is
a prime matrix, Op is a nilpotent matrix, and

B =P+ Op. (21)

The matrices Pg and Op are determined by the Jordan form Jp or the triangle form
of B.
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As it is known, a matrix O is nilpotent iff all its scalar characteristic coefficients are
equal to zero. Evaluate the nilpotency degree j of the matrix Op. Let j(7) + 1 be the
maximal size of the Jordan subcell in Jp with the eigenvalue y; at the diagonal. Then

j = max{j(i)}.
(i)

Not only Op but also OgPgr and PgOp are nilpotent matrices, and the matrices
B and Pp have the same secular equation as well as the same eigenvalues with the
same algebraic multiplicities. Thus the scalar coefficients for the matrix B possess the
following additional properties:

k(Pp + Op,t) = k(Pg,t) = k(B,1). (22)
k(Pg - Op,t) = k(Op - Pp,t) = k(Op,t) = 0. (23)

From the structural point of view, any scalar coefficient k(B,t) is the sum of all
diagonal (principal) ¢ X t-minors of B [3, p. 78|.

Further, consider most important properties of matrix characteristic coefficients,
establish their structure and connection with scalar ones.

At first, formula (1) is equivalent to each of the following identities:

det (B+el)l = (B +el)(B+el).
kp(e)l = (B + el)Kp(e), (24)

> e [k(B,t)I — BEK\(B,t — 1) — K1(B,t)] = Z,
t=0
where Z is the zero matrix (all the polynomials are here in the constant-sign form).
These formulae have in particular the following corollaries.
1. The scalar parameter € in (24) may be changed for a matriz parameter E com-
muting with B:
kp(E)=(B+ E)Kp(E).
2. The Hamilton—Cayley Theorem is proved in one-line with (24) at £ = —B:
kp(—B) = Z.

Contrary, if £ = +B, then kp(B) = 2BKp(B).
3. The recurrent matriz formula of Jean-Marie Souriau |20] (a pioneer in symplectic

geometry)
Ky(B,t) = —BK (B,t — 1)+ k(B,t)I (25)

is valid because the parameter € in (24) is arbitrary. The initial values
K(B,0)=1,  K(B,0)=1I
follow from (1). Note that k(B,1) =tr B, k(B,n) = det B.
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4. Define additionally the matriz characteristic coefficients Ko(B,t) of the 2-nd
kind as
Ky(B,t) = BK (Bt —1).

The initial value is K3(B,0) = Z. Clearly, K5(B,1) = B. Taking this into account,
one may transform (25) into

Ki(B,t) + Ks(B,t) = k(B,t)I. (26)

Repeating application of the recurrent formula (25) with the initial values leads to the
following representation of the matrixz characteristic coefficients as polynomials in B:

EKy(B,t) = Yy k(B,t—0)(-B)’,
Ky(B,t) = —Zgzlk(B,t—e)(—B)H.} (27)

Therefore, the matrix coefficients K1 (B, t) and K(B,t) commute with each other and

with B.
5. The Jean-Marie Souriau scalar binding formula |20]

k(B 1) % rKs(B,t), {k(B,t) = % rKy(B, )} (28)

follows from (27) and (2), i. e., using Le Verrier method (see above).

6. In order to compute B~!, J.-M. Souriau suggested in 1948 the algorithm with also
successive calculating all characteristic coefficients of order ¢ > 1. This algorithm was
based on his formulae (25) and (28). Unfortunately, his paper [20] in the Proceedings
of the French Academy of Sciences was very brief, without details. The same results
were repeated later, probably independently, by other authors. So, the approach of
D. K. Faddeev [19], with reference onto Souriau’ work, was based on (1) with definition
of characteristic coefficients in terms of the matrix resolvent. A year after the Souriau’
publication, analogous article by Frame J. S., with the same algorithm, was published
in "AMS Bulletin", 1949, v. 55, n. 11, p. 1045, without reference onto [20].

Further the first formula in (27) and Hamilton—Cayley Theorem lead to equalities

Ki(B,n) = kp(-B) = Z,
and from (25) we infer
BK\(B,n —1) = k(B.n)I = (detB)I = BB" = Ky(B,n).

If the matrix B is nonsingular, then multiplying these equalities by B~! gives us the

following:

Bl_ Ki(B,n—-1) BY
-~ k(B,n)  det B’

This is the Souriau algorithmic method for inverting a matriz and joint computing
all the coefficients k(B,t) and K1(B,t), t=1,...,n.
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7. Therefore, all the values of the matrix coefficients computed above are the fol-
lowing:

K1(B,0) = I, K»(B,0) = Z, )

K1(B,1) = (trB)I — B, K»(B,1)= B,

. . > (29)
Ki(B,n—1)=BY,  KyB,n—1)=(tr B)I - BY,

Ki(B,n) = Z, K>(B,n) = (det B)I. )

The formulae of K1(B,n—1) and Ky(B,n — 1) are yet inferred only for a nonsingular
matrix B, but they are true.

Further, find the greatest order v of the nonzero matriz coefficients in (29). Due
to (28) it is equal to the terminating order of the Souriau algorithm in (25). It does
exist, due to (26) and (28), and is called here the 2-nd rock of the matriz B. Moreover,
r" >’ where 1’ is the greatest order of the nonzero scalar coefficients, the 1-st rock
(see sect. 1.1). If B is a nonsingular n X n matrix, then ' =" = n.

Inequality " < r, where r = rank B, may be inferred only from the structure
of scalar coefficients: they are the sums of all diagonal minors of order t. Similarly,
only the structure of matrix coefficients determine the 2-nd rock and its connection
with other numerical parameters of the square matrix (in particular, the annulling
eigenvalues multiplicities in its minimal annulling polynomial) as well as its matrix
characteristics, such as eigenprojectors, quasi-inverse matrices and modal matrices.

In order to clear the structure of matrix characteristic coefficients of the 1-st and
2-nd kinds, we apply the special differential method for establishing the structures of
scalar and matrix coefficients simultaneously.

Although, for the scalar coefficients, the standard (direct) method for exploring
their structure is well known (see, for example, in [3, p. 78]).

Consider an n x n-matrix B and an arbitrary set of its m generating elements
{bi,jo, k=1,....,m, 1 <m < n} i e, if p # ¢, then i, # i, and j, # j,. The
coefficient at [[,—; b, ;, in expansion of det B is

J0"det B m o ?1""7i@€
gy (DS G € B (30)
o fmoJm minor(n-m)

(in the partial differentiation, the variables for all the elements of B are supposed to
be distinct). The minors of order ¢ = n — m in (30) is the adjunct of the minor,
determined by the set of m generating elements; 2, j, are all their indexes of rows
and columns. Formula (30) is the result of successive partial differentiating det B
with respect to b;, j, ..., b, ;. We will remind that the order of partial differentiation
executions doesn’t influence the end result.
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Further, apply formula (30) for evaluating the resolvent of B in (1), i. e.,

B+ Ko
det(B +el)  kp(e)’

Expand the numerator and the denominator in powers of e.

(B+el)™

The denominator is the scalar polynomial in € of order n. According to (30) with
m =n — t, the coefficient at [[}Z} (bi,.1, + €) is

{ (i1,%1) -+ (ipty tnt) & (B+€I)}-

D-minor(t)

[t is the diagonal ¢-minor of B + €l no containing indicated generating elements, the
quantity of such minors (and multiplications) is C?. Only diagonal entries of the minor
contain €. Put € = 0 in all these minors. We obtain the expression of the coefficient
at € in the scalar polynomial det (B + €l) as the sum of all its diagonal minors of
order t and its initial mean as k(B,0) =

The numerator is the following matrix. Its diagonal entries are polynomials in € of
degree n — 1, other entries are polynomials of degree n — 2. The matrix is represented
by the following polynomial in e:

(B +€l)V ZKlBtnlt Ki(B,0) = 1.

We wish to compute Ki(B,t). For this aim it is necessary to consider the (p, p)- and
(p, q)-entries of (B + eI)V. Find the (p, p)-entry. It is equal to

ddet (B + €l)
O(byp +¢€)

where Ad,, is the adjunct of the (p, p)-entry b,, + €. Similarly to arguments above,
the coefficient at €" '™ ! (asn —t—1=(n—1) —t = (n — (t + 1)) in expansion of
this determinant is the (p, p)-entry of the matrix K;(B,t):

(p.p)K1(B,t) = > { D-(g;iiz)f(t) B} B

(Ct_, terms)

> Adp’vp’{ D.(s]fig()ti) B}

(ct_, terms)

= Ady (B +¢l) = { (p.p) # (B+d)},

D-minor(n-1)

(here D-sub stands for a diagonal (¢ 4 1) x (¢ 4+ 1)-submatrix of B).

These are sums of D-minors. Both the sums consist of C!._; terms, as one generating
element, b, ,, among n ones takes part in the first differentiation, i. e., in forming the
first (main) adjunct. Here p’ are the new indexes of the rows and the columns in
D-minors of order ¢ + 1.
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Then find the (p, q)-entry of (B + eI)V. It is equal to

ddet (B + €l)
Dby

— e { e en ),

Dh-minor(n-t

= Adgp(B +el) =

(here Dh-minor stands for hypodiagonal minor).

It contains only one nondiagonal generating element, b, ,, and thus, after the first
partial differentiation with respect to b,, (although the order of partial differentiation
executions is of no importance) does not contain b, ,, b, ,+e€, and b, ,+¢€. Due to (30),

the coefficient at Hz;ifl(bim + €) in expansion of the determinant is

6n—t—1{ (p,q) € ) (B+€])}

Dh-minor(n-t
8(bi1,i1 + 6) T a(bin—t—hin—t—l + 6) a

5 0" " det(B + l)
a(bil,h + 6) T a(bin—t—lain—t—l + 6)
N by, B
_ (ila Z.1)7 ) (in—t—la Z‘n—t—l) &/
= Ady y { D-sub(t+1) (B+el)g.

Put here € = 0, obtain the coefficient at €*7'~1 i. e. the (p, q)-entry of K1(B,t):

(0 a)Ki(Bit) = > (_1)pﬁ+q”+1{ Dh(—pn’ﬂiqxzoit) B} -

(ct—% terms)

(p,q) €
- Z Adyy { D-sub(t+1) B} '
(Ct— terms)
Here D-sub stands for a diagonal (¢t + 1) x (¢ + 1)-submatrix of B. Both the sums
consist of C’ff_lz terms, as two generating elements b, , and b, are used in forming the
first (main) adjunct. The (p, ¢)-element has indexes p’, ¢’ in the diagonal minor and
p”,q" in the hypodiagonal one, p' + ¢ = p”" + ¢’ + 1.

The two parts are the full formula for K7 (B, t). From it and formula (26) expressions
for K5(B,t) follow. The structure of matriz coefficients is completely specified. These
structural properties of all the characteristic coefficients confirms formulae (29), (28),
and, taking (27) into account, the Waring—Le Verrier recurrent formula (2).

Note the corollary of these transformations: for a quadratic matrix B, the adjunct
of by, or b,, may be interpreted as the partial derivative of det B with respect to b,
or by, according to (30), and conversely, the reverse operation, convolution of given
adjuncts into det B, may be interpreted as their partial integrating on b, ,, or b, ,.
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Compare the scalar and matrix coefficients structures. Both kinds of the coefficients
are expressed with the use of minors sums. For scalar coefficients the summands
are exactly all diagonal minors. Unlike them, the summands of matrix coefficients
are diagonal minors and hypodiagonal ones, other minors cannot be the summands,
moreover, other r-minors can exist only under condition 1 < » < n — 1. These facts
specify relationship between the 1-st and 2-nd rocks and the rank of a matrix:

(1) " < 7" (see (28);

(2) " < 1" < rif there exists a unique nonzero hypodiagonal minor of order r";

(3) " < " < r if there exists a unique nonzero minor of order v and this minor is
not diagonal, nor hypodiagonal.

Thus the structure of scalar and matrix characteristic coefficients specifies the fol-
lowing fundamental inequalities for basic singularity parameters:

0<r <" <r<n. (31)

Note the following special cases.

1.7 =0 < matrix B is nilpotent.

2.7 =0 & B=Z (Aswell?” > 0iff Ky(B,1)=B # Z.)

3.r=1 < r’"=1. (By the same argument).

4.r=n—-1 & r"=n—1. (K (B,n—1) = BY contains all minors of rank n —1).

The value t = r” is final in the Souriau algorithm. The 1-st and the 2-nd rocks
are extremely important singularity parameters of a matrix. They are invariant under
linear transformations as well as others.

1.5 The minimal annulling polynomial of a matrix in its explicit form

The results obtained enable us to express the minimal annulling polynomial explicitly
in terms of basic singularity parameters of a matrix.

Consider a singular n X n-matrix B of rank r and its eigenvalues p; with algebraic
multiplicities s; = n — 7, (i = 1,...,q), 11 = 0 (in the sequel, we omit the index
i = 1 of a singular matrix parameters), for example, any eigenmatric B; = B — ;1.
From (27), the Hamilton-Cayley Theorem, with use of prime factorization and with
replacement of the scalar coefficients by the Viete sums, as in (5), we have

/

Ki(B,n) =) (=B)"'k(B,t) = (=B)" Y (~B)" 'k(B,t) =
t=0 t=0
= (=B)" Ku(B,r') = (=B)" | [l = B)" = Z (32)

This is the annulling characteristic polynomial in B.
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From the other hand, each characteristic coeflicient of order 7’ is nonzero, that is

why
q

Ki(B,r') = [[(uI — B # 2, k(B,r") Hul # 0. (33)

i=2
The recurrent Souriau formula (25) in the interval v’ < ¢ S r" gives us the nilpotent
matrix coefficients

Ki(B,t) = (—B)" " K\(B,r") = —K»(B,t) # Z. (34)
Further, if t = " 4+ 1, then

Ky(Br" 4 1) = (-BY (B = (B [ (] — By =

=7 =(=B)"" [l - By = (=B)" [[(-B)" (35)

=2 =2
where each sY is the exponent of the eigenmatrix B; in a minimal annulling polynomial,
it is called the annulling multiplicity of p;. From (35) and condition (see (34))

q

(-B)" " [[(il — B)* # .

i=2
We obtain the main result — formulae for the annulling multiplicities of p1 = 0 and
consequently of all p; of the eigenmatrices B; in the minimal annulling polynomial:

L= 1, =i 4L (36)

The annulling multiplicities satisfy the classic inequalities 1 < s? < s/ [2, p. 24] due
to i <7/ and (32). Replace s) in the classic inequalities by their values (36), obtain
the weak inequality ! < n—1. Therefore the classic inequalities may be strengthened,
the upper bound is more precise:

1<s)<r—7rl+1<5s. (37)

Now we can see that expressing the unknown 2-nd rock in terms of the given s¥ from
(36) can not lead to restriction " < r. That is why the 1-st and the 2-nd rocks are
the primary parameters of a singular matrix, while the annulling multiplicity is the
secondary notion.

The upper bound in (37) is attained when r! = r; | in that number if
=n—1=r;>r.

Find condition for attaining the lower bound in (37), i. e. for equality r; = r/. Take
advantage of the classic Sylvester Inequality [16, p. 394|:

min(ry,79) > rank (C1Cy) > 11 + ry — n.
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If £ > 2 matrices are multiplied (or a power of a matrix is analysed), their singularities
are more suitable than the ranks. Then the following two inequalities in general forms
are expressed in terms of its factors singularities briefly and do not depend on n:

k k k

max(sing C;) < sing H C; <n, sing H C; < Z sing C;, (38)
i=1 i=1 i=1

sing C' < sing C" <n, sing C" < h-sing C, (39)

where h is an arbitrary positive integer.

The upper bounds in right inequalities of (38) are attained if the following two
conditions do hold together:
(i7)  (ker C;) € (im [I0_,, Cy), i=1,... . k—1.
They seem sufficiently clear and are useful in further considerations. In particular,
if C; are the eigenmatrices, then their powers pairly commute and conditions above
are transformed into

(ker By N (ker B") = (0), i # J.
Then, due to (38) and conditions (), (i), for all h; > s? there holds

n = sing H Blh"' = sing /4 = Z sing Bzh

1<i<gq, h;>s] 1<i<q, h;>s}

From the other hand, rank BZh > . (and this is equivalent to

sing Bzh < &) as the algebraic multiplicity and the 1-st rock are invariant under
q

]

. . / _ .
powering a matrix. Consequently, due to ) ;_; s; = n, we obtain

sing Bl < s iff by < s, }

40
sing Bl = s} iff h; > 5. (40)

The value s=mn—r is the geometric multiplicity. In particular,
0
sing B¥ = &', sing B = s}. This fact and (39) lead to the following special inequal-

1tles: / /
< s:and s; < s
< sand s < ), (41)
< s and s < ¢).

The set (sing BJ") as well as the set (rank B!) determines [2, p. 143] the set of
the Jordan subcells in the ultrainvariant s, x si-cell, and the critical exponent of the
matrix in (40) determines the maximal size of the Jordan s? x s%-subcell.

If sY = 1 (it is equivalent to 7/ = r!), then, due to (41), s; = si. Conversely, if
s; = si, then v} = r = r;. Thus, for lower boundaries of s! there holds:

7

0

0 _ I I o
s; =1 r=r & r=r,
=1 V=" < 1 =r

(42)
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For example, the following fact is well known:

=1, i=1,...,¢q, & s;=s,, i=1,...,q & Be(P).

2

The Jordan form Jp is used for inferring them [2, p. 143|, however it immediately
follows from (42), if tolet i =1,...,q.
On the other hand, for upper boundaries of s? there holds:

=8 & s=1r=n—1=r. (43)

They are determined by (41).

So, the theory of minimal annuling polynomial is exposed more completely, and
this polynomial is expressed in explicit form due to results obtained in the previous
section.

1.6 Null-prime and null-defective singular matrices

A singular matrix is called null-prime if its 1-st rock is equal to its rank. We shall use
notation Bp for null-prime matrices if necessary.

Of the fact above follows: if B is null-prime, then B’ is null-prime. Obviously, for
the eigenspace corresponding to its eigenvalue zero holds (ker Bp) = (ker (Bp)").
In this subspace, the matrix Bp behaves as a prime one. Indicate more widely the
properties and definitions of Bp.

The following assertions are equivalent:

(1) a square matriz B of rank r is null-prime,
(23) '

(232) 7’

(1v) rank(BQ) =,
(v) (ker B) N {(im B) = (0),

(vi) (ker B)YU (im B) = (ker B) @ (im B) = (A").

Due to (vi), any null-prime matrix possesses the characteristic affine projectors in
the linear spaces.

A square matrix B is called null-defective if ' < r (its 1-st rock ' = rank B*’
also is the minimal value of rank B"). According to (35), for a null-defective matrix B
there exists the characteristic nilpotent matrix

O = {K\(B*,r) k(B ¥} B, OF = Z, [(I£0))* — 11" =2,  (44)

where all the matrices commute with each other as polynomials in B (see in details
in sect. 2.2).
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The nilpotent matrix Op in (21) is, in its turn, the sum of all the eigenmatrices
O1,...,0,. The parameters of the nilpotent matrix for a null-defective matrix B are
the following:

r' =0, =" —1,
where s is the nilpotency degree, and
" —1=7"<rank Oy <n[r” /(" +1)] =n[(s" - 1)/s"] <n —1, (45)

0 <rank Oy <, n—s'(n—r)<rank Oy. (46)
Inequalities (45), (46) follow from (39). More precise bounds for the parameters
(n—1)— (s —s) <r<n—1, (47)
<8 —(0=1), <8~ (si—1) (48)
follow from (37).

In matrix Jordan form (see [10, part 2|), the value s —1 =77 —7/is the maximal
quantity of nonseparated units in the adjacent diagonal of the i-th ultrainvariant s x s'-
cell. The total number of units in the cell is s} — s; = r; — rf. This gives the sense to
estimations (47) and (48), and the notions of the 1-st and 2-nd rock.

Inequality (41) may be interpreted in terms of the Jordan form too, namely, by the
following arguments. The adjacent diagonal of the matrix Jordan form contains, as
well known, only units and zeros; moreover, k nonseparated units in it correspond to
the Jordan subcell of size k4+1. Among them there exists a subcell (may be not unique)
of the maximal size s¥. Consider this s? x s?-subcell and add to the end of its array
of units one zero element (outside the subcell). When s? is fixed, the total number of
units in the adjacent diagonal takes the maximal value if its partition into segments
is almost uniform: all the segments (but may be one) are of length s?, and the last
segment may be shorter, its length is equal to the nonzero remainder of division s
by sV. Each segment ends with a zero, all other its elements are units. Therefore,

min s; = |s;/s)]

and the equality in (41) holds iff si/s) is an integer. Inequalities (41) are equivalent
to each of the following:
(n—ri)(ri = ri) =i =7, (49)

—si)/si] <ri < (n—1) = (s; = 87)/si). (50)

7

7°+[(

!/

Z
Hence estimations (41), (49), (50) for 7 and s? are effective only under condition
r? < r. In this case,

si< s, s)<sh s>3 §>2 s'>1 n>3.

2 ]
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The parameter r; — r is called the i-th different of a matrix. A defective matrix

is called null-different if r” < r. The maximal value of the different (particular and
total) is (y/n — 1), it is less than n — 3. This follows from (49). The different is
maximal if the integer n is a square. In this case,

r=n—+vn, "=vyn-1, 7"=0, ¢g=1.

Due to (49), the matrix B is null-indifferent in the following special cases:

(z) ri=1 (< r%: =1);
Gy omea Y (1)
(1v) s; < 3.

Therefore, the different is zero if the dimension of the whole space or the dimension
of the ultrainvariant space does not exceed 3. This may be useful for constructing the
minimal annulling polynomial in terms of the ranks. Note the sense of condition (#7):
units in the adjacent diagonals of the Jordan cells can not be separated by zeros.

A singular square matriz B is null-indifferent iff

rank B" = rank B! —1, h=23,...,5
(rank B** =1 is minimal).

Null-prime and null-defective matrices as well as prime and defective ones according
to their definitions are pure affine notions. But they relate only to the eigenvalue zero of
singular matrices, in particular, of the eigenmatrices B; = B — u;I. For the definition,
it is not meaning, the matrix is real-valued or complex-valued one.

These notions are important especially in theory of eigenprojectors connected with
given singular matrix B, and in its numerous applications. One of them is spectral
decomposition of a matrix B up to its invariant and ultrainvariant subspaces for each
eigenvalue u;, with reducing original matrix into the basic canonical form or only into
the null-cell form (see in sect. 2.3).

Further, we shall often deal with matrices-multiplications of the types B = A; A}
and B’ = Ay A}, where Ay and Ay are n X m-matrices set certain geometric objects in a
n-dimensional affine or metric space. In the case, angular geometric relations between
these objects in the space are determine the matrix-multiplication B as a null-normal
one or a null-defective one.

It is clear that in the minimal polynomial of a prime matrix P, all the eigenmatrices
P; = P — ;I are null-normal ones, and all they have powers 1 in it. However in the
minimal polynomial of a defective matrix B, some of its eigenmatrices B; = B — ;1
are null-defective ones, and they have powers s! > 1 in it. Then B ' became by
null-normal matrix with this minimal power.
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1.7 The reduced form of characteristic coefficients

We conclude the chapter with evaluating all the characteristic coefficients of a given
matrix B in so called reduced form, where the fraction numerator and denominator
in (1) are polynomials in € = —p of the least degree. This reduced form is obtained
through dividing by the greatest common divisor the numerator and the denominator.
The similar method for computing the minimal annulling polynomial of a matrix is
well known — see, for example, in [2, p. 123].

So, dividing the numerator and the denominator of fraction (1) by their greatest
common divisor leads to reducing the Hamilton—-Cayley zero polynomial as well as all
the characteristic coefficients, their connection formulae, and the Souriau algorithm.
Reducing in (24) yields the reduced analogues of the scalar and matrix characteristic
polynomials kg(e) and Kp(e) from (1):

qp(e)] = (B + €el)Qp(e). (52)

These reduced polynomials have also the reduced scalar and matrix characteristic
coefficients q(B,t) and Q1(B,t), where t is the order of these coefficients:

nO
qp(e) =Y q(B.t)e" ",
t=0

nd—1
Qple) =Y Qu(B,t)e" L.
t=0

As well as (24), formula (52) is valid also for the matrix parameter E, and in special
case £ = —B it gives the matrix minimal annulling polynomial of £ = —B (scalar
one depends on € = —p), i. e., the reduced Hamilton—Cayley Theorem and the reduced
secular equation:

gs(—B) = Q1(B,n") =

=) ¢(B,t)(-B)" ' = [LGul =By =2 (53)

q

ap(—1) = _ (B, t)(—pw)" " = [ [ (1 — )
t=0

1=1

— 0. (54)

Thus n is the order of the minimal annulling polynomial (53). Reducing results in
only those parts of (53), (54) that do not contain j; and sY. The values p; and s? are
determined by solving the secular equation in (54).
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When these values are known, the reduced Viete theorem

¢B,t)= I w (g<n®=) s)<n) (55)

(Ct, terms ) (¢ values) i—1

follows from (53). This leads to reducing (25)-(29). In the reduced Souriau algorithm,
the initial values are as usually, but further computations use the reduced trace etc.
(see the algorithm in sect. 1.4):

Ql(Bat) :[7 Q?(Bao) — Z: Q2(37 1) :Ba

and ¢(B,1) = Y% | sV, is the matrix B reduced trace. The reduced determinant is

0
¢(B,n") = [ u"
The inverse nonsingular matrix is

= Ql(B,nO — 1)/q(B,nO).

Note that quantity of the eigenvalues decreases up to n’.
The highest coefficients of the eigenmatrices B; = B — u;1 as functions of p; have
the following reduced form:

q
Q1(Bi,r?) = [l = B)7,  q(Bi,rd) = [ [ (1s — 1) 5§ A, (56)
7=1

j=1

0 0

where ¥ = n% — s¥ is the reduced 1-st rock. The second rock is equal to n’ — 1

after reducing. Particular reducing (of the fixed eigenvalue p; quantity) is equal to

st —s) = (n—1) — 7/, the total reducing (for all y;) is n — n°.

(3 (3
The sum of the basic particular parameters satisfies inequalities

and the coefficients for its eigenmatrices are

Ql(Pi7 nO - 1) =

J

(il = P), q(Pyn® = 1) = [ [y — )i #4. (57)

q
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Note, the general spectral representation of a matrix (see in sect. 2.2) may apply
the minimal annulling polynomial and, perhaps, other types of annulling polynomials,
for example, these:

q q
H LL]] B maxs H maxs Z7 (58)

j=1

[L0sd = By = [[(-Byy = 2 (59)

j=1 j=1
Here the matrix (—B;) powers are null-prime matrices too.

These reduced forms of exact matrices scalar and matrix characteristic coefficients
are important, of course, from the theoretical point of view. They demonstrate in
some extent similarity between number theory and matrix algebra. In the both case,
we deals with cancellation of greatest common divisor, but here it is as scalar and as
matrix polynomials.

Contrary, from the practical point of view, the valuable results of this chapter are
the general inequality of means and the fundamental inequality for basic singularity
parameters of singular matrices with their dependence on structure of the scalar and
matrix characteristic coefficients. Thus the chapter completely describes structure of
all the characteristic coefficients of a square matrix, including the coefficients of the
highest order of a singular matrix (note that all the eigenmatrices of an arbitrary
square matrix B; = B — ;I are always singular ones). Relationships between the
singularity parameters will be used in the following theoretical considerations.

Other important results of the chapter are new opportunities for inferring explicit
formulae expressing eigenprojectors and modal matrices in terms of the scalar and
matrix characteristic coefficients. This advantage is used widely in development of
tensor trigonometry in further divisions of the book.



Chapter 2

Affine (oblique) and orthogonal eigenprojectors

2.1 Affine (oblique) eigenprojectors and quasi-inverse matrix

Let (A") be an affine n-dimensional space. Suppose Bp is a null-prime matrix of
rank r, then k(Bp,r) # 0. Formula (26) is transforming into

K\(Bp,r)/k(Bp,r) + Ky(Bp,v)/k(Bp,r) = Bp+ Bp = I. (60)

Further B_]>9 and ?p stand for the so-called affine eigenprojectors of Bp. These
projectors are also idempotent matrices (in general case, they are non-symmetric). In
the Euclidean space they are also the oblique eigenprojectors in the metric sense. We
claim that in the affine space Bp is a projector into the image (im Bp) parallel to the

kernel (ker Bp), and B_]>9 is a projector into (ker Bp) parallel to (im Bp). Indeed,
Ky(Bp,r) = BpK:(Bp,r — 1) = K1(Bp,r — 1) Bp;
Bp+Bp=1, Bp-Bp=Bp Bp=17;
(Bp)* = Bp(I - Bp) = By, (Bp)* = Bul — Bp) = Bps
(ker Bp) @ (im Bp) = (A"), x= B_1>7X + pr - X +%.

Any element x is uniquely decomposed into the sum of its projections in (A") as above,
Therefore,

Bp = Ki(Bp,r)/k(Bp,r), (61)
Bp = K»(Bp,r)/k(Bp, 1) =
= BpKi(Bp,r — 1)/k(Bp,r) = Ki(Bp,r — 1)Bp/k(Bp, ). (62)

The matrix Bp and both its eigenprojectors commute with each another as polynomials
in Bp (compare with formula (27)). In particular, for a scalar we get:

a=0 =1
and in some other trivial cases,

Z=1 1=z

(im K1(Bp,r)) = (ker Ky(Bp,r))
(ker K1(Bp,r)) = (im Ky(Bp,r))

m) e

rank Ki(Bp,r) = sing Bp, rank Ky(Bp,r) = rank Bp; (64)
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(B) = (Bp)' ?p 7 Eo, 7
k(Bp, ) =Cl,. k(Bp.t) = (66)

Then, for singular matrices B and Bp (r = r’), we have
k(B",r') = K"(B,r') # 0, k(Bp",r) = k"(Bp,r) # 0; (67)
K;((Bp)",r) = K}(Bp,r) = K"~ (Bp,r)K;(Bp,r), j=1,2. (68)

In an affine space, the affine quasi-inverse matrix for a matrix Bp is the following:
~ = BulKi (Bp,r = 1)/k(Bp, )] = [K1(Bp,r = 1)/k(Bp, )| Bp

= Bp|K1(Bp,r —1)/k(Bp, r)]2 = [Ky(Bp,r — 1)/k(Bp, r)]zBp. (69)

[t commutes with Bp and in the subspace (im Bp) it behaves as an usual inverse
matrix, in (ker Bp) it plays the role of the zero matrix. It is uniquely determined by
equations

Bp~Bp = BpBp~ = Bp, By~ = BpBp~ = Bp Bp. (70)

The following formulae hold:
rank Bp~ = rank Bp;
(tm Bp~) = (im Bp), (ker Bp~) = (ker Bp);
BpBp~ Bp = Bp; Bp BpBp~ = Bp;
(Bp~)~ = Bp; (Bp")™ = (Bp")"; (BY)”=(Bp)"

Moreover,
B~ =B'<det B+#0.

Due to (1), (61), (62), and (69), the affine eigenprojectors and the quasi-inverse
matrix are represented as limits

Bp =1lim [e(Bp + eI)"Y] = lim (NBp + 1), (71)
e—0 N—oo
Bp =1im [Bp(Bp + eI)"\ = lim [NBp(NBp + )", (72)
e—0 N—00
Bp~ =lim [Bp(Bp + el)?] = Jim [((N?*Bp(NBp + 1)~ (73)
€— S
(Bp+ Bp=1, Bp Bp=BpBp = Bp, N=1/e).

These limit formulae have most common affine form. They are gotten here by the
algebraic manner using a resolvent of Bp (see also in sect. 3.4).
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2.2 Spectral representation of an n x n-matrix and its basic canonical form

In all ultrainvariant subspaces (their sums are direct), the affine eigenprojectors (61)
of a prime matrix P may be represented, due to (57), by two manners as follows:

B _ Ki(P;,ri) _ Q1(P;, 1) _ H pil — P
Z k(I)HTZ) q(f)hro) K _Mi7

(74)

1<j<q, j#i

where 1% = n® — 1 = ¢ — 1 (see the last manner also, for example, in [2, p. 156]). The
(

affine projectors of a defective matrix B are represented due to (61), (33), (56), and
(58)—(60), by two different manners as follows:

Bl Ki(B;,r;)  @Qu(Bj,r))
P = k(Bi,r) — q(Bir?)

- I (! = B 1l (1l = B)" _ &, (75)

j AV

where Bpg;) = Bfg, h > max s? (see the last manner, for example, in [12, p. 128-143]).

(3
Note, that eigenmatrices P, = P — u;I and the power matrices

h 0 hi 0
B",h>s", B, h;>s;,

are trivial special cases of null-prime singular matrices Bp.

Spectral representation of a matrix B up to its ultrainvariant subspaces determines
decomposition of B into the unique sum of two its characteristic matrices — prime one
and nilpotent one (see before (21) and (44)):

q q
B=BY" By, =Y. mBpo + Y BBy,

=1 =1 =1
q q
:ZPi+ZOi:PB+OB' (76)
=1 =1

Note, O% = Z if h > max s!. This may be interpreted by the Jordan form.

In order to construct the canonical g-block-diagonal form of the matrix [2, p. 130], the
modal matrix of transformation may be evaluated with use of the following coefficients
(proportional to eigenprojectors) correspondingly, due to (33) and (56):

Ki(Bi, 7)) = Tlicjeq joi (i1 = B, Qu(Bir?) = Tlicjeq sz (w51 — B)Y.
Then O
(im K\(B;, ) = (im Q(B;, %)) = (ker B"),
(ker K1(B;,rl)) = (ker Q1(B;,19)) = (im Bfg>.

For a prime matrix, the coefficients are simplified according to r; = r;, or due to (57).

(77)
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All the coefficients are null-prime matrices. However, these matrices have nonzero
scalar coefficients of the highest order, that is why they contain a basis minor. This
minor is the intersection of the basis s, x n-submatrix of the rows and the basis n x -
submatrix of the columns. Therefore the total covariant and contravariant modal
matrices consist of all the column submatrices and, respectively, of all the row ones

(1=1,...,q):

‘/col BV'COZ =C (B)7 El = ‘/;OZE (78)
Vig BV, = Cu(B), Ey =V, 'E, (79)
( lgg) 1B lzg C/{L(B)7 E?) - ligE7 (80)
( lzg) lB* lzg C:(B), E4 - Z;FgE7 (81)
where C), is the ¢-block-diagonal form of B with respect to its eigenvalues py, . .., fiq,
E and Ej, k = 1,...,4, are the original basis and one of the canonical form. Each
ultrainvariant space contains non invariant subspaces
(ker BY') D (im O} > - > (im O} "), (52)
0 0
(ker B'Y D (ker Oy D -+ D (ker O,
(im Of) = (im K1(B;, ) B;) = (im Q1(B;, 7)) B;),
' / 0 (83)
(ker OY) = (im BY), t=1,...,s; —1.

Take a certain ultrainvariant cell of projection (76) and subtract its prime diagonal
part. The result is its nilpotent cells. It may be further transformed into subcells (82)
till the final elementary subcells. After this the common process may be continued till
the Jordan nilpotent form.

Formulae (78), (79) determine the various modal matrices for the prime matrix

Pp=>"1, P in (76). The general formula of the covariant modal matrix is
<‘/COZ> = ‘/COZ<CCI>7 ‘/Zzg <‘/COZ>' (84)
Here C, is an arbitrary nonsingular cell matrix consisting of nonsingular blocks ¢y, . . ., ¢,.

The quantity of nilpotent Jordan ¢ x t-subcells in the i-th cell of the basic canonical
form for the matrix B are

(rank Of = rank Of*') = (rank OF™! — rank OF*?),

see, for example, |10, part 2, p. 95]. General spectral representation of the matrix B
analytical functions may be computed with use of the Lagrange and Hermite inter-
polating polynomials with so called the component matrices |2, p. 155-159]:

B! =— . S
(k—l) Bp(z), <zm B(zk)> = (zm Of 1>, k = 1,...,3?. (85)

By =

Substitute here Bp(i) for (75), the result is the form depending only on the original
matrix B.
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2.3 Transforming a null-prime matrix in the null-cell canonical form

Let Bp be a null-prime n x n-matrix and rank Bp = r. Further, define the canonical
null-cell (two-block-diagonal) form of the matrix Bp (in certain new bases) as the
modal transformed following n x n-matrix Be:
AR
Bp — Bc—[Z 31].
Here Bj is a nonsingular r x r-matrix (det By # 0) and Z is the zero s X s-matrix,
s = n—r is the geometric and algebraic multiplicity of the eigenvalue 0 for Bp. Find the
modal transformation of Bp into Be. The high coefficients K (Bp,r) and Ky(Bp, ),
where r = rank Bp, are proportional to the eigenprojectors (61) and (62), what are
necessary here for the searched modal transformation. (But for their evaluating the
eigenvalues of Bp are not necessary as for the full spectrum (76)). These coefficients
are null-prime matrices, and thus they contain basis diagonal minors determining two
basis n x s- and n x r-submatrices of columns. These submatrices generate the modal
matrix of the base transformation:

Vo IBpViy = Be, Ei=VigE, (Vi) = Viu{Cy). (86)

col

Here C is a two-cell analog of C, from (84). The transformation is found.
Suppose we are given with two null-prime matrices Bp; and Bpsy of the same order
such that

(im Bp,) = (im Bps), (im Bp)) = (im Bp,) (Bpy = Bpy, Bp, = Bp,).
Then, due to (86), we obtain
Kj(Bppr%T) - KJ(BPQBPMT) - Kj(Bplvr)Kj(Bp%r)) ] - 1727

k(Bpi1Bpa,r) = k(BpaBp1,r) = k(Bpy,r)k(Bps, 7). (87)

The formula generalize the well-known one for determinants of matrices multiplications
det (BlBQ) = det (BQBl) = det Bl - det BQ.

One else simplest form for a null-prime matrix consists of zero n x (n — r)-matrix
and n x r-matrix of the basis columns:

Bp:[ZQ‘AQ:I

It may be also useful.
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2.4 Null-normal singular matrices

There is an one-to-one correspondence between the pair of eigenprojectors (EE)), %}9)
and the pair ((im Bp), (ker Bp)) of linear subspaces in an affine space (A") with a
certain base. Suppose this space is real. Consider the set of real so-called null-normal
matrices (Bm) satisfying condition

B = Bm = (Bm) < Bm = Bm' = (Bm). (88)

Geometrically, this means that
(ker Bm) = (ker Bm') < (im Bm) = (im Bm'). (89)

The sum of (im Bm) and (ker Bm) in (A") is direct as k(Bm,r) # 0. In the
Euclidean space (£") with an orthonormal base, we have

(90)

(ker Bm') = (im Bm)* = (ker Bm), }
(im Bm') = (ker Bm)* = (im Bm);

< (im Bm) B (ker Bm) = (E").

This is the special geometric sense of matrices Bm: In a real space (E") with a fived
orthonormal base the characteristic eigenprojectors of a null-prime matrix Bp are
symmetric iff its subspaces {(im Bp) and (ker Bp) form the spherically orthogonal
direct sum, what is specially denoted above in (90) (i. e., iff they are orthocomplements
of each to another in (£").)

In the eigenspace corresponding to the eigenvalue y = 0, the matrix Bm is similar
to a normal matrix. That is why it is called null-normal. In the Euclidean space
its eigenprojectors are orthogonal. Special cases of null-normal matrices are normal,
symmetric, skew-symmetric, and nonsingular ones. The following equivalences do hold:

—
Bm

Bm

—
In (™), Bm and ?m pro?ct into (ker Bm) and respectively (im Bm) by the

B = Ky(Bm,r)/k(Bm.,r) < Ky(Bm,r) = K!(Bm,r) (91)

}

< |

B! = Ko(Bm,r)/k(Bm,r) < Ky(Bm,r) = Ky(Bm,r). (92)

orthogonal way, and B—n>z 1 Bm.
The following conditions are equivalent (see sect. 2.1):
(1) all the eigenmatrices B; are real and null-prime;
(73) all these matrices have the real affine projectors EZ and E;
(7i1) the matriz B is real and prime, and all its eigenvalues are real numbers.
A real normal matrix B = M may be transformed into diagonal real one by a real
orthogonal modal matrix iff the matrix M is symmetric (M = §).
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For any symmetric matrix S, the kernel and the image of each its eigenmatrix S; are
the orthogonal complements of each other, and kernels form the direct orthogonal sum.
Therefore, all the eigenmatrices of a real matriz B are real and null-normal iff B is
real and symmetric. In particular, null-normal matrices B and B’ of rank n — 1 have
the common eigenvector (ker B) = (ker B') iff BY = (B")".

Take a null-normal matrix Bm and apply the Gram—Schmidt orthogonalization
algorithm to columns of the two blocks of the matrix Vi, = Vi, in (86) separately.
The result is the orthogonal modal matrix for constructing the null-cell canonical form

(86), i. e. congruent modal transformation:
Be = R,,;BmR.y (93)

((Reot) = Reoi{Ra), but (Vo) = Reoi{Co), see (86)). Structure of Ry here is similar to
C5 in (86). If the original base is, for example, Cartesian, then the new orthonormal
base is expressed in terms of the columns of the modal matrix { R} = {1}, }. And
orientation of the base is changed under multiplying R.,; by the alternating unity
matrix on the right for its restoring. The modal orthogonal matrix R, for constructing
the diagonal form of a symmetric matrix S is computed by the way similar to (78). If
all the eigenvalues of S are distinct, then n its unity length eigenvectors determined
by (ker S;) form the desired matrix R.y. If some of them are degenerative (under
condition s; > 1), then the Gram—Schmidt orthogonalization is applied.

The following examples of null-normal matrices are used in the sequel. These

matrices are generated by the special n x m-matrix A (n # m):

Bml = AlAIQ, Bm’l = AQAII (94)
((im Ay) = (im As), rank Ay =rank As =m <n),
BTI’LQ = AllAQ, Bm; = AIQAl (95)

((ker Ay) = (ker As), rank Ay =rank Ay =n <m).

Note some other properties of all null-normal matrices.

> > — X <
Bm/Bm = BmBm' = Bm, Bm/Bm = BmBm' = %,
(ker Bm/Bm) = (ker BmBm') = (ker Bm), (96)
(im Bm'Bm) = (im BmBm') = (im Bm).
Apply (87) to null-normal matrices Bm and Bm/, obtain
Ki(BmBm/,r) = K{(Bm'Bm,r) = KZ(Bm,r),
Ky(BmBm/,r) = Ko(Bm'Bm,r) = K3(Bm,r), (97)
k(BmBm' r) = k(Bm'Bm,r) = k*(Bm,r).

Formula (97) generalizes the well-known formula for determinants
det(BB') = det(B'B) = det*B.

(Singular matrices M and S are also the special cases of null-normal ones.)
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2.5 Spherically orthogonal eigenprojectors and quasi-inverse matrices

In the previous section, we introduced the orthogonal eigenprojectors in addition to
oblique ones. They were defined for null-normal matrices due to spherical orthogonality
(90) of eigensubspaces in (£"). This property takes place only in (£") and corresponds
to to right tensor spherical angles (see in Ch. 5) between subspaces or lineors.

Let A be an real valued n x m-matrix of rank r. Then AA’, A’A € (Bm) and their
rank is equal to 7. According to (91) and (92) we get

— —
AA = K (AA 1) Jk(AA 1), A'A =K (AAr)/k(AAT), (98)
e_
AA = Ky(AA' r) [k(AA 1) = AAT,

WA = Ky(A A, r)Jk(AA, ) = A*A, (99)
(WA, 1)} = {W(AA )},
— —
24_14’ is the orthogonal projector onto (ker A’), aa’ = [ — aa’/a’a,
AA' is the orthogonal projector onto (im A) = (ker A')*1, aa’ = aa’/a’a,
AT is the classical quasi-inverse Moor-Penrose m x n-matrix [23-25], rank AT =r.
For these two complementary subspaces of (A™) we obviously get

f— e
AA'+ AA' =1, (BB +BB =1), (100)

what are equivalent to (im A) @(ker A") = (A"), ({(im B) ®&{ker B') = (A™))!
In (£") the subspaces are orthogonally complementary. According to (99) the matrix
AT satisfies the two Penrose equations, which determinate it independently:

ATAAT = AT, AATA = A
From the latter and (62) we have

Ki(AA 7= 1) K(AAr—1)

At = A
k(AA 1) K(A'A, 1)

Al (101)

This is Decell’s formula inferred in [26] from the Souriau algorithm. The equalities
can be checked by representing the matrix coefficients by polynomials (27). So, in
particular, {a}* = a’/(a’a). The matrix A" behaves as the inverse matrix in (im A)
and as the zero one in (ker A’) with respect to multiplication from the left:

— — ‘-
ATC = AT[(AA + AA)C) = AT (AAC). (102)

With respect to multiplication from the right, it plays the role of the inverse matrix
in (¢zm A’) and the zero matrix in (ker A):

— -
CAT = [C(AA+ AA)AT = (CAA)AT, (103)
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In particular, a matrix B commutes with BT exactly in (imm B) N (im B’). That is
why the following equivalences hold for the matrix B~ from (69) (see sect. 2.1):

B~ =B < Be (Bm)< B'B=BB". (104)

In the Euclidean space with a certain orthonormal base, a quasi-inverse orthogonal
matrix has the following geometric sense: its Frobenius norm (the matrix norm of the
1-st order, see sect. 9.1) is minimal among all quasi-inverse matrices determined by the
Penrose equation AX A = A, i. e., this matrix is the normal solution of this equation
from the left and from the right |23, 25] (see also below). Moreover, this matrix gives
the normal solutions (with the minimal Frobenius norm) of the left, right, and mixed
general linear equations

Ailnxm)X = A(n xt) = X (m xt) = A A, (105)
YAs(nxm) = A(t xm) =Y (t x n) = AAJ, (106)
Al(nl X ml)XAQ(nQ X mg) = A(m X mg) (107)
= X (m1 X TLQ) = ATAA;
Equations resitduals for full solutions have the minimal Frobenius norm too:
A= —AALA,
: = . (103
ANM=27 & A€ <A1Allgn><t> = <KERRA1A1>,
. e
AQZ _AA/2A27
. — —— (109)
No=7 & A€ <(€txmAl2A2> = <KERLA’2A2>,
Ae A A A — XAy + A A AN A, A=Z o
‘ R 3 2 S (110)
A€ <A1A/15n1 m2A/2A2> = <KERRA1A1 N KERLA2A2>

Intersection of the set of all left quasi-inverse matrices and the set of all right ones
determined by (99) consists of the unique element A™ [23, 27|:

H H
(Ap) = AT @ (AAE™ T AA) (111)
(all these matrices produce orthoprojectors in (108), in particular, A™),
— —
(A7) = AT @ (AAE™ T AA) (112)
(all these matrices produce orthoprojectors (109), in particular, A™),

A = (Ap) N (A7), (113)
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From (108)—(110) we obtain

rank Ay =n = Alz Z,
rank Ay =m = Ao= Z, (114)
(rank Ay =n, rank Ay =m) = A= Z.

Consider in details the exact normal solution of the classical linear equation Ax = a
in the general form with the use of formula (101):

|Ax — a|| — min, x= ATa= [;1 (r)/k(AA 7] a, (115)
° —
d= —AA a. (116)
We have
. —
d=0 & ac (kerAA") = (ker Ki(AA' r)). (117)

Here we get exact formulae (115) and (116) for the normal solution and minimal
residual of the classical linear equation Ax = a. The residual is antiprojection (116).
Consequently, its Euclidean norm satisfies

[ ] ./ [ ]
d|P=—-d-a=-a"-d (118)
| d [l =singlfall, (pel0;7/2]) (119)
where ¢ is the scalar angle between the vector a and the subspace (im A).
We conclude the section with inferring from formula (101) the explicit expression for

a (p, q)-element of the m x n-matrix A (r) in (115). The most general Hermitean-like
form of this element in the case of a complex initial linear equation is

po- ¥y S, (05

(cr _, terms) (Cr_, terms)

m—1

where p =1,...,m, ¢ =1,...,n, p’ and ¢’ are new indexes of a,, in minors of A.
Therefore, (115) generalizes here the Cramer formulae. In special case 1 = n = m,
(115) represents the matrix solution of a nonsingular linear equation Ax = a, because
A (n) = det A- AV, k(AA*,n) = det A -det A and, consequently, the solution is
x = (AV /det A)a= A~'a (the special classical case see, for example, in [2, p. 38]).



Chapter 3

Main scalar invariants of singular matrices

3.1 The minorant of a matrix and it applications

Let A; and As be n x m-matrices. Then k(A1 A}, t) = k(AyA),t). The scalar coef-
ficients of order ¢ for n x n-matrix A; A} were shown to be the sums of all diagonal
minors of order t. Represent each matrix of diagonal minors of A; A5 as the following
multiplication of £ x m-matrices of rows:

{D-minor(t)A; A5} = {lig(t) A1 H{lig(¢) Ao}

By the Binet—Cauchy formula [2, p. 39|, this minor (i. e., determinant of the left
matrix) is the sum of all pair multiplications of all minors from the right submatrices
of order ¢ with the same set of columns. For the m x m-matrix A}As, in all these
assertions, rows are changed for columns and columns are changed for rows. Consider
the two sets of CC!  pair multiplications of order-t minors of A; and As. They form
the two sums. The first sum is equal to the scalar coeflicient k(A;Aj5,t), the second
sum is equal to the scalar coefficient k( A} Ay, t). There exists a bijection between these
two sets, just as above, thus for external and internal multiplications of these matrices

we have
In the special case A} = Ay = A, i. e., for these both homomultiplications, there holds
RAA ) = ) > minor* (A = k(A'At) > 0. (121)

(ct, terms) (Ct terms)

Introduce the highest positive characteristic of an n x m-matrix, its minorant:

= Vk(AA" r) = /E(A'A, 1) r)A" > 0.

[t is the square root of the sum of all squared basic minors A, this follows from (121).
Note the special cases.
1. If n > m = r, then Mt?(m)A = det A’A (the Gram determinant for columns A).
2. If m =1, then Mt(1)a = ||a||g (the Euclidean module a).
3. lf n =m =r, then Mt(n)A = |det A| (the determinant A).
Formulae for the matrix poly-step homomultiplication minorant follow from (67):

Mt {AAA. .} = Mt(r ){A’AA’ )=

= \/K[(AAN 7] = [k (AA 7) = Mt"(r) A
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Consider equation (115) and the matrix {Ala}. If n = m = r, due to (117), d=0.
When n > m > r, (116) and (119) give the general result:

Mt(r+ 1){Ala} =sinp - ||al|| - Mt(r)A = || ;1 || - Mt(r)A. (122)

This leads to the Kronecker—Capelli Theorem, expressed by formula in terms of the
squared minorant (121) of the matrix {Ala}, i. e., from order (r + 1) squared minors:

MEr+D{Alay = Y Y mino?(r+ 1){Ala} =04 d=0 & sinp=0.
(Crih) (Cnth)
If n > m = r, then the Gram determinant is also the analogous criterion:
ME(r + 1){Aa} = det[{Ala} {Ala}] = || d || - ME2(r) A.

Formula (122) in the trigonometric form (where ¢ € (0;7/2]) is
0 <sinp = Mt(r+ 1){Ala}/(Mt(r)A - Mt(1)a) < 1. (123)

In particular, for the angle between two vectors (¢12 € (0;7/2]) in (€"), we have:
0 < sin 1z = Mi(2)]ag|ag] /(Mi(1)ay - Mi(1)ay) =

_ i) Taxfaal}/(llaull - llaall) = llan x asll/(fa ]| Jjagll) < 1. (124)

On the left we gives a scalar multiplication of sine type for two vectors and on the right
we gives identical to it a module of their vector multiplication. In the first variant,

for two vectors on a plane (n = 2), may be eigen, i. e., in (E?)!), the determinant
in formula (124) disintegrates in two equal determinants. As result, there holds the
simplified formula for the angle between two vectors on a plane with the angle sign:

—1 <singpiy = detlai|ag]/([|ai]] - [[az]) < +1, (p12 € [=7/2; +7/2]).

Relation between the minorant of an n x r-matrix A and the square root of the
Gram determinant of its r columns enables one to clarify the geometric sense of the
minorant as the volume of the parallelepiped, constructed on the vector-columns of
the matrix A [3, p. 216]. In particular, put m = r. We often deal with such matrices
in part II. They represent special linear geometric objects lineors of greater dimension
(r > 1), then vectors. Consider the columns of a matrix A. Denote the submatrix
formed by first j columns as A;. Then A;.; = {A;|aj;1} for each j. Apply formulae
(119) and (122) to Aj41, also the geometric interpretation of the Gram determinant
square root may be used. Subsequent application of this operation gives the formula

Mi(r)A = v, = [[ar]|-sin g2 -[|ag]| -sin @i a3 - |ar|] < [Jar]]-[[az]] - []a,], (125)

where v, is the volume of the r-dimensional parallelepiped with sides ay, ..., a,, and
012, 9123, € (0;7/2].
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If n =m = r, then from (125) the sine Hadamard Inequality in its usual form |16,
p. 35| is valid; and, if » = 2, it has particular form (124). Due to (74), the following
does hold:
q

q
4 —
Mt(r)A = /E(AA 1) =[] o7 >0, AA =][(03Luxn — AA) /o], (126)
j=2

j=2
where 0]2- > 0 are the nonzero eigenvalues of AA" or A’A.
In general (n > m > r > t), the coefficients k(AA’, t) = k(A’A, t) may be expressed
either geometrically as the sums of squared ¢-dimensional volumes (t-measures) or
algebraically as the Viete sums of the eigenvalues of AA”:

HAd = (ct t%rms) vf(p) = si(0f) = v > 0,
" M (r)A =02, (127
HAX )= Y 2 =si(0?) = & = ||A|} >0, ( MECIA= ) (127
(m terms)

Here, in Cartesian coordinates, vy, is the volume v; of the orthoprojection of rank .
If m = r, then the ratio vy)/v; = cos ay, is the p-th direction cosine.

Formulae (127) express the Pythagorean Theorem for the linear objects represented
by n x r-matrices. Further, they are called lineors. All the characteristics are always
positive and invariant under orthogonal transformations of columns or rows of the
matrix A and its Cartesian base. In particular, there holds

Mt(r)A = Mt(r){RiARy} = Mt(r)V AA" = Mt(r)VA'A. (128)

Therefore, a minorant may be used as geometric characteristic for these lineors
of different dimensions and ranks. In Ch. 9 this opportunity will be realized for
introducing general norms of similar linear objects.

The arithmetic roots in (128) may be singular; in general, they are related with the
matrix A by the quasi-polar decompositions of A (i. e. QR-factorization):

A=SP Rqg=VAA - {(VAA)T . A}, (129)
A=Rq-5¢ = {A- (VAA Y. VAA. (130)
SP=Rq-SY R¢ & AA ' =Rq-AA-Rq,
Rg=A-(VAA) = (VAA) - A =
— —
Rqg-Rqg = AA', R¢Rq=AA, R¢=Rq".

The transformation A — Rq gives the same result as the Gram—Schmidt unity
orthogonalization of m linearly independent vectors:

A={ay,...,an} — {e1,...,em} = Rq.

This algebraic transformation is the uniquely determined variant of the Gram—Schmidt
orthogonalization (provided that the sequence of vectors is fixed).
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In Euclidean space, the Gram—Schmidt orthogonalization may be also expressed
geometrically clearly with use of orthoprojectors:

i1 i1
vi=a;, Vi=aj— Z lex e ] a; = {I — Z lex - €]} - a, (131)
k=1 k=1
— :
where ex-ej =ex-€, — see sect. 2.1. The results of this procedure are the
following e; = vi/||vi||, i = 1,...,m, and additionally we have the matrix Rq for A.

For the special kind of n X m-matrices, with n > m = r, prove the split formula for
the minorant of their external multiplications:

Mi(r) Ay Ay = ME(r) Ay - Mt(r) Ay = | [det (A Ay) - det (ApAy). (132)

With the definition of a minorant, the quasi-polar decompositions such as (129), (130),
and also formula (128), we subsequently obtain

M (r){A1 A5} = k[(A1 Ay A2 AY), r] = k[(Rqy - SY - S5 - S5 - ST+ Ray),r] =
—= k[(S7 - Sy - 83 - SY), 1] = det (A[A) - det (ALAy) = Mt*(r) Ay - Mt3(r)As.

Further, for external and internal multiplications of n x m-matrices of the special
kind we use notations:

B = AlA/Q, B/ = AQA/l, C = AllAQ, Cl = AI2A1

For B, if (im AL) N (ker Ay) =0, (im A}) N (ker Ay) = 0, there holds:
(im B) = (im Ay) < (ker B') = (ker A}]) — see also (100),
(im B') = (im Ay) < (ker B) = (ker AL) —see also (100).

Due to additional condition m = rank Ay = rank Ay = r, the following does hold:

BB = A, AyAyAj = 4, A, = Rq R, |
BB\/ = AlA/ZAQAl = AlAl = ququ,
B'B = Ay A\ A1 Ay = Ay Al = RgoRqh. |
Besides, det C' = det(A]A2) # 0. (See this in details in Part II, sect. 5.4.)
Then formulae
KJ[(AlAéAQA/l), 7’] = det (AIQAQ) : Kj(AlAll, T’),
Kj[(A2A1 A1 A3), 1] = det (A1A)) - Kj(A2Ay, 1), (134)

7=12,

follow from (61), (62), (132), (133).
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3.2 Sine characteristics of matrices

Let B = {€;}n,xn be some n x n-matrix, given as a linear unity geometric object in
the 1-st quadrant of Cartesian base {/} in a space (£"), where ||e;|| = 1 for all i.
Namely the matrix £ = {e;},x» determines an n-edges polyhedral tensor angle in the
Fuclidean space; det E = Mt(n)E < 11is, due to the trigonometric value in Hadamard
Inequality (125), its sine characteristic. This polyhedral angle Correspor&sene—to—one
the unique mutual tensor angle, given by the matrix E = {€;}nxn = {EiEle;sec (5},
where F; is obtained from E by change of the column e; on zero one, and for ﬂgs
tensor angle E unity its calibration by sec 3; is used. The orthoprojector of type F;E!
projects into the kernel (ker E!) orthogonally to the image (im E;) (see sect. 2.5).
There holds: cos 5; = eje; = €je; (0 < cosf; <1), ele; =0 or E'E = Deosp = F'E,

— cos? B; = € E;Ele;, and the all values of cos 3; are finding. Further,

det E -det E = det Deosp = Hcosﬁi, |det E| <1, |det E| <1

=1
F'E = Dcosﬂ : (E/E)_l : Dcosﬂa EA#EA' = Dcosﬂ : (E/E)_l : Dcosﬂa

G = \/ Dsecﬁ -EF'E - \V/ Dsec = é_l = [\/ Dsecﬁ : E/E : Dsecﬁ ]_1-

Here G and G are metric tensors in the stretched of these angles mutual affine bases,
given in {I} by modal matrices { E\/Dyec s} and {Ey/Dyecs}.

However, in the book, we deal with tensor angles of the binary type, i. e., angles
formed by pairs of linear subspaces (straight lines if » = 1) or linear objects Ay, A,
(vectors if r = 1) in spaces with quadratic metrics.

At first, consider the sine characteristic of binary angles. Now we suppose that
ry = rank Ay and ro = rank As, but r1 + ro < n. The block matrix {A;|As} is
called the external summation of A; and As. Introduce for the rectangular matrices
(or lineors) A; and As the scalar characteristic sine ratio (see more in sect. 8.4):

|{A1‘A2}‘sin — Mt(’l“l + TQ){Al‘AQ}/(Mt(Tl)Al . Mt(?"g)Ag) = (135)

ATA ‘ Al A ; ; ,
= \Jdet | I et (A AY) - det (AbAy) = detGh o/ Mi(r) Ay A > 0.
[t generalizes (123) and ratio (124) for the sine of the angle between two vectors. The
matrix in numerator generalizes the internal multiplication of two vectors of sine type
used in (124). This ratio is the sine positively definite norm for a pair of A; and As.

The Kronecker—Capelli Theorem may be generalized to matrix linear equations such
as (105)—(107). The generalization is expressed also in terms of the minorant:

ME(ry + 19 +1) [%‘Ai?] _0 o A= (136)
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3.3 Cosine characteristics of matrices

Denote the highest scalar characteristic of a square singular matrix, its dianal :
DI(r)B = k(B,r) = DIl(r)B" (det B =0),

So, Di(r){AA'} = DI(r){A'A} = k(AA",r) = Mt*(r)A — see sect. 3.1. And from
(122) we have: Mt?(r+1){Ala} = Di(r+1){[Ala][A]a]'} =0 < (.1: 0 < singp = 0!

Then the new scalar characteristic for a singular square matrix B, its sign-indefinite
cosine ratio (see more in Ch. 8), is expressed in terms of the minorant and the dianal:

{B}eos = DI(r)B//Di(r) BB’ = Di(r)B/Mt(r)B = H e Haj”. (137)

We may preliminary introduce the cosine norm for B as follows (see more in sect. 8.1):

q1 q2
1> [{B}eos = |DI(r)B|/Mt(r)B = [ [ |l / ]} > 0. (138)
i=2 j=2

The cosine ratio of null-defective B is 0 (7" < r), and it is +1 or —1 for null-normal B.
Formula (137) to the right contains the eigenvalues p; with their algebraic multiplicities
s1; for the matrix B and its singular numbers o; > 0 (for the square root of the matrix
BB’ or B'B) with their algebraic (geometric) multiplicities s, j in Mt(r)B as in (126).

Let A; and As be n X m-matrices with their external and internal multiplications
of cosine type B = A1 A, and B’ = A A, C = Aj Ay and C" = AL A;. Then the cosine
ratio for a pair of matrices (or lineors) A; and As may be expressed as

{A1- Aj}eos = {Az - Al}eos = DI(r){Ar - Ay} Mi(r){ Ay - A5} (139)
If A, and A are equirank n x r-matrices, then, due to (120) and (132),
{A1+ Ay}eos = DIU(r){ A1 - Ay} (ME(r)Ar - Mi(r)Az) =
= det {A| Ay} /[\Jdet {AJA} -\ Jdet {4342)). (140)

In particular, for the angle between two vectors in the Euclidean space (€™) we have

—1 < cos g1z = ajag/||aa| - [|az|| = aa1/[lazl| - [Jaz|] < +1, (12 € (0;7]). (141)

In part II, the trigonometric sense of the sine and cosine ratios will be explained,
the trigonometric spectrum of a singular matrix B is necessary for it. We note here
especially, that both left and right sides in formulae (135) or (140) may be considered
as some identical algebraic expressions of trigonometric (sine or cosine) nature for
coordinates of geometric objects (lineors) represented by n x r-matrices A; and As.
The angle sign is defined only for two vectors on a plane, may be eigen, i. e., in (£2).



3.4. LIMIT METHODS FOR EVALUATING PROJECTORS AND QUASI-INVERSE MATRICES 59

For two vectors a; and ay (i. e. if 7 = 1), the expressions in (135), (140) at n > 2
separately or as the sum of their squared forms give a number of algebraic inequalities
or identities of trigonometric (sine and cosine) nature. Their examples are well-known
as sine Hadamard Inequality, for example in form (125) at r = 2; cosine Cauchy
Inequality, for example in form (141). The scalar multiplications of two vectors of sine
type in (124) and cosine type in (141) give these Summary identity for their coordinates
(here in Euclidean space), which equivalent to Lagrange Identity also for two vectors:

[Mt(2)[ar]ag]/(Mt(1)ay - Mt(1)ag)]? + [tr ajal/(Mt(1)ay - Mt(1)az)]? =
= [det([aq|az] [a1]az])]/[a) ay - abas] + [(a)az)?]/[a)a; - abas] = (142)
= sin® g + cos” 1o = 1 = (ay x ag)/||aa||* - [Jaz|]” + (a1 - az)?/[|as||* - [|az| |,

(where the last variant is a classical sine-cosine Identity of Lagrange for two vectors).
Formula (142) enables one to normalize the angles between vectors in Euclidean spaces.
In part II of the book, similar constructions for more general linear objects as lineors,
represented by n X m-matrices A; and As, will be analyzed.

3.4 Limit methods for evaluating projectors and quasi-inverse matrices

According to (1) and (101), the following limit formulae do hold:

AT =lm[A(AA 4+ el) ™ = lim[(AA+el) A = (143)
e—0 e—0

= lim [NA'(NAA'+ )" = lim (NAA+1)"'NA, (144)
N—o0 N—oo

— —

(AAA =7 = AAA = K((AAMNA =7 =AK(AA"r)).

As well as general formulae (71)—(73), the special limit formulae (143), (144) are in-
ferred by purely algebraic way, with use of the resolvent (1).

A. N. Tikhonov [29] was the first who expressed the normal solution of the linear
equation Ax = a as a limit. He used his regularization method in the special case of
a conditional extremum problem: find the value of the argument with the minimal
Euclidean norm on a given set corresponding to the minimal residual of equation

U(x,€) = eF1(x) + F3(x) =min, dU/dx=0 (e — 0). (145)

(F1(x) = x'x, F5(x) = d'(x) - d(x), where the residual is d(x) = Ax — a).
Note, that similar results, but in limit form (144), might be obtained long before
the publication of A. N. Tikhonov by Courant’s penalty function method [11]:
W(x,N)=Fi(x)+ N - Fy(x) =min, dW/dx=0 (N — 00). (146)

In this task, both the methods are in one-to-one correspondence consisting in multi-
plying or dividing by a scalar limit parameter.
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Courant’s penalty function method finds the conditional extremum of Fj(x) with
the gradient 1 x n-vector function in the constraint equation h'(x) = dF,/dx = 0.
Integration converts the usual vector form into the equivalent scalar form:

h(x) = /h’(x)dx = 0 = const. (147)

Then in (146) we obtain the Lagrange function W(x, N) and the unique scalar La-
grange multiplier N — o0, as

(dh/dx)N =N (x)N =0- N = —dF, /dx # 0

follows from the differential equation (146), and consequently N — oo.

In particular, these limit methods are applicable for finding conditional extremum
of F1(x) on the stationary set of F5(x). Chains in equations (145) and (146) may be
continued by polynomials in € or N. The sufficient condition for applicability these
two limit methods in the differential form (with the small or large parameter) is, due
to (147), integrability of the 1 X n-vector function h’(x) from the constraint equation
and consequently symmetry of its Jacobi matrix: (dh/dx)" = dh/dx. If the normal
solution of equation Ax = a is searched for, this symmetric Jacobi matrix is A’A.

Due to General optimization limit method differential equation edFy /dx + h'(x) = 0,
e > 0 ordF)/dx+Nh'(x) =0, N — oo, determines a complete solution according to
conditional stationarity of Fy(x) under constraint h'(x) = 0 iff the Jacobi matrix of the
constraint vector function h'(x) is null-normal, i. e., (ker dh/dx) = (ker (dh/dx)").
(At the stationarity point of Fi(x) for the 1 x n-vector of the conditional gradient,

-
obviously, there holds: dFy/dx - dh/dx € (ker dh/dx).)

The conditional stationarity nature of F1(x) (i. e., either a conditional minimum
or a conditional mazimum, or a conditional saddle without extremum) is determined
by the limit conditional Hesse matrix of F1(X) up to scalar parameter € or N.

See detailed exposition of this General optimization limit method and its appli-
cations in other our monograph [18, p. 97-112]. In particular, this method give, by
simple way, the exact solutions for a conditional extremum of the second-order scalar
function Q(x) under the linear constraint equation Bm - x = a, including Bm = S.

Moreover, the concrete constant singular Jacoby null-prime matrix Bp for the linear
constraint equation Bp - x = a may be transformed into the null-normal matrix Bm
by a suitable modal transformation of the initial base (further, this limit method may
by applied). As example, for a null-prime matrix Bp, its affine quasi-inverse matrix
Bp~, see (69), may be computed by the same functional limit way with preliminary use
of linear base transformation for converting Bp into Bm. Then one calculates Bm™
by the limit method according its value in (104), i. e., in fact, as the Moor-Penrose
quasi-inverse matrix. Having finished these operations, one returns to the initial base
by the reverse modal transformation, and get the matrix Bp~.
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Two alternative complexification variants

4.1 Comparing two variants

Nature of complex numbers gives rise to main two and quite different approaches for
implementing operations over initially given complex numerical or algebraic elements.
Besides, the complex elements may have due to these operations the corresponding
form of their representations.

By the adequate approach, operations over complex-number elements are formally
the same as over real-number ones. This allows one to use results previously obtained
for real-number analogous objects. However, there are some exceptions: inequalities
(unless parameters are only real), module notions. The special case is pseudoization,
when real and imaginary parts of complex elements form direct sums of the same type.

The symbiotic approach supposes the use of standard operations applied to real
numbers as well as the additional operation of complex conjugation independent on
usual ones. In particular, it takes place in the Hermitean approach for vectors and
matrices with complex entries: their transposition is always accompanied by complex
conjugation. The Hermitean variant of complexification allows one to use in the self-
conjugate form notions of the real positive module or norm as well as similar self-
conjugate form for a lot of inequality relations.

These variants of complexification point out two independent directions for further
development of theories and their applications in complex spaces.

So, relations (im B) = (im B’) and (im B) = (imB*) determine adequately and
Hermitean null-normal matrices. But adequately and Hermitean orthogonal eigen-
projectors and quasi-inverse matrices are defined by differ ways using (98)-(101).
Adequate complex characteristics no always exist in such determined form in what
Hermitean ones exist. As example, Mt2(r)A = k(AA’,r) = k(A’A,r) for a complex
matrix, where r = rangA, may have any complex values including zero.

But for pseudoized vectors and matrices their squared minorant may have only real
values — positive, negative and zero. From the other hand, in the Hermitean variant
there holds k(AA*t) = k(A*A,t) >0, t<r.

In any case, all eigenprojectors of a null-prime matrix Bp exist and are spectrally
nonnegative semi-definite matrices, because their eigenvalues are equal to +1 and 0.
Moreover, for matrices Bp affine eigenprojectors and quasi-inverse matrices do not
depend on the complexification variant. If a matrix B is complex and nonsingular,
then (im B) = (imB') = (imB*) = (A"), that is why the complex inverse matrix B~
for such quadratic matrix B is uniquely determined.
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Forms of representing any complex number "a" with the imaginary unit ":" are well-
known. They are simplest arithmetic form, trigonometric Moivre’s and polar forms,
exponential FEuler’s form, pseudoized vectorial form, stereographic Riemann’s form.
For further aims, use a normal 2 x 2-matrix form without the imaginary unit:

W(CL) = F(ﬂ? (10)7 ((10 € [_7‘_7 +7T]) . )
[ p—q]:p[ C(.)SQO —81ng0]:S+K
+q| p +siny  cosp
(a =p+iq).
0 (148)

W'a) = F'(p,¢) :

[ p +q]:p[ cos ¢ +sing0]:S_K
—q| p —sing  cosyp

(@ =p—iq), ,
Then, W(a) - W'(a) = W'(a) - W(a) = p* - Iy ,S=95", K=-K'), SK =KS.

Note especially, this real form W (a) is also single-valued. (In particular, it may
consider for representations of paired solutions of a real valued algebraic equation also
in real valued paired conjugate forms!)

There holds W (a1)-W(az) = W(ar-as) = F(p1, 1) F(p2, ¢2) = Flp1-p2, (p1+2)].
The form W (a) executes summation and multiplication so as the arithmetic form a.

Besides, the real form W (a) of complex number a as well as the scalar complex form
of one is commutative in their summations and multiplications, and satisfy all formulae
and identities for complex numbers. They compile the pairs of mutually transposed
matrices in (148) similarly to the pairs of conjugate complex numbers. Formally W (a)
represents a complex number a in the real affine space of the binary type (A?*?), i. e.,
in the matriz space. The trigonometric form in (148) represents the complex number a
in the real Euclidean space of the binary type (£2%2).

From this point of view, a real-valued normal n x n-matrix M represents in a certain
Cartesian base 2k < |n] complex conjugate numbers and n — 2k real-valued ones,; i. e.,
M = RWR'. A real-valued prime matrix P = VWV ! represents in a certain affine
base the numbers, where W is a canonical normal monobinary form of the matrix P —
see, for example, in [3, p. 106]. The decomposition, as a direct sum, contains only real
1 x 1- and 2 x 2-cells.

Generally, the matrix W, up to permutations of its cells, is the simplest real solution
of secular equation c¢(u) = 0. Applying the Cayley-Hamilton Theorem to the prime
matrix P gives V"H{c(P)}V = ¢(W) = Z. These similar W-forms will be widely use
in Part II of the book for clear inferring tensor trigonometric formulae!
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In its turn, real matrix form (148) may be complexified too, either in the adequate
or Hermitian variant. In the first case, there holds

W(Zl)i )
u|l—v | cosyy —siny |
[v u]_p[sin@b cos¢]_S+K
(21 = u+iv),
’ (149)

W' (z1) = Wi(zs) :

ulv | costy sinvy |
[—v u] _p[—sinw coswl =S K

(20 = u —iv).

/

(W (2) - W (2) =W (2) - W(z)=p* Ihxy, S=95", K=—-K', SK=KS|

Complex adequately normal W-form (149) is implemented in a certain adequately
Cartesian base of the special Euclidean space (£2*2) over C. A complex adequately
normal n X n-matrix M = R W R' may represent double quantity of non-conjugate
complex numbers (i. e., as z; and z3) in the similar bases. All the elements of its
W-form are complex numbers, including the module p and the angle 1. The complex
normal matrix M may be simplified with some adequately orthogonal transformation
R (also complex) and represented in complex canonical W-form (149).

In the second case,, in the Hermitean variant, there holds

W(z): W*(z) = W'(2) :
[Z _H:H“LQ [%%]ﬂlf—@, (150)
(2 = u+iv), (z =@ —iv),

(W(z) - W*(z) = W*(2) - W(z), H=H", @ =-Q", HQ = QH].

Complex Hermitean normal W-form (150) is implemented in a certain Cartesian
base of the unitary space (U?*?). Its two eigenvalues are the complex conjugate num-
bers so as in (148). Hence, this complex normal form is simplified with some Hermitean
orthogonal transformation U till converting into real W-form of type (148). The full
set (UWU™) is the specified set of complex normal matrices, that may by reduced by
some modal transformations till canonical forms (150) and (148).
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These normal matrices are interesting in Hermitean tensor trigonometry. Their
conjugate eigenvalues are dy = prexp(£if;), pr € (—o0 + ), B € [—n/2;+7/2];
for Hermitean orthogonal matrices: d; = exp(=£if;). Moreover, a pair of conjugate
elements in their diagonal forms correspond to a trigonometric 2 x 2-cell of some
Hermitean rotation for the geometric transformation of elements in a basic unitary
space. (But general complex n x n-normal matrices are simplified with some unitary
transformations till their diagonal forms with n entries of the type d; = p; exp(if;)!)

These questions are discussed in details in Part I, Ch. 10.

4.2 Examples of adequate complexification

Typical examples of adequate complexification are the following:

e formulae for roots of algebraic equations with complex coefficients,

e algebraic identities including ones of trigonometric nature,

e trigonometric formulae for complex angles and their functions,

e analytical (holomorphic) functions, their expansions into power series,

e formulae for derivatives, differentials and integrals for functions of scalar and
vectorial complex arguments.

(Everywhere real-number elements are substituted by complex ones.)

In a space over C with an adequate metric, the measures of length and angles are
necessary complex. However, in a pseudo-Euclidean space, these measures may be real,
zero or imaginary. Give below the following main examples for the pseudo-Euclidean
space of index ¢ = 1 (see more in Part II, Chs. 6, 11, 12, and in the large Appendix):

e Minkowskian Geometry and pseudo-Euclidean tensor trigonometry in elementary
forms as the additional important part of this Geometry,

e pseudo-spherical geometries for spheres of imaginary and real radius (i. e., of two
types), embedded into pseudo-Euclidean space. (These two geometries with tensor
hyperbolic and spherical functions in elementary forms are isometric to Lobachevsky—

Bolyai and Beltrami geometries).

Consider examples of applications of the adequate complezification in theory of analytical functions of
scalar and vectorial complex variable and in theory of matrices.

Let x,y € (€™), and z = x + iy be an (n x 1)-vector argument in a n-dimensional complex Euclidean
space, F(z) = Fi(x,y) + tFa(x,y) be a certain scalar complex analytical function of z. Differentiation
and integration with respect to an (n x 1)-vector-argument in the Euclidean space are expressed in Carte-
sian coordinates. Total derivatives, differentials, and integrals have adequate analogues from which partial
characteristics and their relations are clear and obviously inferred:

dF =h(z)dz < dF =dF, +idF; = (h1(x,y) + iha(x,y))(dx + idy) =

= [h1(x,y)dx — ha(x,y)dy] + i[h1(x,y)dy + ha(x, y)dx].



4.2. EXAMPLES OF ADEQUATE COMPLEXIFICATION 65

Here the 1 x n-vector partial derivatives (gradients) form pairs:

h1<X7y) = %% = %%7
(a)
hy(x.y) = — G = Gf2.

This is the vector-form of classical d’Alembert—Euler Equations for the scalar functions Fy, F5 totally dif-
ferentiable with respect to arguments x, y (or for totality of two differential expressions above in square

brackets).
Apply the same scheme of reasoning to the 1 x n-vector function
AE — h(z) = ha(x,y) + iha(x, y):

ohy _ dhy _ O*Fy _  O*F, _ 9*Fy _ 0°F, _ <8h1>’
ox — Jdy — 9x*> 9y’ Oxdy  Odyox \0x )’
(0)

ohy _ 0hy _ 9*Fy, PR, _ 0*Fy _ 9*F, _ <ah1)’

dy — O0x — py? ox? — O0yox — Oxdy ~ \dy /-
The first equalities in chains (b) are the matrix-form d’Alembert—Euler equations for the vector functions hy
and hg totally differentiable in terms of x, y. Together they express, as well as symmetry of Jacobi matrices
due to symmetry of Hesse matrices, necessary and sufficient conditions for totality of the second differential
F also in terms of x, y. The matrix-forms Laplace Equations for the harmonic functions Fj, F5 of the real
variables x, y follow from the additional matrix equations in (b).

In a pseudo-Euclidean space (£€"19) (in the binary complex form), due to its special structure, the

characteristics described above are changed:

z= L;‘] dF = h(z)dz < dF = dF, +idF, =

:([h1t1]+i[h2t2])[izll;}:

= [h1(x,y)dx — t2(x,y)dy] + i[t1(x,y)dy + ha(x, y)dx].

Here OF OF
hl(va) = 6;17 hz(X7Y) = @?27
(a')
_ 0k _ _O0F,
tl(X7Y) - ay ) t2(X7Y) - ay )
ohy _ 0*Fy _ (ahl)’ oty _ O°Fy _ (%)
Ox — gx?  \0x /) Jdy  pgy?  \dy /)’
ohy _ 0°F, _ (ahz>’ Oty _ _O°Fy _ (@)
0x Ox2 ox )’ Oy dy? dy )~ /
ohy,  0°FR (R <@>/ (v)
dy ~— OxOdy ~ \Odyox ) — ox )’
Iy PR (2R <8h2>’
0ox ~ Odyox  \o0xdy ) ~ \ 0y /)~

In this case, F1(x,y), F2(x,y) are not harmonic in the Sense of Laplace.

The real analogues exist for purely real parameters used previously. In particular, for matrices they are
the rank, the 1-st and 2-nd rock. Parallelism of linear objects is an affine property, that is why it does not
depend on the complexification variant. However, optimal procedures for parallelism checking in a real space
and complex one may differ.
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Suppose that n x m-matrices A; and Az determine linear subspaces (or linear objects) in the affine space
(A™). The procedure for parallelism recognizing uses here characteristic symmetric projectors. If ranks of
A; and Ag are equal, then process (94) may be run in the simplest variant. In more general case, consider
an n X n-matrix with the same image, i. e., (im AC) = (im A), where C' is an m x n-matrix such that:

1) (im C) N (ker A) =0 < rank AC =rank A,

2) k(AC,r) # 0.

In a space over R one may put C' = A’ in a space over C put C' = A*. In general, the following holds:
1. (im As) C (im Ay) & A,C1- Ay = Ay = A1C, - Ay = Z,

(im A1) C (im Ay) & A3Cs- A1 = A, o AyCs- A= Z.
2. lim As) = (im A1) & A0, - Ay = Z = A3Ch - Ay

On the other hand, orthogonality of linear objects is the notion depending on a metric in a given space.
In a real Euclidean space or in a complex Euclidean space with the adequate metric variant, orthogonality
is recognized by the condition:

But in a complex Euclidean space with the Hermitian metric variant, it is recognized by the condition:

Here the both (left and right) conditions equations are equivalent.

4.3 Examples of Hermitean and symbiotic complexification

Hermitean complexification may be used almost in any case when it is necessary to
decide problems in a complex space with vectorial objects. Therefore we indicate only
some examples, most close to our theme:

e positive norms for lengths, surfaces, volumes etc. of a different geometric objects
in the Hermitean space;

e positive norms for the angle and its functions in an Hermitean plane;

e previous results expressed in the self-conjugate form, in particular, formulae and
inequalities (98)-(103), (115)-(130), (132)-(144), especially,

e e minorant positivity for the linear objects in an Hermitean space,

e o formulae (122) and (136) expressing the Kronecker—Capelli Theorem,

e o Hadamard and Cauchy Inequalities, they are important for the trigonometry
in an Hermitean plane as the basis for definition of Hermitean spherical trigonometric
functions of angles between vectors using the sine and cosine normalizing inequalities);

e limit functional methods (sect. 3.4);

e maximum-modulus principle, it holds for scalar and vectorial complex functions
of complex variables.

Most general is the symbiotic approach. Its application to the classical theory of
analytical functions and basic operations of calculus (orthogonal differentiation and
integration) gives the following symbiotic analogues:
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e expansions into power series in conjugate variables z and z for special analytical
nonholomorphic functions of z and z, i. e., these functions are not analytical in the
Sense of Riemann,

e special rules of symbiotic (conjugate) differentiation and integration,

e special conditions for differentiability and analyticity for functions of conjugate
variables z and z,

e special conditions for integrability of a certain differential expression (i. e., of the
differential totality),

e symbiotic methods for finding extrema of scalar real functions of conjugate vari-
ables (the preliminary necessary condition to such scalar function is its symmetry with
respect to the conjugate arguments). This is further development of formal derivatives
idea (see, for example, [15]) in analysis of nonholomorphic complex-variable functions.
We illustrate the extremal problems by the following two examples, close to our theme,

e o extrema of the scalar real functions (from sect. 1.2) expressing the differences
or ratios of corresponding means formed of all the algebraic equation roots, if the roots
are positive and complex conjugate (see methods of solving similar tasks in other our
monograph [18, p. 124-135]),

e e minimizing squared Hermitean module of complex equation residual (116), i. e.,
scalar real function F' = ||Ax — al|% with inferring complex limit formulae (143, 144).

* ok ok

In conclusion of this introductory part I with the base for subsequent development
of the tensor trigonometry in part II, the author considers it necessary to note the
following. A lot of new provisions, characteristics and formulae of this part were
established by the author else at the beginning of 1981. However, they were not
accepted then to publications by reason of lack of understanding their scientific value;
and this content was publicized many later, in 2004, in the author monograph [17].
In particular, this has place for the structure of matrix characteristic coefficients, for
the new parameters of matrices singularity with fundamental relations and inequalities
connecting them, for the explicit form of a minimal annulling polynomial, for the
explicit formulae of all eigenprojectors and quasi-inverse matrices in terms of elements
of an initial matrix, for the definition and applications of null-prime and null-normal
matrices, for the new algebraic notions as a minorant and a dianal of a matrix with
their useful properties in the theory of linear algebraic equations and so one.

But some content from this series began to appear later in publications from the
same circle of mathematicians which did not accept all indicated above. For this reason,
I did not consider it necessary to make references to these publications with their non-
original results. The same applies to publications with borrowings from [17] after 2004.
All of plagiarists were surpassed by the Ukrainian publishing house "Ocsita Ykpainn"
issued my "Tensor Trigonometry -2004" after 10 years, in 2015, without changes and
under other "author" name, with reviews of two professors—doctors of sciences!!!



Part 11

Tensor Trigonometry: fundamental contents

This main part of the book begins by large Chapter 5 in which the Tensor Trigonometry in its concrete
defining forms is exposed at first in Euclidean space and then in quasi-Euclidean one. These space has the
same quadratic metric, but its transformations have to correspond not only to metric tensor {I*}, but else
to a set reflector tensor. This tensor is a symmetric matrix with eigenvalues —1 and +1, it is {I*} in the
simplest form. It divides a space into direct sum of two parts corresponding to these eigenvalues!

In the first half of Chapter 5 (sect. 5.1-5.6) the projective version of Tensor Trigonometry is constructed.
It is developing with using of eigenprojectors for the rectangular or square matrices. Projective spherical
trigonometric functions and reflectors for the tensor angle between lineors A; and As or their images (im Aj)
and (im Ag) (i. e., planars of rank r; and r3) are defined and considered. In other alternative interpretation,
the tensor angle is defined by the same manner between two images of the singular null-prime n X n-matrix
(im B) and (im B’) (i. e., planars of rank r). Then canonical structures of projective tensor trigonometric
functions and reflectors are installed.

In the second half of Chapter 5 (sect. 5.7-5.12) the motive (rotational and deformational) version of
Tensor Trigonometry is constructed also in Euclidean and quasi-Euclidean spaces. The tensor trigonometric
functions in this version represent rotations and deformations (i. e., sine-cosine and tangent-secant trans-
formations). They are gotten also in the elementary forms, i. e., only with one main spherical eigen angle
of motions and corresponding to the reflector tensor with index ¢ = 1. The reflector tensor determines
the mono-binary canonical structure in some Cartesian base for all the main notions of the quasi-FEuclidean
trigonometry besides its Euclidean metric.

In Chapter 6 the pseudo-Euclidean Tensor Trigonometry in pseudo-Euclidean space with the identical
reflector and metric tensors I and with corresponding to it sign-indefinite quadratic metric is constructed
with the use of abstract and concrete spherical-hyperbolic analogies. The concrete analogy in covariant form
as a very important one-to-one correspondence is defined and widely used for the sequential development of
Tensor Trigonometry and its applications in non-Euclidean geometries. In addition, we exposed separately
the complete solution of the pseudo-Euclidean time-like and space-like right triangles in a pseudoplane
and in a pseudo-Euclidean space with relations between complementary angles. The abstract and concrete
connections of the spherical and hyperbolic principal angles and their functions were given in the special
Quart circle. For all geometries with the hyperbolic principal motions, the especial angle (number) w is
introduced as the hyperbolic analog of 7/4 and which corresponds to a hyperbola focus for more descriptive
analysis with scalar and tensor trigonometric approach.

In Chapter 7 the trigonometric nature of matrices commutativity and anticommutativity is considered
as the separate important application.

In Chapter 8 complete trigonometric spectrums of a null-prime matrix is established, which serve as a
basis for inferring the general cosine and sine normalizing inequalities. They give opportunity for correct
defining trigonometric norms for the trigonometric functions and define bound with them sine and cosine
relations for matrices.

In Chapter 9 the correct quadratic norms of matrices and lineors as some geometric objects are defined
with the use of the general inequality for average values from Chapter 1.

In Chapters 10, 11 and 12 the Tensor Trigonometry is developed in different complex arithmetic metric
spaces with alternative variants of complexification. Large attention is spared from the Tensor Trigonometry
point of view to studying the motions in pseudo-Euclidean spaces and separately in the Minkowskian pseudo-
Fuclidean space with index ¢ = 1, and in embedded into them two concomitant hyperbolic subspaces.
Different trigonometric models of hyperbolic geometries in the large are considered. In conclusion, the
Special mathematical principle of relativity is formulated for its use in the subsequent large Appendix.



Chapter 5

Fuclidean and quasi-Euclidean tensor trigonometry

5.1 Objects of tensor trigonometry and their space relations

According to the Cantor-Dedekind Continuum Axiom [16, p. 99|, affine and arithmetic
spaces of the same dimensional are isomorphic, therefore their same metric forms are
isomorphic too. Due to this, results, obtained by algebraic ways, may be geometrically
interpreted; and vice versa. Primary elements of the n-dimensional affine space are,
according to the axiomatic determination by Hermann Weyl [81, p. 26-33], points and
free vectors. Their coordinates in a certain base are represented by n-tuples of numbers.
Points and vectors form geometric objects. There are centralized and noncentralized
geometric objects. Each centralized geometric object has its application point in the
center of a given coordinates system. There is the following correspondence between
the equivalent algebraic and geometric forms of linear objects in these two spaces (A") :

a vector a — a straight line segment,
an image (im a) — a straight line,

a kernel (ker a’) — a hyperplane,

n x r-lineor A of rank » — an r-simplex,

an image (im A) — a planar of rank 7,

a kernel (ker A’) — a planar of rank n — r.

Note, that due to (100) there holds (im A) @ (ker A") = (A™) (direct orthogonal sum).
All these simplest linear objects of developing tensor trigonometry have a valency 1.

A valency for nonanalitic functions of objects may be other. For example, the internal

and external multiplications of two vectors have the valency respectively 0 and 2:

ajas = ¢ = ajay, (151)
ajay = B = {aza}}’. (152)

Relations of parallelism and orthogonality (with eigenprojectors see also in Ch. 2)
in affine and Euclidean spaces for the planars (rank Ay = ry, rank Ay = r9) are the
following:

. — /s < /:< /
(im Ay) = (im As) & A4} = LAy < } (=m0 (153)

o MA = 4,40 o (ker A)) = (ker A)),

<z

(im As) C (im A1) & A4, A Al = A A =
$ g —
= A AL A A & A AL A=A, & (ro <) (154)

o MAL Ay =72 = A, A AL & (ker A)) C (ker A)),
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(zm A2> <k€7“ A,> <~ A,1A2 = Zl, A/2A1 =/y &

& (im Ay) C (ker AY)) = (im A;) N {im As) =0, } = (r1+r2<n), (155)

(ker A1) C (im Ag) & ApAy- LA = AA) &
& A A A =7 =44, A4 & = (r1+r2 2 n), (156)
& (ker AY) C (im Ay) = (ker A}) N (ker A}) =0

If the linear subspaces are defined by null-prime n x n-matrices Bp (Part I, sect. 1.6),

then their affine eigenprojectors may be used also, for example,
e

: : 5

(im Bpy) = (im Bps), (ker Bp,) = (ker Bpy) < Bp; = %; (157)
<im_B>p2> C (im Bp1) < F - Bps = Bpy < (158)
< Bp1 - Bpy = Z = Bp; - Bp| < (ker Bpy) C (ker Bp)).

Affine relations (153)—(156) between planars determined by lineors A; and As of rank
r1 and r9 may be naturally widen as follows. In the first extreme case, we have:
(im A1) N (im Ay) =0 < rank (A Ay — A Af) =
=1y +ry =rank (AlAi — AQA’;) <n.

(159)

The image of the matrix (4,4, — A;A}) in any Cartesian base E of an Euclidean
space (") is the direct orthogonal sum (im A;) ® (im As) of dimension (r; + r3),
and its kernel is the orthocomplement in the same (£") to the image of dimension
n — (ry + r2). In the second extreme case, we have:

(ker A7) 0 (ker Ab) =0 < rank (A Ay — A Af) =
= rank (AjA] — AyAD) = (n —r1) 4+ (n — r3) < n.

(160)

Here the same matrix image, but in other interpretation (A; A AQAf ), is the direct
sum (ker A}) @ (ker Aj) of dimension [(n —ry) 4+ (n —r9)] = 2n — (1, + r2), and its
kernel is the orthocomplement in (€") of dimension (r; + r5) — n. Note, that (155)
and (156) are only the special extreme cases of (159) and (160). Formulae (159) and
(160) are compatible iff n = r1 + 79, 1. e., in this especial case, there holds

(im A1) & (im Ay) = (A ) = (ker A}) & (ker As).

) =
Under this condition, the matrix (A;A} — A A = (4 A] — A,4)) is nonsingular.
Similarly, in other cases, we have:

(im Ay) N (im Ay) #0 < rank (1\4214’2 — ;4114'1) < ry 419, (161)
(ker AY) N (ker AL) #0 < rank (AlAi — AQA’;) < 2n — (r1 +19). (162)

This wonderful matrix (in brackets) give us the way for defining further the spherical
trigonometric functions of tensor angles in terms of eigenprojectors.
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5.2 The projective sines, cosines, and spherically orthogonal reflectors

The following matrix characteristic

sin &)12 = }1214,2 — ;41A/1 = AlAg - AQAQ = SiIl/ (i)lg = —sin (i)gl (163)

is called the projective tensor sine of the angle between the planars (im A;) and
(im As) (or between the lineors A; and As. The projective nature of the angle is
pointed out by the tilde upper character. We have:

Dy = (B1y) = —Dyy. (164)

These properties (164) of a projective angle will be inferred further after converting
with its sine into the canonical monobinary and diagonal forms.

According to (163), the angle between (im A;) and (im As) is additively opposite
to the angle between (ker A}) and (ker A}). These two angles together form the
whole binary structure of ®15. For example, the tensor sine of the angle between two
non-oriented vectors or straight lines is

L L / /
sin @9 = aza, — a;a; = —

: 165
abaz aja; (165)

In addition, its algebraic structure on an Euclidean plane (E?) is

.= . 0 1
sin @19 = sin 12/ lax2, /Iax2a = R- [ 10 ] - R,

where @15 is the counter-clockwise angle in the right Cartesian base, |p12| < 7 for

vectors or |¢1o| < /2 for straight lines, R is some orthogonal modal matrix.
Condition sin @y = &1y = Z means parallelism (153) of the planars. In common

these planars may be noncentralized as < a; + (im A;) > and < ag + (im Ay) > .
Relations similar to (154) have trigonometric analogues too:

(im Ay) C (im Ay) < sin? djy = 4 sin Oy, (166)

<zm A2> - <zm A1> ~ SiIl2 (i)12 = —sin &)12. (167)
Indeed,

sin @1y = A AL - AgAl + Ay AL A AL = A AL A AL+ A AL A AL (168)
For example, in the case of formula (167), it may be inferred as:

(im Ag) C (im A1) & (ker A)) C (ker A)) &

~ AlAll . A2Al2 = A2 12 , AQAIZ . AlAi =7 & sinQ (i)lg = —sin (i)lg.
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In special case (166), the tensor sine is a symmetric projector (its eigenvalues are only
0 and +1); in special case (167) it is an antiprojector (the eigenvalues are 0 and —1).

Separate the class of equirank n x r-lineors and planars. The planars may be
determined also by any singular null-prime n x n-matrices Bp (we shall denote these
matrices briefly as B unless another sense is noted). The tensor angle between (im B’)
and (im B) is additively opposite to the tensor angle between (ker B) and (ker B').
These two angles form entirely the whole binary structure of the projective tensor
angle ®p. Similarly to (163) and (164), there holds

sin®p = B'B— BB = BB — B'B = sin’ Py = —sindp; (169)
®p = (dp) = —Dp. (170)

Condition sin ®5 = Z is equivalent to &5 = Z and B € (Bm), it is the trigonometric
interpretation of null-normal matrices (Part I, sect. 2.4).

By similar way, the trigonometric relations between the image and the kernel of two
matrices A; and Ay or B and B’ are characterized by the projective tensor cosine of
tensor angle Py or Pp:

3\

COS (i)lg = ;4214/2 — AlAq = \fllAll — AQA/; =

= N A+ AoA, — T =T — A A, — A AL = ¢ (171)
— cos' @1y = cos Py; = cos (—<i>12), )
cosbp = BB— BB =BB —BB=BB +BB—1=
Ny ~ . - (172)
=[] — BB — B'B=cos’ g = cos ®p = cos (—Pp).

For two non-oriented vectors or straight lines on the FEuclidean plane there holds:

+1 0
0 -1

cos ®1y = cos Y19/ Ioxa, /Toxa = R- [ ] R, (cospia > 0).

The trigonometric analogues of conditions (155) and (156) follow from formula

COS2 é)lg = 1\4114/1 . ;42 /2 + AQAQ . AlAi = AlAg . AQA/; + ;4214/2 . ;4114/1 (173)
Similarly to (168), equalities for the singular cosine (as projector and antiprojector)
cos? D1y = + cos Ppy <> (156), cos? D1y = — cos Ppy <> (155) (174)

are equivalent to formulae (156) and (155), this follows from (173).

In an affine space (A"), the tensor angles have no quantitative sense unless they
are zero or open. In an Euclidean space (£") the angle have metric characteristics and
determine the quantitative angular relations between lineors and between planars.
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As one important example, for the tensor angle and its complement (with respect
to concordant tensor right angle) = = (7/2 — ®), there hold the usual relations:

cos® =sinZ, sin® = cosZ. (175)

. _ - — — -
Sin By = Z (& = 7) — cos by, = Bm— B = [—2Bm = 2Bm—1, cos? by, = 7.
Right tensor angles are formed by the planars (im A) and (ker A’), (im B) and
(ker B') (see Part I, (100)). Hence, this relates to multiplicative null-normal matrices:

A AL — A4 A] = Ref{A1A}} = Ref{A A} " = cos By — sin 15 = cos Zy, (176)

Ay Al — A Al = Ref{As AL} = Ref{AyAL} " = cos @1y + sin drp = cos Zo, (177)
BB — BB / N1 s .
BB'— BB' = Ref{BB'} = Ref{BB'} " =cos®p —sin®p = cos Zg, (178)
T , 1 - - .
B'B— B'B=Ref{B'B} = Ref{B'B} " =cos®p +sin®p =cos Zp. (179)

Here cos? Z = I. They are the zero tensor angles cosines corresponding to planars
(im Ay), (im As), (im B), (im B’) and the sines of the indicated tensor right angles.
The symmetric square roots (176)-(179) such as I = (V/I)" are called orthogonal
spherical eigenreflectors. The variant Ref{Bm} = %(cos ® F sin ®) is used also for
them (53 is variable projective tensor angle). The symmetric tensor reflectors carry out
the orthogonal reflection, namely: +Ref{BB’} with respect to the mirror (ker B')
(to the orthocomplement of (im B)); —Ref{BB'} with respect to the mirror (im B).
This is inferred with the use of (178) and (100). Note special extreme cases:

sin® =27 < cos® C (\/Inxn ), cos®=27 & d=7/2 & sin® C (\/Ixn ),
cos® = +1 < rank A=rank B=n, cos® =—I < rank A =rank B = 0;
sin®p=+1 < r=0,ra=n, sin®p=—-1 < r=n, r=0; (sinég;&:tl).

The following identities equivalent to I - I = I = I - I are clearly valid:

(AL A} + A A (Ap Ay + As Al = I = (Ap Ay + AL A (A AL + A1AD),  (180)

(BB + BB'\(BB+B'B=1=(BB+ BB)BB + BB. (181)

They give trigonometric formulae for a sine-cosine pair in the projective version:

sin? @ + cos’ ® = I = cos’Z 4 sin? = (Ptolemy Invariant), (182)
sin® - cos ® = — cos - sin P, (183)

sin? @ - cos? & = cos® P - sin’ D, (184)

sin?* @ - cos' ® = cos' ® - sin®* @, sin’' & - cos™ d = cos™ P - sin’ . (185)

Note, that the projective sine-cosine tensor pair is anticommutative.
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Trigonometric formulae may be inferred more easily and clearly with applicaton of
the Table of multiplication for miscellaneous eigenprojectors:

¢ ¢ — < ; ; 5 —
B.BB=BB =BB-B, B.-BB=BB=BB-B,
— 4 ¢ ¢ = ) )
B.-BB=BB=BB-B, B -BB=BB =BE-B,

— T— — —
B.BB=B=BB"B, BE.-BBE=B=BB-B,
T~ aT——— T T e
B.BB =B =BB-B, B.-BB=B =BB-B

This Table may be inferred according to the main properties of eigenprojectors, in that
number with use of transposition operations.

Projective nature of introduced trigonometric functions is illustrated by the cosine
formulae, associated with solving a right triangle:

— 5 .«

BB = +B -cos® = +cosd - B, (186)
— —
B'B=+B-cos®=+cosd- B, (187)
— N —

BB=—B cos®=—cosd-H, (188)
— 5

BB = —B -cos® = —cosd - B, (189)

%
In the Euclidean space B and B are the oblique eigenprojectors (see Part I, sect. 2.1).
Here they play a role of the hypotenuse in such tensor triangles.

But the sine formulae give the surprising four nilpotent legs:

~ <——
B-BB =+(VZ)i=+B -snb=+B-BB =-BB-B, (190
- — —
B-BB=+(WZ)y=+B -snb=-BB-B=+B-BB, (191
=Y - /__ﬁ -N__<_/—_ _>/_<_/—/_>
B —BB=—-(VZ),=—-B'-sind=-B'B-B =+B'-B'B, (192)
- — — = =
B —BB = -(VZ), = —B -snd—+B-BB ——BB - B,  (193)

(When these formulae are transposed, then the sine sign changes.) The differences of

oblique and orthogonal projectors of the same type are nilpotent matrices of order 2.
Quadrating and multiplying of simple formulae (186)—(189) give the cosine formulae

for the multiplications of oblique as well as orthogonal projectors of the same type:

— L L e
BB’ = (<§ - cos D)2 - B. B’ c0s2® = B -cos?®- B = cos? d - %B’, (194)
N i — i U
BB ' = (—cos® - § B' Bocos?d=B cos?d B =cos’d- B'ﬁ, (195)
~ <—
B os D) - (B' cos @) = cos® P - B =B cos? D, (196)
— — . =
B'B-BB = (—cos®-B') - (—cos®d - ﬁ —cos?®- B = B - cos? (197)
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Projective trigonometric nature of the tensor angles is illustrated with the symbolic
tensor octahedron formed by eight eigenprojectors of null-prime B in 2-valent (£™*")
(Figure 1). For null-normal B, this octahedron is reduced to the right triangle.

Figure 1. Symbolic tensor octahedron from 8 eigenprojectors

for illustration of the projective tensor angles.

5.3 The projective secant, tangent, and affine (oblique) reflectors

The tensor secant (and further tangent) of a projective angle is defined in terms of
oblique eigenprojectors. The matrix trigonometric function

- = — —
sechp—B -B-—B-B—-B+B -1~

:I—g—g’:sec’ dp =sec Py = sec (—Pp) = (198)
- BY-B=B-(B)

is called the projective tensor secant of the tensor angle @ .
These formulae are easily inferred by the following way. Summation of (186) and
(189), (187) and (188) gives
— N L . e = - = 5
(B — 3) ccosd =cos® - (B — ﬁ) =1=cos® - (B—-B")=(B —B')-cos.

These equalities determine the tensor secant.
According to (172), cos ®p is nonsingular iff (im B) N (ker B) =0, i. e., B € (Bp)
is a null-prime matrix (see Part I, sect. 1.6), therefore,

secPp, = cos ' dp,, secPp, - cosPp, = = cosPp, - sec Pp,; (199)

The matrix B may be nuNH-defective, and there may exist no oblique eigenprojectors.
Then the cosine of angle ®p is the zero matrix on the subspace (im B) N (ker B) and

~ ~ - ~ = - -
sec Pp =cos" Py, sec®-cosP = cos® = cos P - sec D. (200)
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The formal definition of the tensor secant as quasi-secant takes advantage of the quasi-
inverse Moor—Penrose matrix (see Part I, sect. 2.5) for the inversion of the singular
tensor cosine. (Recall, that its matrix is symmetrical.) In this case, the multiplication
of the tensor cosine and quasi-secant is the orthoprojector in formula (200). From
the other hand, for a null-defective matrix B, the cosine of the angle between the
subspaces (im B*') and (im (B')*’) is a nonsingular matrix. Note, that for the null-
normal matrix the tensor angle between (im B) and (ker B) is right. But for the
main tensor angle and its functions, in the case, we have:

sinéB =7 & coscf)B = ﬁ, cos? @B =1, secéB = cos_lég.
For the tensor sine in the especial case, if B € (Bp) and rp = n/2, there holds
detsin®p #0 < (im B)N (im B') =0, (ker B)N (ker B') = 0. (201)

If the same tensor angle is defined by lineors A; and As, then conditions (159) and
(160) should hold simultaneously. In other cases, the tensor sine is a singular matrix,
and the quasi-cosecant is defined in terms of the quasi-inverse Moor—Penrose matrix:

cosec g = sin” g = cosec’ Pp = — cosec Py = — cosec(—Pp) =sec=.  (202)

Further, subtracting (186) and (187) gives
~ ~ <— — <— < ~
sindp = —cosPp - (B'— B)=+(B"— B) - cos ®p.
These equalities determine the tensor function

. —
itandy =B —B=B-B = (B)'— B) =
- E - (B) "= —(itan i)B)/ = —itan®p = —itan(—Pp), } 209

called the projective realificated tensor tangent of ®p. In the realificated form it is a
real valued skewsymmetric matriz with the eigenvalues p; = i tan ;. Moreover (see
also sect. 5.5 and 7), there hold the following anticommutative paired relations (!):

itan® = +sin® - sec® = —sec P - sin P
<~ sin® =+itan®-cos® = —cosP-itand — (204)
— +sin® -itan® = —itan ® - sin P.

For two vectors or two straight lines, due to (151) and (152), there holds

= B’ B B'— B aza] aja, aga)]—aa)
itandp = — —— = _ 22 dy W
trB’ trB trB ajaz asay aja

= itan ®15. (205)

+1 0
The realificated quasi-cotangent is defined, in the general case, as

Its structure is [i tan @19 = tan p1ov/Toxs |, Ioxz = R - [ 0 -1 ] - R

icotPp = itan” ®p = —icot’ g = —icot P = —icot(—Pp) = itanZp. (206)
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The following identities are affine (oblique) analogs of identities (181):

B+B)-B+B)=1=(B+8) (B+B) (207)
They are clearly valid for the null-prime matrices. Further, trigonometric formulae
sec’ @ —tan? ® = I = sec? ® + (i tan ®)? = cosec’ = — cot? Z, (208)
= +itan® - sec ® = —sec ® - i tan P, (209)
= tan® @ - sec® ® = sec’ @ - tan® ®. (210)

complement formulae (182)—(184) for the tensor sine-cosine anticommutative pair.
Note, tan @ is a true projective tensor tangent with the eigenvalues p1; = % tan ¢;.

Thus we expressed by formulae all the trigonometric functions of tensor angles in
the projective version of the tensor trigonometry. On the Euclidean plane the formulae
are applicable too. Here they determine exactly the orientation of tensor angles, but
their invariants determine also classic scalar trigonometry. A main angle is formed by
two vectors, a mutual angle is formed by their orthogonal complements-vectors.

Rule 1. Square and any even degrees of all the tensor trigonometric functions of
the same angle (i. e., for the same pair of lineors or planars) commute with each
other, with all the eigenprojectors and all the eigenreflectors.

If B is null-prime matrix (but not null-normal one), then its oblique spherical eigen-
reflectors (as deforming with reflection) are defined similarly to formulae (176)—(179)
in terms of the oblique eigenprojectors (see Part 1, (60)):

B-B=1-2B-= Ref{B} = Ref{B} ! =sec®p —itan dp = sec Zp , (211)

— = — - -

B'—B' =1-2B" = Ref{B'} = Ref{B'} ! =secdp+itandp = Ref'{B}. (212)
Here sec Zg = cos ' Zp < B € (Bp), Zp as in (178). From the algebraic point
of view, they are nonsymmetric_square roots such as v/I. The functional variant
Ref{Bp}(®) = +(sec ® + i tan ®) is used too (as in sect. 5.2). These nonsymmetric
tensorial eigenreflectors carry out the oblique reflection, namely:

+Ref{Bp} with respect to the linear mirror (ker B) parallel to (im B),

—Ref{Bp} with respect to the linear mirror (im B) parallel to (ker B).

They are inferred with use of (211) and (60). But iff Bp is a null-normal matrix Bm,
then square roots (211) and (212) are symmetric, i. e., transformed into (178), (179).

Each symmetric and nonsymmetric prime square roots of I geometrically are ortho-
gonal and oblique reflectors. Moreover, each pair of the same roots corresponds to a
unique pair of mutual eigenprojectors and to a unique pair of mutual (i. e., sine-cosine
and tangent-secant) projective tensor trigonometric functions (see more in sect. 5.6).

Reflectors are nonsingular matrices, because in their defining formulae we have that
ranks of both matrices (left and right) are summated with their sum equaled to n.
(These questions will be consider in details in the following sect. 5.6., 5.7, 5.10.)
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5.4 Comparison of two ways for defining projective tensor angles

These ways for the angles @15 and ®p, are the following:

e in terms of n X m-matrices of lineors A; and As, as geometric objects;

e in terms of n X m-matrices B and B’ (as multiplication of the lineors). Both these
ways have already been used before (see Part I, sect. 3.3).

Find general conditions under which tensor angle ® and its trigonometric functions
do not depend on a choice of the way from these two ways of the tensor angle defining.

In accordance with the initial definitions in Part I (sect. 3.1), put:

B=MA4A, B =AA; (213), (214)
C = A4y, C' =AA. (215), (216)

Then the matrices A; and Ay should have the same sizes. Moreover, from the identity
of the two tensor angles, i. e., $19 = P, the equalities of their projective sine-cosine
trigonometric functions follow as well as the equalities of the corresponding orthogonal
eigenprojectors (bound with the angles by exact formulae) follow too; and vice versa:

b=y < (sin(f)u —sin®p, cos Py = cos i)B) &
= (;4114/1 = BB/, :4214/2 = \B/B)
Note, however, the equalities of the corresponding affine (oblique) eigenprojectors
AA) = B (bound with the angle by other formulae) follow from definitions (213)-
(214). These additional equalities are valid due to only existence of concrete affine
projectors (sect. 2.1). For their existence in the case, see below condition (230).
Equality of the orthoprojectors is equivalent to the following relations:

\

(im Ay) = (im B) < (ker A}) = (ker B'), (217), (218)
(im As) = (im B"Y < (ker Aj) = (ker B). (219), (220)

In their turn, the pairs of relations (217), (218) and (219), (220) are equivalent each
to another due to the well-known fact, that the left and right sub-spaces in these pairs
are complements each to another in (A") and orthogonal ones in (£") — see in Part [
this well-known property (100).

At first, consider, when conditions (217) are valid. Obviously, that

(im B) = A1(im Ay) < B = A A,
(im Ay) = A1{A"™?) = A1 ((im AL) @ (ker Ag)).

Therefore (217) is equivalent to the pair of obvious conditions in (213):

(im AY) N (ker A1) =0, (ker Ay) C (ker Ay). (221)
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Similarly, (219) is equivalent to the pair of obvious conditions in (214):
(im A}) N (ker A3) =0, (ker A;) C (ker As). (222)

It is seen that independent conditions (217), (219) hold simultaneously iff

(ker A1>\ = (ker \A2> < (im 4’1> = (im A)) < } (223)

& AA] = ALA, & AA = ALA,

and where it is necessary ;1 = ro < m.

Thus (223) is the necessary and sufficient condition answering the problem from
beginning of the section. Obviously, (223) also implies the very simple and useful
sufficient condition 71 = ro = r = m. This condition, in its turn, has simple corollaries

(ker A1) = (ker As) =0, (im A}) = (im A}) = (A7).

This special case is implied when one deals with external and internal multiplications
such as (213)—(216) for these so called equirank lineors A; and As under condition

r=ro=r=m<n. (224)
(This holds always for two vectors.) From (120) and (213)—(216) we have
k(B,r)=k(B',r)=det C = det C". (225)

If B is null-prime matrix, then (im B) N (ker B) = 0 and k(B,r) = det C # 0.
In the case, if B is null-normal matrix, then (im B) = (im B’) and due to (97) (see
Part I, sect. 2.4) we have k(BB',r) = k(B'B,r) = k*(B,r) = det?’C > 0. However
if B is null-defective matrix, then (im B) N (ker B) # 0 and k(B,r) = det C = 0.

Under general condition (223) or particular condition (224), there holds

\ \ \

<z

AA, =BB,  AA,=B'B. (226)

In an affine space, the characteristic det G = det[(A1|As) (A1]Az2)] is the criterion
for at least partial parallelism of these planars or partial coplanarity of these lineors
— see this in sect. 9.4. In an Euclidean space, the characteristic det C' = det(A}As),
under condition (224), is the criterion for at least their partial orthogonality.

det G =0 & (im Ay) N {(im Ay) # 0, (227)
det G#0 < (im A1) N {(im Ay) =0, (228)
det C = 0<% (im Ay) N (ker A) # 0 < (im Ag) N (ker A}) # 0, (229)
det C # 0 < (im Ay) N (ker AY) =0 < (im Ag) N (ker A}) = 0. (230)

In an Euclidean space there holds (ker A’) = (im A)* — see, for example, in (100).
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Total parallelism of planars (153) or colplanarity of equirank lineors — see this in
sect. 8.4, under condition (224), means that the matrix B = A; A} is null-normal, i. e.,
B € (Bm). Due to (97) and (132), this is equivalent to the relations:

|det C| = \/k(Bm - Bm/,r) = |k(Bm,r)| =
= Mt(r)(A; - Ay) = Mt(r)A, - Mt(r)Ay = (231)

and is also equivalent to parallelism (153) in an affine space. Formulae (227)-(231)
may be interpreted trigonometrically, it will be done later.

Total orthogonality of planars or lineors, under condition (224), here means that
B = A, A} is a nilpotent matrix of order 2: B? = Z, or C = Z. The latter is also
equivalent to orthogonality (155), if 7y = 79 , in an Euclidean space. Their partial
orthogonality means that B is a null-defective matrix.

The tensor angle ®5 and its trigonometric functions are, of course, more general
than the angle dp and its functions, as matrices A; and A, may have distinct sizes
n X r1 and n X ro admissible only for Ci>12. Moreover, if the lineors are partially or
totally orthogonal, then only the angles @1 exist. Therefore the type of a tensor angle
more convenient in the problem solving should be chosen.

5.5 Canonical cell-forms of trigonometric functions and reflectors

Parallelism and orthogonality correspond to extreme values of tensor angles between
linear objects. In order to completely analyze all relations between objects, it is neces-
sary to represent the trigonometric functions in canonic forms, to find their eigenvalues
and to define informative scalar invariant characteristics for the tensor angle.

Consider differences of orthoprojectors similar to (163) and (171). They express
the projective sine and cosine by two manners. According to (182)—(184) the sine and
cosine eigenvalues are real paired (£) numbers belonging to (—1; +1):

/”L?sin + :uzzcos =L (232)

The paired sine and cosine eigenvalues in an Fuclidean space correspond to a metric
characteristic of scalar angles on the trigonometric eigenplanes. Four eigen ortho-
projectors in both variants of differences (163) and (171) are pairly orthogonal. Hence,

the projectors correspond one-to-one to four pairly orthogonal subspaces: (im Aj),
(ker A]) and (im Aj), (ker Aj) —see (100) in Part I:

(im Ay) L (ker A}), (im Ay) & (ker A)) = (E") &
(233)
& (im Ay) L (ker AY), (im As) ® (ker A)) = (EM).
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In the first variant of (163), i. e., as in (159), the sine is considered in the subspace
(tm AyUim As); in the second variant of (163), i. e., as in (160), the sine is considered
in the subspace (ker A} Uker Aj). Similarly, in the first variant of (171), the cosine is
considered in (im Ay Uker A}); in the second variant of (171), the cosine is considered
in (im Ay U ker A)).

The illustration is given in Figure 2. It is supposed without loss of generality that
the first variant as in (154), i. e., ry < 19, r1 + 19 < n (or 2r < n), takes place. The
original space (£™) is partitioned with respect to this variant of differences (163) and
(171) into four basic subspaces (both for the sine function and for the cosine function).

im A,y ker A"
g | (+1}, +sing; | (0 ; (+I}) (0) (@ —sing =10 g
1 Py & 5
- jm A Ll ker A -
t +cosgy | (+] @ -1) -1y | —cosg u
ﬁ‘_l Y _'::'4 & o0 - s
_ ker Ay’ - m A -
K R ' v ¥
- > b S i - -
! L nTn o nointrg) ! :
-« R = > >
o i
- *

Figure 2. Distribution of projective sine and cosine eigenvalues

in all the eigensubspaces of tensor angle between two lineors.

All indicated subspaces are pairly orthogonal provided that in the trigonometric
subspace of the tensor angle of dimension 27 there holds

singp; # £1, singp; # 0, (cosg; # 0, cosy; # 1) (234)

otherwise orthogonalization may be used.
This binary trigonometric subspace is defined as the following direct sums of these
four particular orthogonal subspaces (in the sine and cosine variants):

(P11 @ Pi2) = (Pa1 © Paa). (235)

(These four subspaces are formed by eigenvectors of the tensor sine and cosine.)

Its even dimension 27 is called the trigonometric rank of a tensor angle, where
T = min{ry,re,n — r1,n — ry}. Here we have 7 = 1. The eigenvalues of the sine and
cosine functions in (232) have the same absolute values in the two mutual subspaces
(235), as the two sides of the binary angle in (163) are, due to (233), orthogonal; but
their signs are opposite, as the projectors are ordered inversely in the two variants of
differences (163) and (171) — see Figure 2.
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If additional conditions (234) and r; < 75 hold, the two intersections subspaces (the
zero sine and the zero cosine) and their dimensions are expressed as follows:

(P3) = (ker A\ Nker AY), dim(P3) =n— (r1+13), (sinp =0, cosp =—1);
(Py) = (im AyNker A)) (V' =0), dim(Py) =ry—r1, (cosp =0, sinp = +1).

The projective tensor cosine and sine are symmetric (anticommutative) matrices,
so they may be converted separately into their D-forms with certain modal orthogonal
matrices R; and Ry respectively in the bases El =Ry E and EQ = Ry- E. In order to
give the trigonometric sense to the eigenvalues (232), we use an Euclidean space (€™)
with the original base F and then find an local unity Cartesian base for the canonical
W -forms of the tensor trigonometric functions for the angle ®. We establish it below.

Each i-th trigonometric 2 x 2-cell with an unique pair of the cosine and sine ()
eigenvalues in the trigonometric subspace of a tensor angle ®15 corresponds to its i-th
eigenplane. It is determined here in E by a pair of the cosine orthogonal unity eigen-
vectors u; and v;. They are two Cartesian axes of the tensor cosine D-form base (not
yet oriented) and correspond to its eigenvalues =4 cosy;, where p; € [—7m/2;+7/2]
are the eigenvalues of the tensor angle between planars or non-oriented lineors. In
order to construct the canonical forms of the tensor trigonometric functions, dispose
the trigonometric cells along the matrix diagonal with increasing the values | cos ¢;|.
Then along the diagonal dispose the 1 x 1-cells corresponding to the intersection sub-
spaces (P3) and (Py). Denote the original base E axes as x;, . . ., x,, and the trigono-
metric part of the new axes as uq,...,u,; v1,...,0; such that z; <> uq, x9 <> v1,.. .,
Toj_1 > Ui, To; > Vj,..., Tor_1 > Uy, Tor <> U,. Direct the new axes in such way
that each w; and v; form an acute angle. We found Ry for translating into new
by = Rw{E} ={I}. 3 3

In any trigonometric cell, sin? @15 and cos? &5 have the two positive (quadric)
multiple eigenvalues from (232). As sin® ®;5 and cos? &1, commute in (184) and (185),
then their and cosine D-forms are implemented together in the same local base Ej:

sin® @15 cos® Oy

sin? o; 0 cos? ©; 0
0 sin? Vs 0 cos? ©i

Due to symmetry of sin @15 and cos @15, and anticommutativity condition (183) one
represents these functions in the following canonical W -forms — see ((148) in sect. 1.4)
in the local base By = {1} of the diagonal cosine (provided that r < 1y, 71 4+179 < n):



5.5. CANONICAL CELL-FORMS OF TRIGONOMETRIC FUNCTIONS AND REFLECTORS 83

sin ®19 cos P1y (236), (237)
0 + sing; + cos p; 0
+ sin p; 0 0 — COS ¥;
0 (Ps) -1 ’

In (236) and (237), the signs of the projective sine and cosine in the trigonometric cells
are chosen out four possible variants, according to their definitions in (163), (171); but
the signs of them in (P3), and (P,) are chosen, according to the additional conditions.
For the angle ®5 (B € (Bp), there holds (P,) = 0, dim(Ps) = n—2r. According to
(199) we obtain the same base Ej of the diagonal secant as for the cosine. From anti-
symmetry of 7 tan ®15 and anticommutativity condition in (203)-(204) one represents
these functions in E) in the following canonical W -forms (provided that 2r < n):

sec O itan ®p (238), (239)
+sec @; 0 . 0 — tan p;
0 —Sec ¥ + tan ¢; 0
-1 (Ps) 0

Formulae (236)—(239) are the canonical W-forms for all projective trigonometric
functions in the directed base of the diagonal cosine E;. This base is called trigono-
metric and used in W-forms representations. These forms also illustrate Rule 1.

Under conditions (234) also there holds:

= r = =
?Z- = {cos? ® — cos® p; - I} = S;1 + Sia;

— = > — — >

Sip ={cos® —cosp; - [}, Sipp={cos® + cosyp;-I}; 0 - (240)

= T2 = T2 s = = =

Sy =sin®, Sy=cosP; (S1+S2+535+Sy=1)
These are the orthoprojectors onto the following characteristic subspaces: the ¢-th

trigonometric cell, the axes u; C (Po1) and v; C (Paa), (Ps), and (Py). Their basic
columns (as well as the basic rows) determine the subspaces indicated.
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If some angle ¢; is multiple, then the ¢-th trigonometric cells are united, and ortho-
gonalization of their homogeneous axes are necessary for preserving the binary trigono-
metric structure. Moreover, if simplest eigenvalues (0 and +1) of the projective cosine
or sine are equal to the same ones in (P3) and (Py), one may also use orthogonalization
for dividing the mixed trigonometric partial subspaces. (See sect. 3.1.)

Below we consider the extreme cases of the angles and the cases with the other
primary additional assumptions (see Figure 2).

Return to conditions (234). They facilitate partitioning an Euclidean space (€™)
into trigonometric subspaces due to the unary and binary parts of W-forms. At first,
consider the additional case, when the eigenvalues sin ¢; = 0 of the multiplicity 2v '
are in (Py1) and (Py2). Besides they corresponds to the sine value 0 belonging to (Ps).
Also they corresponds to the pair eigenvalues of the multiplicity v/ cos ¢; = +1 in (Poy)
and cos ¢; = —1 in (Pqy). The last value of the cosine corresponds to the cosine value
—1 belonging to (P3). The other additional case takes place, when the eigenvalues
cos ; = 0 of the multiplicity 20" are in (Ps;) and (Pag). Besides they corresponds to
the cosine value 0 belonging to (Py). Also they corresponds to the pair eigenvalues of
the multiplicity v” siny; = 41 in (Py1) and sinp; = —1 in (Pig). The first value of
the sine corresponds to the sine value +1 belonging to (P,). In order to separate all
the characteristic eigenspaces, it is necessary to orthogonalize them. After that the
partial subspaces (Pi1), (Pa1), (Ps), (P1), (Pi2), (Pa2) become entirely orthogonal.

Now suppose that other assumptions, taken before, do not hold. If r{+ry > n, then
(P3) = (im Ay) N (im Ay). Besides, if ro > 71, then (Py) = (im As) N (ker A}). In
according with these new conditions, the signs of unitary sine and cosine eigenvalues
in (P3) and (Py4) should be changed. For equirank lineors the subspace (Py) is absent!

All the bases used are right (det{ R} = +1). Among them are the original Cartesian
base £ and the new Cartesian bases in the planes (u;,v;), i. e., By = Ry{E} = {I}
(they form the binary part of the trigonometric base). In the trigonometric base, one
may find the contradiagonal values of the sine up to their signs according to (236),
then the cosine signs are exactly determined by (237); and vice versa. Both determine
completely the absolute value and the sign of the counter-clockwise scalar angle ¢; in
[—7/2; +m/2]. This segment is the range of angles for planars or non-oriented lineors.

Analogous reasoning may be realized for distributions of the projective secant and
tangent values in the four eigenspaces of the tensor spherical angle between two lineors.

All these tensor projective trigonometric functions, as it is exposed above, in their
sine-cosine (176)-(179) and tangent-secant (211)-(212) pairs forms the corresponding
pairs of symmetric (orthogonal) and non-symmetric (oblique) eigenprojectors (i. e.,
four ones) with respect to the image and the kernel for each lineors. Therefore the
same trigonometric base (the directed base of the diagonal cosine) is used for canonical
forms of orthogonal eigenreflectors (176), (177) and affine ones (211), (212). These
forms are



5.6. THE TRIGONOMETRIC THEORY OF PRIME ROOTS VI 85
+Ref{A; A} + Ref{A, AL} (241)
+cosp; —sing; +cosy; +sing;
—sing; —cosp; +siny; —cosy;
-1 <P3> +1 ’
—LL P =
(they are the algebraic sum (237) and (236) provided that r1 < r9, 71 + 19 < n);
+Ref{B} + Ref{B'} (242)
+sec @; +tanp; +sec @; —tanp;
—tanyp; —sec p; +tany; —sec g;

(P3)

+1

(they are the algebraic sum (238) and (239) provided that 2r < n).

5.6 The trigonometric theory of prime roots /T

In this section, we describe connection between the main notions of tensor trigono-
metry and the theory of prime roots v/I (i. e., without nilpotent matrix summand as
in (21) or (76) — Part I). Fix an original Cartesian base I in (£"). In this base any
prime square root of the matrix I is the reflector (sign-indefinite nonsingular matrix),
either symmetric or nonsymmetric — see formulae (176)—(179) and (211), (212).

So, it is (v/1)s = Ref{Bm}, in particular (v/1), = Ref{AA'}; or /I = Ref{Bp}.
They can be converted, with the certain modal transformation T- { E} = Ep, into the
dual block-unity D-form of /T = Ref{Bm} or /I = Ref{Bp}:

+I| Z

R%/V'\/f'RW:[i:[ 71

+
] Z— (q++q*:n, q" = rank B, q~ = sing B).

For any trigonometric matrix (i. e., matrix, bound with a tensor angle) its trigono-
metric rank is defined by the binary structure of the tensor angle (see, for example, in
(235)). Here the trigonometric rank 27 also corresponds to an index q of the reflector:

27 =2¢ =2min{q¢",¢" } = 2min{r,n —r}.
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Separate symmetric roots (v/I)s = (v/I).. For a null-normal matrix Bm, for exam-
ple, +Ref{Bm} = Bm — B — (v/I),. Put, without loss of generality, Bm = AA’.

Let (v/I); and (v/1)s be a pair of independent symmetric roots. Then, in (),
these roots and the orthoreflectors are connected as follows:

— — ¢ ;
{AlAa——”*W AL = U=y W,} { <ﬁ>1—¢41AaA1A£,} (243)

2 ) o 2 ¢
oAy — Ur/Da) -y 4 — u-(mn) (VI)2 = Ay Ay — Ar A,

2 22T 2
From this, taking into account (163), (171), (176), and (177), we obtain

COS &312 — sin &312 = (\/7)1 - ‘|‘Ref{A1A/1}7 }
cosPis +sin Py = (\/7)2 = +Ref{AxA}},

cos Py = [(VI)1 + (VI)3)/2, sin®iy = [(VI)y — (VI)]/2. (245)

The homogeneous projectors are equirank, iff (v/I); and (v/T) have the same index,

(244)

either ¢—, or ¢* (as the trigonometric rank for a pair of lineors or null-prime matrix).
Remember, that the orthoreflectors +Ref{AA'} and —Ref{AA’} have their mutually
orthogonal mirrors (ker A’) and (im A) in the Euclidean space.

Corollaries (for (E™))

1. A symmetric root /I defines one-to-one a unique symmetric orthogonal reflector
as well as a unique mutual pair of spherically orthogonal projectors and a unique right
tensor angle of the same trigonometric rank.

2. Any pair of symmetric roots (v/I) and (v/1)y defines a unique pair of spherically
orthogonal projectors, a unique tensor angle ®1o and its trigonometric functions.

3. If an original Cartesian base E is fived, then all the matriz notions, according to
item 2, due to (243) — (245), may be converted into compatible monobinary W -forms

in a trigonometric Cartesian base By = Ry {E} = {I}.
Separate nonsymmetric prime roots VI # (\/7)’ For a null-prime matrix Bp, for

H
example, +Ref{Bp} = ?p — Bp = /I # (V/I)". Denote the matrix Bp briefly as B.
Then we have the following bond of these roots and oblique reflectors:

I+V1 IV 5
{%%, B }@{\/TB—E, _—

G (V1Y) o U=(TY). Wiy =B -F.

From this, taking into account (198), (203), (211), (212), we obtain
sec dp—itan®p =+ = +Ref{B},
sec Pp+itandy = (VI) = +Ref{B'},

sec bp = (VI+ (VI))/2, itan®p = ((VI) —V1)/2. (248)

The roots /I and (v/T) always have the same trigonometric rank. Remember, that
the oblique reflectors +Re f{Bp} and +Ref{Bp} have their mutually oblique mirrors
(ker B) and (im B) in the Euclidean space — see for the non-transposed reflector.

(247)
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Corollaries (for (£))

1. Any nonsymmetric prime root VI defines a unique nonsymmetric (i. e., oblique)
reflector as well as a unique mutual pair of spherically oblique projectors.

2. Any pair of nonsymmetric prime roots VI and (\/7)’ define a unique pair of
spherically oblique projectors, a unique tensor angle @5 with trigonometric functions.

3. If a Cartesian base E is fized, then all the notions (item 2), due to (246) — (248),

may be converted into compatible monobinary W -forms in a trigonometric Cartesian
base Ey = Ryw{FE} = {[}.

Moreover, the roots v/1 and (v/I)' define:

an unique pair of equirank projectors in (243) satisfying condition det cos Py, =+ 0;

an unique pair of orthoprojectors BB’ and B'B such that det cos ® B #0;
an unique pair of symmetric roots (v/I)1 and (vV1)g with det[(v 1)1 + (v/1)a] # 0.

This follows from relations similar to (186)—(189) and (226).

5.7 Rotational trigonometric functions of motive-type spherical angles

In the sequel, in order to infer some matrix formulae and connected with them in-
equality we shall use so called the principle of binarity. It consists in the following.

The prime real matrices P; and P, are anticommutative iff they may be represented
jointly in their real anticommutative monobinary cell forms Wy and W5 in a certain
real local base (sect. 4.1). If the original affine base is E, then here the local base is
E| = Viy - E = {I}. The matrices P, and P, are anticommutative on their common
real eigenspaces of dimensions 1 and 2 (see more in sect. 7.2). These forms W; and
Wy are a direct sum of their monobinary cells of the identical structure.

Moreover, any analytical function F'(P;, P) in the base E may be expressed in the
base El as F'(Wy,Ws). In particular, this realizes for elementary operations of sum-
mation and multiplication. The scalar invariants of F'(P;, P») are the same invariants
for F(W7, Ws5). (In theory of matrices, the analogous principle of unarity is applied for
analytical functions of several prime commutative matrices with their joint reducing
to diagonal forms.) The principle of binarity is based on the fact that original and
squares of anticommutative prime matrices P, and P, commute each with another.
Both these principles enable one to generalize analytical operations over simplest cell
structures and results onto original matrices and their analytical functions.

Suppose, in particular, in (€™): P; = cos $1y, Py = sin §yy for the equirank lineors
Aj and A, according to formulae (163) and (171). Then (P;) = 0. But non-zero (Ps)
exists iff it exists in canonical cosine form (237) (as positive or negative unity block).
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By (176) and (177) for these anticommutative P, and P, we have the analytical function

F(P1,Py) = (P + P2) - (P1 — Py) = [+ Ref{A2A5}] - [+ Ref{A1A1}] = [~ Ref{A245}] - [~Ref{A1A}].

Then there holds Ty = Ry, so the W-form of F(P, %) in the trigonometric base
FEy = Ry - E = {1} is expressed by the orthogonal rotational matriz at the angle 2®15:

/ !
+R€f{A2A2} + Ref{AlAl} ROt(+2(I)12)
+cosy; +singp; . +cosp; —sinp; B cos2yp;  —sin2¢p;
+sinp; —cosp; —sing; —cosy; N +sin2¢;  cos2yp; ’

where (P3) is the unity block +1 as (+1)-(+1) = +1 for unity cosine part in (237). This
2 x 2-cell implements rotation at the counter-clockwise angle +2¢; on trigonometric
eigenplanes. In F, it implements spherical rotation at the motive tensor angle +2®:

R@f{AQA/Q} . Ref{AlAll} — (COS &312 + sin éu) : (COS (”11)12 — sin (i)lg) =

= cos? &Du — sin? @12 + 2sin 61312 cos @12 = cos® Pry — sin® @1y + 24 sin 1y cos Prp =
= cos 2@y + isin 219 = Rot 2919 = [—Ref{AAL}] - [—Ref{A1A}],  (249)
[ Ref{A1A}}] - [£Ref{AyA,}] = Rot(—2®13) = Rot 2®y;. (250)

Notation Rot @ is used for matrix rotational functions of binary motive type tensor
spherical angles ®. Such tensor angles do not contain in their notion the tilde symbol
necessary for projective tensor angles. The following united properties hold for the
main sine-cosine palrs of pIOJectlve and motive tensor angles (see more in sect 5.8):
cos? ® = cos? @, sin’® = sin? ®; and sin P - cos® = isin P - cos P = cos P - isin P =
—cos @ - sin ®. These formulae also illustrate Rule 1 (see above), but for the motive
type trigonometric functions. Note, that Rot ®15 in (249) is a trigonometric square
root (i. e., as result of the original angle dimidiating in the each binary cell of W-form!):

Rot ®15 = {[+Ref{AsAL}] - [£Ref{A A} }2 (251)

Formula (249) is interpreted as follows. Orthogonal reflection of (im A;) (or (ker A}))
and then of (im As) (or (ker AL)) is equivalent to rotation at the doubled angle between

(tm A1) and (im As). It is quite clear when we deal with two vectors or straight lines.
The rotational matrix (7 = 1), according to (249), (176), (177), is

Rot @12 = [([ -2 aza;) . ([ —2- alall)]l/2 = [(I — 2. azaz) . (I — 2. alal)]1/2 —
1/2

/ /
— [I —2. <a,1a1 — a?az) + 4 cos? g - a2a1 . (252)
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Here the mirrors are either a or a hyperplane (ker a’) — orthocomplement of (im a),

/ / / aa’ / a2a/1 / / / e2e,1
Rot ®15-a1a]-Rot (—P15) = aza,, aa’ = —, aza; = (ee’ = e€', eqe] = .
1 2 /o) 1 / ) 1
aa a;az COS Y12

If these n x 1-vectors are oriented, then the angle 15 in the trigonometric eigenplane
of the matrix Rot ® in the Euclidean space (£") varies in [—m; 7).

A tensor rotation is performed in the 27z-dimensional subspace (7p = 1 — Figure 2)
with respect to its orthocomplement of dimension n — 275, i. e., as the generalized
rotation axis. The rotation at angle +¢; on ¢-th trigonometric eigenplanes realizes in
[—7/2;+7/2]. An orthogonal matrix R is a rotational function if det R = +1, it is
a reflector if R = R'. These two properties may be sometimes formally compatible.

Real prime matrices are called compatible if their W-forms have the same structure
in a common base. In particular, they may be commutative or anticommutative ones.
Real normal matrices may be converted into W-forms with rotational transformations
of the base, we denote them as Ryy. For compatible normal matrices, Ry is same.

The most general variant of formulae (249) and (250) for compatible reflectors is

(COS &)12 + sinff) 12)(COS &)34 + sin (i) 34) = Rot {ﬂ:q)lg + (1334}.

In tensor trigonometry, besides the particular reflectors, so called the mud-reflector
is very important. For a pair of the given planars their mid-reflector is one between
Ref(—®12) and Ref(+P12) (r1 = r2 = 1) or Ref(—®p) and Ref((+Pp)), i. e,
for the middle subspace of tensor angle <f>12 or @ p. But it is not attach only to this
concrete pair of objects. It is defined for the set of pairs of linear objects having such
common mid-reflector. It has the sign-alternating unity diagonal W-form congruous to
the cosine diagonal form (237) in the trigonometric base E; of the projective angle @,
i. e., in its trigonometric subspace with the axes as ui,...,u, and vy,...,v,. The
cosine axes in the zero sine subspace (P3) are the same with their eigenvalues +1;
(Py) = 0 as r; = 1. According concretely to (171), (172) and formally to (237),
the projective cosine is the algebraic sum of two orthogonal terms with algebraically
positive and negative eigenvalues (Figure 2):

cos Prp = {cos (i)lg}® + {cos &)12}9, {cos <I>12}® -{cos &)12}@ = 7.

These summands are singular matrices. Here the mid-reflector mirror is the subspace
(im {cos ®12}°), given by axes v;. According to (176) the mid-reflector is expressed as

~ — = S
Ref{cos ®15}°} = {cos P1o}° — {cos @15}° = {VI}s = {Rw - I* - Ry}, (253)

The mirror of this mid-reflector is situated in the middle between two mirrors in (176)
and (177) for the tensor angle — see on their structures (241). In order to prove this,
we obtain this mid-reflector by two ways: by rotating the 1-st reflector at the angle
{+®15/2} and by rotating the 2-nd reflector at the angle {—®15/2} in the base E:
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Rot (1312/2 + R€f{A1A’1} Rot’ @12/2
cos;/2 —sinp;/2 +cosp; —sinp; cosp; /2 sinp;/2 B
sin; /2 cosp;/2 . —sing; —cosy; ' —sinp;/2 cosp;/2 N
Rot @12/2 + RGf{AQ /2} Rot @12/2
B cos;/2  sing;/2 +cosp; +siny; cos; /2 —sinp;/2 B
- —sinp; /2 cosp;/2 . +singp; —cosy; . sing; /2 cosp;/2 -
+Ref{cos Py} = (VI), (254)
B 0
B 0 -1

The small reverse.

Now we may return to justification of projective trigonometric functions definition in
the beginning of the chapter. For this, it is sufficient to consider only the main, i. e.,
sine-cosine functions pair. The choice of projective sine forms (163), (169) is clear and
obvious for a pair of vectors or lineors. But the choice of projective cosine forms (171),
(172) is not obvious. The two alternative forms are possible:

Vi Vi ya

COS &)12 = AQAQ — :41A/1 == 1 — ;4114/1 — ;4214/2

- —_— — —
cosbp=B'B—-BB' =1—- BB - B'B

In the case, we have both eigen orthoreflectors, for example, for a pair of lineors as

;41A’ AlA’/ Ref{A1A|} = —cos P19 — sin P1y = cos 7y,
;4214’ AQA = Ref{A3A,} = — cos P19 + sin P1y = cos Zo:

} (variant 1)

1 o y r_ A T D — 7
AlA} 1<41A/1 Ref{AlA/l} + cos ?12 + s%n ?12 coS Z~1, (variant )
A Al — A Al = Ref{A3AL} = + cos @15 — sin P19 = cos Zy;

where the mirrors types are (ker A") and (im A). Whether the variants are correct?
For example, at active rotations, as (254), the cosine and sine in the variants appear in
the rotational matrices according to formulae (249)—(252). However, in these variants,
the rotation (254) as +2¢; on trigonometric eigenplanes is realized formally only at
the not counter-clockwise angle. Hence, the both other cosine forms are not correct!
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For compatible trigonometric matrices, in addition to (250), (251), (254) and (226):
Ref{A3A,} = Rot ®15- Ref{A1A}} - Rot (—®13) = Rot 2®15 - Ref{A1A|}. (255)
Rot(+®15) - {cos ® + sin @} - Rot(—Py5) = Rot(+2P15) - {cos ® + sind} =
— {cos ® £ sin ®} - Rot(—2P15) = {cos(® £ 2P15) £ sin(P £ 2dy,)}.

And add to (254): Ref{cos ®15}° = Rot ®15-Ref{A1A}} = Rot (—®y5)-Ref{AsA,}.

Ref{AyAb} = Ref{cos ®1o}” - Ref{A1Aj} - Ref{cos 915}°, }

Ref{A1A}} = Ref{cos ®15}° - Ref{AsA,} - Ref{cos ®15}°. (256).

Rule 2. Compatible spherical rotational matrices commute. In their multiplications
the tensor argument angles of motive type form an algebraic sum.
Rule 3. In multiplication of a rotation and a symmetric reflector, if they are compat-
ible, the rotation is transferred the reflector with the change of its tensor angle sign.
(The rules may be inferred with applying the principle of binarity as above.)
Corollaries
1. The types of tensor angle in eigenreflectors (i. e., when bound with the angle) and
in rotational functions are different!!! In first case, it is projective. In second case, it
is motive. But in classical scalar form of these angles, this difference is absent!
2. Compatible active rotational transformation of a reflector as a 2-valent tensor at
an angle ® is equivalent to its rotation as an 1-valent tensor at the angle 2P.
Put Ay = RipA; (with det Ryo = 1) in (98) and (99), then
p— p—
AsAy = Rig- A1A] - Ry, Ref{A3AL} = Rz - Ref{A1 A} R},.

Denote as the complete set of all such matrices. The matrix Rot ®12, defined by (251),
has the trigonometric subspace of the minimal dimension 275 in (Rjs). It is trigono-
metrically compatible with the reflectors Ref{A;A|}, Ref{AyAb}, Ref{cos ®15}°.
Generally, there holds (Ry2) = (Rot ®13 - Rot O19) or (R12) = (Rot ©15 - Rot ®19).
Here and further ® is a spherical angle of the principal rotation, © is a spherical angle
of the secondary rotation (or so-called orthospherical angle, i. e., angle of compatible
rotation orthogonal with respect to the rotations Rot ®). Principal rotations often are
called boost. (Rot ©) forms the subgroup of general rotations group. In non-Euclidean
Geometries of the spherical type, the principal angles ® play a main motive role.
In the motive version, the compatible rotations of two types satisfy relations

Rot {£®12} - Ref{cos ®}° . Rot {+P5} = Re f{cos d}e,
Rot" ©15 - Ref{cos @} - Rot ©12 = Ref{cos P}~ = (257)
= Rot O15 - Ref{cos ®}® - Rot’' ©1s,

where in the main reflector, in particular, P = 5. Transferring through the reflector,
the principal rotation changes its angle sign and is annihilated; but the secondary
rotation is transferring through both unity parts of the reflector without changes!
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In the projective version, the orthogonal reflectors of two types satisfy relations

Ref{cos ®}° - Ref{Bm}(®) - Ref{cos ®}° = Re f{Bm}(cIfm),
Ref{cos ®}° - Ref{Bm}(©) - Ref{cos ®}* = Ref{Bm}(®). ) (258)
(Ref{Bm}(®) = +(cos® Fsin®), Ref{Bm}(0O) = £(cos© FsinO).)

Note the simplest case: Ref{Bm}(®) — Ref{Bm}(—®) iff Ref{cos ®}° € ({I*}).
Relations similar to (257) and (258) are the basis for the quasi-Fuclidean geometry
and the trigonometry in 1t with the reflector tensor of a quasi-Euclidean space {\/7}5
independently introduced similar to mid-reflector (253). In quasi-Euclidean geometry,
a reflector tensor is not metrical, it does not determine internal and external products,
it merely determines admissible transformations — rotations and reflections of two types
(principal and secondary). Tensor angles corresponding to the reflector tensor have
compatible orientations. The simplest (diagonal!) W-form {I*} of a reflector tensor
in (253) and here corresponds to the coaxially oriented linear space. A reflector-tensor
and an Euclidean quadratic metric determine a spherical trigonometry; and vice versal

Relations (257, 258) define an external non-Euclidean spherical geometry of index q.
The latter is a spherical geometry in a hyperspace of constant positive radius R. This
geometry is realized on a special hyperspheroid embedded into the quasi-Euclidean
space (Q"T9) determined by an independent set reflector-tensor and Euclidean metric.

5.8 The sine, cosine, secant, and tangent of a motive type tensor angle

The paired rotational matrices R and R’ (detR = +1) — see (249), (250) consist of the
commutative tensor sine and cosine of a binary motive type tensor angle (®15 or ®p):

Rot & — cosp; —singp; _ R, Rot (—®)— cosp; +singp; ~ R, (259)
+sing; cosy; ’ —sing; cosp; ’
cos ® = cos' ® = (Rot ® + Rot' ®)/2 = [Rot (+P) + Rot (—)]/2, (260)

isin® = —(isin®) = (Rot ® — Rot’ ®)/2 = [Rot (+®) — Rot (—®)]/2. (261)

The realificated motive sine is a real valued skewsymmetric matriz with the eigenvalues
f; = isin;, but sin ® is a true motive sine. The motive secant is clearly defined as

sec ® =sec ® =cos ' . (262)
Tensor motive tangent is defined through D-forms (see more obviously in sect 5.10.):

{tan®}p = {sin®}p - {sec P}p = {secP}p - {sin®}p — (tan ® = tan’ P). (263)
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Rot ® - Rot' ® =sin®® 4 cos’ ® = I = cos’ = + sin?Z  (Ptolemy Invariant). (264)
sec? ® — tan®® = I = cosec’ = — cot? Z. (265)

Sin® - cos® = cos® - sin® =sin® - cos® = — cos P - sin D, }

sec® -tan® = tan ® -sec® = tan P - sec ® = — sec P - tan . (266)

For the cosine and sine of a motive rotation angle in Ay = Rot ® - Ay, obviously, we
have (Py) = 0; dim(Ps) (as unity block +1, see in sect. 5.7) depends on the relation
between n and rankA. The dimension is either (n — 2r), or (2r —n), or (P3) = 0.
Fix an original Cartesian base F in (£"). The canonical W-forms for a real ortho-
gonal rotational matrix at the motive angle ® (or ©) and for its cosine and sine in the
trigonometric base of diagonal cosine E; = Ry - E = {I} are following (if 2r < n):

Rot ® = cos ® + isin® = exp(i®) = Rot' (—®) = Rot ' (=) = (267)
cos d sin ®
COS P 0 0 18in

= 0 COS p; +1 —isin @; 0

! i ! [o] |
The tensor sine and angle eigenvalues 0 correspond to the subspace (Ps).
Describe the canonical forms of a motive angle and its motive functions. At first,
we use the complex-valued base of the sine and angle D-form, then return to the
original real-valued trigonometric base of the diagonal cosine. Such identical modal

transformation gives the canonical form of a motive angle ® in the trigonometric base:

D(®) D(®)
i +pj 0 - +¢; 0 F1
=X cos 0 —wj + 7s1in 0 —y; =
| o] | o] |
d )
= cos —ig; 0 + i sin —ip; 0 -
i o] i o] |
_ 1P _
0 -y
= exp +p; 0
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The formulae for motive angles follow in addition to (164), (170) for projective ones
(with B and B" according to (213), (214) or as independent n x n-lineors of rank 7):

! / /
Dy = —(P1p) = —Byy, Dy =—(Dp) = —P. (268)
o D(®) cos @
coS 0 +ip; — COS +p; 0 _ Cos ©; 0
—ip; 0 0 —p; 0 COS ©; ’
P 1 sin @

—ip; 0 +sin p; 0

Note, that after an change in (259) of the angle ® by its complement = = I1/2 — @
with the use of formulae (175), the new matrix-function of ® gives a rotation at =:

- sing; —cosy; cos&  —sing;
Fot ® = +cosp;  sing; +siné;  cosé&;

5.9 Relations between projective and motive angles and functions

From (236)—(239), and also (277), (278) — see below, we obtain (in common bases):

Ref{cos®}° - (i®) = ® = (—i®) - Ref{cos ®}°, % =2 (269)
+ cos @ +cos @ + cos @
= —sin® +4 sin @ +sin @ ~
& o sin > _ _ © . P 6. 2
fef{cos 2} +sec ® +sec ® +sec @ Ref{cos 2} (270)

Rule 4. Any even degrees of tensor angles of projective and motive types as well as
their same name tensor trigonometric functions are equal. ((Py) = 0, r1 = 19).

In real Cartesian bases, ® and i® are real symmetric and antisymmetric bivalent
tensors. Find the complex local trigonometric base E, for installing complex pseudo-
hyperbolic analogues {ip}. of real spherical angles {¢}, as the diagonal square root of
mid-reflector or reflector tensor (254), gotten by the modal transformation of Fy = {I}:

. O

By = Re{I} = {Rc}. (271)

O =

Ey = [R@V'\/W'RW] By =(VI¥)p By =
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Recall (see sect. 5.5, 5.7), that By = Ry - E = {I} is the real local trigonometric base
for W-forms, F is the original Cartesian base. The complex local base E,, unlike the
base Fy, has imaginary ordinate axes, what correspond to the algebraically negative
projective cosine eigenvalues (u; — w;,v; — 4v;). All the real spherical notions are
translated into Ey = {R.} as the pseudohyperbolic ones by modal transformation R...
Below this is exposed clearly in (272) only for the projective and motive tensor angles.
Substituting a base E, for Ey does not change the cosines and the secants; the angles,
their sines and tangents are transformed into the pseudohyperbolic analogues. Further

we use indexes "r" and "¢" for notions in the real and complex bases Ey, Ej.

R;1.{®}, - R.={®}. = {®}, =i{—i®P}. & R - {i®}, - R. = —{i®}. = {—i®}, = {—iD},, (272)

{sin®}. = {sin®}, = {isinh(—id}, < {isin®}, = i{sin @}, = {sinh(i®)}., (273 — 274)
{itan ®}. = i{tan ®}, = {tanh(i®)}. & {tan ®}. = {tan ®}, = {i tanh(—i®)}.. (275 — 276)

5 0 +g; — &y i1 0 +ip; _ &L *
{®}, = o 0 ={®}," = {®}.= —ip; 0 ={®}. 7, (277)
o= | | =cteh o (mede= | TP =) ey

Corollaries —{@}2 = {P}. = {D}, = —{?} = {d}. = {d}. = {®), = {é}; !
Canonical forms of spherical and imaginary pseudohyperbolic trigonometric functions:

{cos(x®)}, = + C%S i _ cc?s o, = | * co%h P _ cogh i, = {cosh(£i®)}., (279)
TV P IS N W s e
{sec(+d)}, = teeowi 9 o . teechies 2 io; = {sech(id)}., (281)
{sec(x)} = +S€OC o JrSG(:)C Pj - | +Sec3 i +sec(})1 1p; = {sech(£i®)}e,  (282)
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(sin &}, — +Si?1 . s - Sir?hwj +einhig _ {isinh(—i®)},,  (283)
{isin®}, = i . S0 , 78113”_% ~Sinhs — (sinh(—i®)},,  (284)

{itan ®}, = N tfn o _t%n i , | B tar?higoj - ta%hwj = {tanh(—i®)}., (285)
S IR CI N T R T TR I

In the next chapter, we shall use these complex canonical pseudohyperbolic forms
for the clear introducing real-valued motive and projective hyperbolic tensor angles,
trigonometric functions, and reflectors in real pseudo-Euclidean space. Cosines and

secants are real-valued notions, and therefore, they are invariants of R,!
With Moivre’s and Euler’s formulae for the rotational matrix and angles, we have:

Rot{m®} = cos{m®} + isin{m®} = Rot"P =
= cosh{i - m®} + sinh{i - m®} = exp{i - m®} —

—i-{m®} =In Rot{m®} — i® =1In Rot & - & = —iln Rot P.

(287)

This give motive tensor angle from a rotation tensor! The bond ® <+ ® is in (272)!

{Rot"™®}, =

{Rot"®}. =

+ cosmy;
+ sin mep;

+ cosmy;
—i sin me;

—sinmep;
+ cosp;

—i sin me;
+cos;

= exp

= exp

0 —my;,
ergoj 0
0 —imep;
—imep; 0

The value m = 1/2 gives trigonometric square root (251) of the rotational matrix.
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5.10 Deformational trigonometric functions and cross projecting

Similarly (249) and due to the principle of binarity, consequent multiplication of two
oblique eigenreflectors for a pair of equirank lineors (planars) as in (211-214) determines
tangent-secant motive transformation — the spherical deformational matriz function of
the same tensor angle, as example, for planars (im B), (im B') ({(ker B), (ker B')):

/
+Ref{B'} + Ref{B} Def ap
+sec p; —tany; +sec ; +tany; . +sec a; +tana;
+tanp; —sec p; —tany; —sec @; o +tana; +sec a;

(i. e., ap # 2®p). Besides, remember, that ® is a principal spherical motive angle.

Rule 5. Deformational matriz functions only as the trigonometrically compatible are
commutative, but their angles-arguments do not form an algebraic sum.

In general, these matrices contain the diagonal-unity block +17 corresponding to
zero sine subspace (Ps). They, as functions, perform a deformation at some motive
spherical angle + ap. Its matrix form is only similar to (249) and (250):

Ref{B'} - Ref{B} = (sec &5+ itan®p)- (sec Pp —itan Pp) =
— sec? éB + tan? &JB + 2itan<f3 - sec &33 =
=sec? Op + tan? ®p + 2tan &g -sec Py = Def ap = Def'ag, (288)
Ref{B} - Ref{B'} = Def tap = Def(—ap). (289)

Notation Def is used for the deformational matrix functions of a motive-type spherical
tensor angle. For them Rule 2 does not work in entire. Deformational matrix functions
are based on motive tangents and secants. (The total analogy with spherical rotations
is obviously absent in the case only of a spherical kind of angles.) The binary (in
trigonometric part) tensor deformation as well as rotation is executed in the trigono-
metric subspace (Figure 2) with respect to its spherically orthogonal complement.

The tensor secant and tangent were introduced preliminary in sect. 5.8 by (262)
and (263). Now we may give their quite natural definitions in terms of the spherical
deformational matrix similarly to (260) and (261):

sec ® = (Def ® + Def '®)/2 = [Def ® + Def(—®)]/2, (290)

tan® = (Def ® — Def '®)/2 = [Def ® — Def(—®)]/2. (291)

The tensor cosecant and cotangent are the inverse or quasi-inverse sine and tangent.
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The canonical W-forms of the real-valued deformational matrix is implemented in
the same real-valued trigonometric base (—7/2 < ¢; < 7/2):

sec ; tany;
tanp; sec @,

Def ® = Def'® = sec ® + tan® = : (292)

Def '® = Def(—®) =sec ® — tan ®. (293)

The canonical forms for the rotational and deformational matrix functions of a

pseudohyperbolic angle in the complex-valued trigonometric base are the following
(for these definitions, formulae (277)-(286) may be used):

cosh}(l(—igo)g- + sirllllz(—igj)j
+sinh(—ip);  cosh(—ip);
{Rot &}, = cos® 4+ {—isind}, = v v . —

= cosh(—i-CID)c + sinh(—:®)., (294)
{Rot ®},! = {Rot(—®)}, = cos ® + {isin ®}. = cosh(—i®), — sinh(—i®).; (295)

SeChézw)j) - taﬁtl(—is)@)j
+ tanh(—ip); sech(—1p);
{Def &}, =sec ® + {tan P}. = ’ i - -

= sech(—i®). + tanh(—i®),, (296)
{Def ®},! = {Def(—®)}. = sec & — {tan ®}. = sech(—i®).—tanh(—id).. (297)

For the rotational and deformational matrices, their determinants as well as deter-
minants of their binary cells are equal to 1. Any deformational matrix is symmetric
and positive definite. Rotation of its 2 x 2-cells (on the trigonometric eigenplanes) at
angles ¢; = % /4 transforms these cells into diagonal ones. The eigenvalues of the
matrix cells are pairs po; = sec ¢; +tanp; > 0, 41 = sec @; —tanp; = ,uQ_jl > 0,
and here not necessity in the values p = 41 inside the matrix unity block (Ps).

In order to clarify the sense of the binary deformation function, represent it in the
new base spherically rotated by modal transformation in each cells of W-form at angles
¢; = xm /4. For example, expose the rotation of some cell at angles ¢; = +m/4.
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Namely:
sec @; tang; .
tang; sec ¢; o
B cosm/4 —sinw/4 sec p; + tangp; 0 cosm/4  sinw/4
n sinm/4  cosw/4 0 secp; — tang; —sinw/4 cosm/4

Now it is seen that the modal spherical deformation in canonical form (292) on the
trigonometric eigenplane consists in:

1) extension of the coordinate grid along the principal diagonal (the 1-st and 3-rd
quadrants) with coefficient y = sec ¢ + tany > 0,

2) contraction of the coordinate grid along the secondary diagonal with coefficient
ut =sec o —tany > 0.

Similarly to the real-valued binary structure (149) for a complex number, the following
binary unique representation of an arbitrary real positive number by 2x 2 deformational

matrix in terms of a spherical angle (—7/2 < ¢ < 7/2) holds with two eigenvalue:
p=sec p+tanp >0, p ' =sec ¢ —tanp > 0. (298)

From here we have sec ¢ = (u+ p™1)/2, tanp = (u— p~1)/2. Numbers (298) are
equivalent to analogous ones exp (+7), exp (—7), what will be clear in next chapter.

One more interpretation of a binary deformation is respected to so called cross bases.
They may be use in relativistic transformations of geometric objects in Minkowskian
space-time. Consider two Cartesian bases E; and E and the rotational transformation
E; = Rot(— Q)”)E Cartesian coordinates of a vector a in the two bases E and F;
are related as at passive modal transformations by the angle +®;;:

: : ' , (;) G) _ gin o) (")
a(l) — Rot ®.; () — COS @y  — SNy Cos Yy’ — sin @y
ot ija sin cos (J) (J) () = (i)
Pt Pt sin ¢z’ + Ccos YLy Ty

In 2 x 2-cells, the base E; is the result of rotating Ej at the clockwise angles +¢;. Intro-
duce cross bases F;j with mixed axes <x§l), a:éj)> and Ej; with mixed axes (xgj), xé”}.

These both bases are related by the cross modal transformation:
E;j = Def(—®;)E;,. (299)

In t-th cells, so called cross coordinates of a vector a in the cross bases Em and EM
are related as at passive cross modal transformations by the angle +®;;:

- - - (::o L)
a(z,]) — Def(_|_(1)ij)a(],l) — sec ¢y tangy 2:]) — (Ji) . (300).

tany; sec @,
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Then the cross coordinates of vector al/) are determined here by cross projecting with
the use of deformational matrix-function of a principal motive angle compatible with
a reflector tensor of the space (see sect. 5.7). In a quasi-Euclidean space, coordinates
of a linear object, obtained with Cartesian projecting, correspond to trigonometric
invariants of types (182) or (264). Contrary, its cross coordinates, obtained with cross
projecting, correspond to trigonometric one-step pseudo-invariant of types (208) or
(265) on the basis of sine-tangent spherical-hyperbolic analogy — see further in Ch. 6.

5.11 Special transformations of orthogonal and oblique eigenprojectors

In an Euclidean space, there exists an one-to-one correspondence between a centralized
planar and a symmetric projector of the same rank. There also exists an one-to-one
correspondence between the planar and its orthocomplement. Any planar may be
transformed into each other one of the same rank with tensor rotation as well as with
tensor mid-reflector (mid-reflector give only the single motive angle ®!). Formulae for
such transformations may be derived, for example, of (256), (226), (176) and (177) or
with direct applying the principle of binarity.

p— p— _ p— _
AQAIQ = Rot @12 . AlAll . ROt/ (I)lg = RGf{COS @12}@ . AlAll . Ref{cos @12}@, (301)

pam— - — -

B'B = Rot ®p - BB' - Rot' ®p = Ref{cos®p}” - BB - Ref{cos®p}°.  (302)
These are rotation and reflection transformations of 2-valent orthogonal tensors inside
of the symbolic octahedron (Figure 1). Use the octahedron for illustration. The dia-

gonal P() generates isosceles triangles PZ() and PI(), where /PZ(Q) = ZPI(Q) = $p.
Moreover, in an Euclidean space, there exists due to (217)—(220) an one-to-one

I

correspondence between a pair of equirank centralized planars (im Ay), <zm Ajy) (then
k(A1 AL, r) = det(AAs) # 0) and a pair of oblique eigenprojectors % B’ (as in (213)

%
B = AlA’ ). Then % and B’ B and B') are transformed into each other with tensor
deformation as well as with tensor mid-reflector. Formulae for such transformations
(as formulae (301), (302)) may be derived too with the principle of binarity.

= o 2 :
B'= Def ®p- B - Def(—®p) = Ref{cos®p}“ - B - Ref{cos®p}°. (303)

(These non-similarity and similarity with 1st and 2nd parts of (302) are quite logical.)
Following formulae are similar to rotational prototypes (255) and (256):

Ref{B'} = Def ®p - Ref{B} - Def(—®p) =

= Ref{cos®}” - Ref{B} - Ref{cos Pp}°, (304)
Ref{cos®5}° = Def ®p- Ref{B} = Def(—®3) - Ref{B'}. (305)
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If the original matrix B is null-prime, then, for example, from formulae (186)-(189)
and relation cos ®p - sec @5 = I one may get the mutual modal transformations:

pa— pa— pa—

/ 5 / B » / -
BﬁB = cos Pp - B_B; -sec Pp =sec Pp - BﬁB -cosPp.  (306)
B’ B

(The formulae may be checked also with the use of eigenprojectors multiplication table
in sect. 5.2.) Formulae indicated above represent the modal transformations found by
different manners, but the results are the same. Express all the eigenprojectors in terms
of corresponding projective trigonometric functions pairs according to (176)—(179):

5
|

\

A Ay = (I 4+ cos® —sind)/2 = BB/,
~ S—
A1 AL = (I — cos® +sin®)/2 = BB,
«—— - «— (307)
AQA% (I +cos® +sin®)/2 = B'B,
A Ay = (1 —COS(I)—Sln&))/Q B'B, |

= ([ +sec ®—itgd)/2 =
= ([ —sec D+itgd)/2=
= (I + sec <I>+ztg<I>)/2:
(I —sec & —itgd)/2 =

> (308)

Wl UQT bvi D:JT
:> aiLm

Ef

A

These expressions show that the principle of binarity is valid for projectors too. There
exists a bijection between the set of eigen orthoprojectors and the set of symmetric
idempotent matrices of the same size and rank. Iff the matrix B is null-prime, then

- . o R T o2
det cos @ # 0, and there exists a bijection between the pairs (BB’, B'B) and <§, B).

Represent orthoprojectors in the trigonometric W-form according to (307). Prin-
ciple of binarity enable one to evaluate the modal matrices for constructing D-forms.

<___
For example, consider this for orthoprojector BB’. In i-cells of matrices, there holds:

S /

Rot ®p/2 BB Rot'® /2
cosp/2 —sing/2 1 1+cosp —sing ) . cosp/2  sing/2
sinp/2  cosp/2 2 —siny 1—cosep —sinp/2 cosp/2

<—

D(BB)
p— pa—

- ,ie, V'.BB -V, = D(BB.
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[ —

This matrix is expressed in the original orthogonal base E as BB’, but in D-form
they is expressed as above in the base:

Ep =V, +E = Rot (~®5/2)-E = Rot (—~®3/2)- RjyE1 = {Rot (—®p/2)}, (309)

(here Ry - E = E; = {I} is the base of W-forms).
The following orthogonal eigenvector-columns of the same modal matrix correspond
to the subspaces (im B) and (ker B):

0 0

o + cos p; /2 B + sin ¢; /2
bi, = Fw —sinp;/2 |’ diy = fw + cos @; /2

0 0

By analogy, ones find the modal matrﬁ)r getting th_e> base for the eigen ortho-
projector B’B diagonal form, i. e., for D(B’ )=V_! B’B V.o This base is
Ep = COl-{E} = Rot (+<I>B/2)-RW{E} = RW-{R{,V-Rot (+<I>B/2)-RW}{E}. (310)

The following orthogonal eigenvector-columns of the other modal matrix, gotten by
(310), correspond to the subspaces (im B') and (ker B’'):

0 0

o + cos p; /2 o —sing; /2
bi, = Fw +sing; /2 |’ diyy = Hw + cos p; /2

0 0

Modal matrices for constructing D-forms of mutual oblique eigenprojectors will be
derived in Chapter 6 with the use of spherical-hyperbolic analogy. Here, we present
preliminary two expressions in terms of arithmetic roots of the same deformational
matrix, though they have no sphem'cal trigonometric sense:

(R \/Def o5} 5 - V/Def (=0} - R} = D!
(R - /Def (—®p)} - B’ {\/Def ®p}- Ry} = D(B’). (312)

Thus we can see much common in various modal transformations of the mutual

), (311)

idei

eigenprojectors and eigenreflectors from one into another with trigonometric rotational
and deformational modal matrices. This is usually obviously, when the operations are
executed in their same bases of W-forms. What’s more, in the middle of the modal
transformations we have their diagonal forms. In particular, for mutual eigenreflectors
we get their mid-reflector.
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5.12 Tensor spherical trigonometric functions with a frame axis

Consider the set of centralized homogeneous motions in Euclidean or quasi-Euclidean
spaces (see sect. 5.7). They are determined by spherical rotational matrix functions
Rot ®. Rotational matrices with the minimal trigonometric subspace for homogeneous
motions of a vector, a straight line, and a hyperplane in an Cartesian base have the
unique trigonometric 2 x 2-cell (see (251) and (252)). Similar trigonometric matrix
functions are called further as elementary. Notation rot ®, rot © is used for them as the
particular cases of Rot ®, Rot ©. Elementary trigonometric matrices are used further
for description of principal spherical rotations and reflections in an quasi-Euclidean
space (Q"19) with set diagonal reflector tensor {I*} of the index ¢ = 1 (sect. 5.7).
The elementary rotations have one eigen scalar rotation angle ¢ and the unique rotation
frame axis. The very important variant, when the frame azis is (x,,1) in (Q""1). In
this especial case, matrices for principal elementary rotations in the so-called E-form
have the following canonical structure in the universal Cartesian base Ey, = {I}:

{TOt(:t(I))}gxg
1 —(1—cosyp)cos®a; | —(1— cosp)cosacosas | Fsin g cos a;
—(1 —cosp)cosajcosas| 1—(1—cosp)cos’as |Fsingcosas |, (313)
=+ sin p cos =+ sin p cos s Cos
{TOt(:I:q))}(n+1)x(n+1)
PR RO AE IR [P ve e
Etsing - e, COS

The coordinates of the matrices are expressed, as usual, with respect to the right
Cartesian base Ey,. The oriented straight line (Xp41) 18 the frame (polar) axis for
the eigen rotation angle ¢, the angle is positive for rot{+®}, and has the directional
cosines cos ay, k = 1,...,n in the base (z1, ..., z,) — the frame axis orthocomplement.

At first, prove formula (313). Find a rotational transformation of the complement
base (1, x9) into new same base (x, z5) such that the axis (z}), e, = (cos aq, cos o)
(where cos?a; + cos? s = 1), and the frame axis (z3) should be coplanar. This
transformation is the spherical rotation matrix at a certain tensor angle 5. If n = 2,

then it has the scalar eigen angle a1, and the rotational matrix demanded is

rot 612
cosay | —sinaq |0
+sinoy | cosay |0
0 0 1

This matrix function executes the rotation on the plane (1, xs) at the angle a;.



104 EUCLIDEAN AND QUASI-EUCLIDEAN TENSOR TRIGONOMETRY

Further, in this new 3-dimensional base E we use the elementary principal rotational
matrix function rot ®, but in the 2 x 2-cell corresponding to the plane (], x3), with
following condition: if the frame axis is (x), then the angle of rotation is counter-
clockwise; if the frame axis is (x3), then this angle is clockwise. So, the last form of
this elementary spherical rotational matrix is

{rot(+P)}
cosp |0 —singp

0 |1 0 : (315)
sinp [0 cosy

Then we transform the matrix in E-form applying the inverse base rotation

{rot(£®)}3x3 = rot Bio - {rot(£®)} - rot Bz .

The result is rotational matrix function (313) with the frame axis (z3) for the motive
tensor angle @ in 3-dimensional Cartesian base El.

General formula (314) is inferred similarly. Find a rotational transformation of
(x1,...,2,) into (z),...,2)) such that the axis (z}), the directional cosines vector
e, = {cosay} (3 ;_ cos*ar = 1), and the frame axis (z,.1) should be coplanar.
Use consequently tensor angles of the radius-vector rotation with their spherical co-
ordinates: 12 in the plane (x1,z5), By in the plane (x|, x3), ..., Biv_ s, in the plane
(] ... z,). Due to the trigonometric nature of the transformations, we have the
following formulae:

cos 12 = cos a1 /v/cos? ay + cos? s,

~~”

cos Bz = Vcos? ay + cos? ag /v/cos? g + cos? as + cos? as,

cos By 1 = \/COS2 a1+ -+ cos? ay,_1 = sin q,,. )

The consequent rotations are executed with the matrices rot (1o, rot B3, ...

rot B2 rot B3
. cos B3| 0| —sin Sy
cos B2 | — sin B2 A 061 ’ 1 0 s Z
Sin iz /COS Pro © | sinfPyg 0] cosfis h
7 I 71 I, o
.

The result is the base of the simplest 2 x 2-cell form for the elementary rotation:
E=rot B-E,

where rot 8 = rot Bis-rot Bz ---rot Bir.m,.
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Then construct the 2-dimensional form for this elementary rotation in the hyper-
plane (2, ..., 2], x,1) with respect to the base E:

{rot ®}

cosp| 0 | —singp
0 [I,. 0 | (316)
sinp| 0 | cosyp

Further we transform the matrix in E-form applying the inverse base rotation

{rot ®}i1)x (1) = rot B - {rot ®}eay - rot’ j.

The result is rotational matrix function (314) with the frame axis (x,.1) for the
motive tensor angle ® in (n + 1)-dimensional Cartesian base Ej,.

Similarly, if the angle of elementary rotation is negative (as an angle in the same
trigonometric plane), then there holds

{rot(—=®)} 1)< (ns1) = 70t - {rot(=P)}ean - rot’ f.

Any elementary trigonometric matrices represented in their E-forms have always the
minimal trigonometric rank 7 = 1 respecting to a principal tensor angle ® (sect. 5.5),
as their W-form includes only one principal 2 x 2-celll Other 2 x 2-cells are absent.

If one deals with point objects (given by radius-vectors) or hyperplanes (i. e., for
them r = 1 or s = 1), then their continuous modal transformations are completely
determined by the elementary rotational matrices. They either may be given, or may be
determined for two the objects by their eigenreflectors according to (251). Expose these
modal transformations in quasi-Euclidean space in terms of the elementary matrices
with the straight order of two pure types rotations. They are spherical rot ®;5 and
orthospherical rot ©15. In this general transformation, the matrices is set initially in
the original base E; Then we have really

EQ = R12 . El =rot @12 -rot @12 : El =
= {TOt (I)lg - rot @12 : TOt(—q)lz)} - rot (I)lg . El. (317)

In this interpretation, after realization of the principal motion rot ®15 (boost) the
secondary orthospherical rotation in the base Els = rot ®, - E; (in the brackets) is
realized. The coordinates of indicated above geometric objects are transforming by
passive way (as for 1-valent tensors) with the reverse order of modal transformations:

u® = rot(—0y,) - rot(—®y3) - u. (318)

The similar orders of pure types modal rotations are using in two-step and multistep
motions of geometric objects (see more in Ch. 11).
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In addition to exposed for rotational matrices, finally we consider briefly analogous
elementary spherical deformational matrix functions def ® as (292). The deforma-
tional matrices with the minimal trigonometric subspace for homogeneous deformation
of a vector, a straight line, and a hyperplane in an Cartesian base have too the unique
trigonometric 2 x 2-cell. Notation def ® is used for them as the particular case of
Def ®. Elementary deformations have also one eigen scalar deformation angle ¢ and
accordingly the same unique deformation frame axis. The more important variant, if
the frame axis is (x,41) in (Q""!). Then the matrices in the special Cartesian base
E, = {I} have the canonical structure in F-form:

{def(£®P)}s3x3
1+ (secp — 1) cos?a; | (secp — 1) cosay cosay | =tan o - cos oy
(secp — 1) cosajcosas | 1+ (secp —1)cos®>ay | Ftany - cosay |, (319)
+ tan ¢ - cos ay + tan ¢ - cos am sec
{def(j:(p)}(n+1)x(n+l)
[n n —1)- « ! Tt * Ca —

wn + (sec /) e.€, any - e (e = onel) | (320)

T tanp - e, sec

The coordinates of the matrices are expressed, as usual, with respect to the right
Cartesian base Ey,. The oriented straight line (z,41) is the frame (polar) axis for the
angle ¢ of deformation, this angle is positive for de f +® and has the directional cosines
cosay, k =1,...,n, with respect to the base (x1,...,x,) of (x,,1) orthocomplement.

The canonical E-forms (319), (320) are inferred by similar way.
In quasi-Euclidean space (Q") not azes-oriented with the set quasi-Cartesian base

{ex} = REl and the selected ordinate e, 1, its reflector tensor is defined as follows:

{\ﬁ}s = R{ITIR = en+1e;+1 — en+1e;1+1 = —ref{en+1e;]+1} =7-2. en+1e;+1, (g=1), (321)

where ey is also the axis (z,11) and the orthogonal reflector mirror — see (176).
(In the most general case, n x ¢ quasi-orthogonal matrix Rq of (129) may be used.)

Thus this chapter represented fundamentals of Tensor Trigonometry in its Euclidean
and quasi-Euclidean versions, which are realized in their same spaces. These spaces
have the quadratic Euclidean metric. In any quasi-Euclidean space, its reflector tensor
may be given either in the sign-alternating unity forms {I1*} (¢ < n) and {IF} (n < q)
or in the general form {\/I}s = {RwI*R},}. In these spaces, a reflector tensor
generates the continuous group of motions including the set of principal spherical
rotations and the subgroup of secondary orthospherical rotations, and in addition the
set of principal orthogonal reflectors connected with the eigenprojectors. Note, that the
n-dimensional Euclidean geometry, when ¢ = 0 and the g-dimensional anti-Euclidean
geometry, when n = 0, are two extreme cases of the general quasi-Euclidean geometry
with unity {/} and antiunity {—1} reflector tensors. So, the reflector tensor with the
given metric are main attributes of these spaces.



Chapter 6

Pseudo-Euclidean tensor and scalar trigonometry as a basis

6.1 The hyperbolic tensor angles, trigonometric functions, and reflectors

Modal transformation (271) gives rise to pseudohyperbolic angles and their functions.
Angles {—i®}, have hyperbolic form. Pseudo-hyperbolic trigonometry is realizable in
the complex binary (real-imaginary) pseudo-Euclidean space (P"*1).. Structure of this
space is determined by the mid-reflector or generally by the set reflector tensor {I*}
of original (Q"7) (sect. 5.7), the scalar product is invariant in these isometric spaces:

X'x = (Rezo1) - (Rezor) = [(VIF)zo1] - [(VIF)zo1) = 20y {VT* 201 = 20y {I" } 201,

where zg = R.'-xin Eg; = R, - By, according to (271); Ey = {I}. Thus in (P"+9),.
we have {I*} = R, - R. = R? = {\/I*}% as the metric tensor. With respect to the
original Cartesian base E the latter may have the form {Ry - I* - Rl } = {VTI}s.
Hence, in (P"*1). a reflector tensor and a metric tensor are equivalent! Importance of
the complex pseudo-Euclidean space consists in simple following transition off spherical
notions into hyperbolic ones. This is realized with the use of intermediate angles —
pseudoanalogues (277), (278), for example, in the case of motive angles by two ways:

b <+ —1D F, Qi —i(pj < Yjs (X m El > Zol 1N E()l <~ uin El), (322)

I' & +I' & D, Vi Z’}/j — Y5, (1.1 m El > Zoo 1N EOQ X in El) (323)

This transition between imaginary and real angles is called spherical-hyperbolic analogy
of abstract type with preserving binary spaces structure and reflector tensor. Applying
abstract analogy (322) to relations (277)—(286) and (294)—(297), one obtains the hyper-
bolic analogs of angles, trigonometric functions and reflectors in a new real-valued
pseudo-Euclidean space (P""9) with the same metric reﬁector tensors {v/T}g, and
their W-forms in the base of diagonal cosine Ey. In E = R . By we have the following.

coshy; sinh~;

Ry - sinh A, coshA, - Ry = coshT' + sinh ' =
j j
= Roth (+T') = Roth’ T = exp (+1), (324)
Roth (—T') = cosh I' —sinh I' = Roth™' I' = exp(-T). (325)

= Roth (+T) - Roth (-T") = exp (4+7T) - exp(~T") = cosh?T" — sinh*T" = I.

This is the hyperbolic rotational matrix function of the motive angle I' (or —T').
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sech v;  —tanh~;

r_ . B
+tanhy,  sech v Ry, =sech '+itanh ' = Defh (+1"), (326)

Defh (—T) =sech I' —itanh I' = Defh™' I' = Defh' T (327)
= Defh (4T) - Defh (=T') = Defh T - Defh’' T' = sech? T’ + tanh?T" = I.

This is the hyperbolic deformational matrix function of the motive angle I' (or —TI").

coshy; £sinh~;

I T : T
Tsinh7; —coshn; Ry, = cosh' Fsinh I, (328)

sech v;  F tanh~y;

Fw - Ftanhy; —sech v;

- Ry =sech I FtanhT. (329)

They are the hyperbolic orthogonal and oblique reflectors with the projective angle I.

In pseudo-Euclidean trigonometry, the mid-reflector by analogy to definition (253),
with the maximal trigonometric rank of trigonometrically compatible angles, is identi-
cal to a reflector tensor determined the non-coazially oriented pseudo-Euclidean space:

Ref {coshT}° = {VI}g = {Rw - I* - Ry}, (T = Tonaw = Q). (330)

(The tensor in W -form {I*} and the matriz Ry are not trigonometrically compatible!)

Apply the principle of binarity and take into account (271) and (324), the result are
the following conditions of annihilation similar to (257) for secondary orthospherical
rotations Rot © and for quasi-Euclidean principal rotations as

Roth T - {VI}s- Roth T = {VI}g.

The modal transformation R ! converts hyperbolic angles and functions into pseudo-
spherical ones. Angles {iI'}, have spherical form. Pseudo-spherical trigonometry is
realizable in isometric to original (P"*7) a complex quasi-Fuclidean space (Q"*9),.
The scalar product is invariant in both these isometric spaces:

u - {IF}u = (Ru)(Ru) =z, - 209

Such space (Q"*9). is a complex isomorphism of real pseudo-Euclidean one. It was
introduced by H. Poincaré in 1905 [47] as the two-dimensional model of a relativistic
space-time with the Lorentz transformations group called so too by Poincaré.
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Abstract analogy (323) applied to the pseudo-spherical angles and functions gives
finally the original spherical notions in a quasi-Euclidean space. The whole closed
cycle (322)—(323) with abstract spherical-hyperbolic analogy is described.

The analogy with spherical formulae (269) and (270) connects hyperbolic projective
and motive angles and their functions in common bases in terms of mid-reflectors:

—iflg . Ref {COSh flg}e = Flg = Ref {COSh flg}e . iflg, ( {f12}2 = {F12}2 )

Abstract analogy in (322), (323) give no a quantitative relation between real-valued
spherical and hyperbolic angles or functions. Such relations may be determined if an
one-to-one concrete correspondence in the universal Cartesian base £ = {I} between
argument angles is fixed. Spherical and hyperbolic angles, functions and transform-
ations with the isomorphic correspondence in all eigen quasiplanes and pseudoplanes
in £y may be represented clearly at the general trigonometric diagram (Figure 3).

6.2 Covariant concrete (or specific) spherical-hyperbolic analogy

Note, that the ranges of spherical sines and hyperbolic tangents as well as spherical
tangents and hyperbolic sines of angles in the base E; = {I} are identical. Put in Ey:

sin ¢ = tanh~y, tan ¢ = sinh 7. (331)
Then, on the basis of (331), argument angles are connected by the following equalities:
v = v(¢) = artanh(sin ) = arsinh(tan ) = In(sec ¢ + tan @),
¢ = () = arctan(sinh v) = arcsin(tanhy) = —iIn(sech v + i tanh ).
The differentials and derivatives will be further very useful in instantaneous bases E,,:
dp(y) = sechy dy, dy(p) = secp dyp,

M =secp = <d¢—(7)
dy dry
According to the trigonometric diagram at Figure 3, the main values of spherical angles
are in [—m/2; +7/2], as in Ch. 5. For this range of the angles their cosines and sines
are nonnegative, thus formulae (331) may be supplemented by two analogs:

) — sech 'y = coshy — cos ¢ = sech 7.

cos p = sech v > 0, sec p = coshvy > 0. (332)

The range [—7/2; 7 /2] of spherical angles is sufficient for trigonometric transformations
(rotations, deformations) of lineors and 2-valent tensors. Identities (331) generate sine—
tangent spherical-hyperbolic analogy of the concrete (or specific) type. 1t is represented
in its tensor variant also in E; (with particular identities in binary cells) as follows:

sin® = tanhI', tan® = sinh I, ' '
cos® = sech I', sec ® = coshT, } pj € [=7/2; +7/2], vj € (—o0;+00). (333)
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Figure 3. The trigonometric diagram with spherical-hyperbolic analogies in an eigen plane — pseudoplane

cosh §

with respect to the right universal base E\. (The angle ¢ is spherical, the angle v is hyperbolic.)

Here we use the following notations:
I, II, ITI, IV are the hyperbolic quadrants of a pseudoplane with conjugate hyperbolae
(I, IIT and II, IV) and hyperbolic angles dividing by the two asymptotic diagonals.

% and ? are the positive and negative angles of hyperbolic rotations determined along
hyperbolae, they are shown in I and III.

() and y(p) are the examples of specific sine-tangent spherical-hyperbolic analogy,
they are shown in II; for hyperbolae focus: vp = y(7/4) = w =~ 0.881 rad.

wr(y) and vg(p) are the examples of specific tangent-tangent spherical-hyperbolic
analogy, they are shown in IIIL

Besides, bisection and duplication of an hyperbolic angle with respect to the base E,
with the use of these analogies are shown in the left and right parts of IV.

The specific sine-tangent analogy with respect to the base Ey = {I} may be widen
onto all types of trigonometric matrix functions:

Roth I = Def @, (334)
Rot ® = Defh T. (335)

Relations between both motive tensor angles in the base Ej, are the following:
['=T(®) =InDef &, i®=i®(l') =IlnDefh T. (336)

They follow from (333)-(335). The original unity base E; serves here for simultaneous
representations of connected angles I' and ® as well as their trigonometric functions
for the correct realization of the concrete (or specific) spherical-hyperbolic analogy !
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If the mid-reflector for I'g is used as a reflector tensor, then hyperbolic reflectors
(328), (329) are hyperbolic analogies of spherical ones (178), (179) and (211), (212):

Ref{BB'} = sech 'y — tanh'p, Ref{B'B} =sech T'p +tanhTp; (337),(338)
Ref{B} = cosh I'p —isinhT'p, Ref{B'} =cosh 'z +isinhTp.  (339),(340)

One of interesting applications of the concrete spherical-hyperbolic analogy is correct introducing parallel
angles in non-Euclidean geometries (see more in Ch.1A). The parallel angle of Lobachevsky II(a) is not a
motion angle in hyperbolic geometries, because it has spherical nature. But the complementary spherical
angle ¢ = /2 —1Il(a) is the "parallel angle" too and the motion angle in geometries with spherical principal
motions in any admissible bases. The angle (), expressed here according to (331), is the "parallel angle"
too and the motion angle in geometries with hyperbolic principal motions in any admissible bases. From the
connection of II(a) and v(¢), taking into account (331), the Lobachevsky formula II(a) = 2 arctan[exp(—~)]
follows, but only in the universal base E1. Hence, it may be used only for connection of I1(a) with one-step or
summarized multistep collinear hyperbolic motions angle. For direct inferring connection of II(a) and =, the
contravariant sine-cotangent analogy is used (so, see in [69, s. 10.6]), correctly only in the base E. Hence, in
this concrete analogy, the angle v as covariant and the angle II(a) as contravariant vary in different directions!

Spherical-hyperbolic analogy of the two types (abstract and concrete in the base El)
generates the following quart-circle of motive matrix functions transformations:

Rot (i) Defh (—i®) <  RothT Def ®
(341)

<=l

i
Rot ® =

Rules 2 and 3 of sect. 5.7 stay valid for trigonometrically compatible hyperbolic rota-
tional matrices and orthogonal reflectors. The hyperbolic variant of rule 3 is Rule 6.
Rules 3 and 6 are foundation for principal rotations. All the rules hold for scalar
trigonometric functions and transformations in pseudoplane. In particular,

H(sec ©; & tan ;)" = H(cosh v; & sinh ;)" = exp (Z :I:hﬂj> =

J=1 J=1 J=1

Defh T <  Roth (—i®) = Def (il).

= exp7y = coshy +sinhy =sec o +tany, ¢ € [—7/2;7/2], (see Ch. 5.10).

The sine-tangent analogy generates hyperbolic orthogonal forms of affine projectors,
quasi-inverse matrices, and reflectors considered before, if the mid-reflector for I'g is
used as a reflector tensor. Then hyperbolic relations are similar to spherical ones (249):

Ref{B'} - Ref{B} = (cosh'z + sinhI'p)(coshTp —sinI'p) = Roth 2I'p. (342)
This means that reflection {(v/1)},(vI)1}, where (V1) # (V1) } is the prime non-

symmetric root, is the double hyperbolic rotation similar to (251). Rotational matrix
Roth T'g is a trigonometric hyperbolic square root of the symmetric matrix in square
brackets similar to spherical one in (251); but in this case it is also an arithmetic root

Roth T = [(2Ref{B}) - (£Ref{B})]* = [Roth 2T 5]". (343)
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If a;,ay are in common non-oriented vectors or planars of rank 1 and ajas # 0,
then they determine the elementary rotational hyperbolic matrix with 7 = 1:

— — 71/2
Roth I'ys = {(1 — 23—23&)(1 - 2&18_12)}

/ / 1/2
— [I — 2 (alaz + a?al) + 4(308}12 Y12 3232] ,

= (344)

aba; ajay abay
where
S aay - aja
dza; = , A1dg = .
alaz Asaq
H
(Thus, a; =e€;, ag =€z, — e’2e1 = e’1e2 = COS 192 = sech Y12, eze’l = eze’l.)

Recall, that {aga]} is a projector into (im ay) parallel to (ker a}) = (im a;)=.

The tensor spherical angle ap in (288) is evaluated quantitatively with the use of (336):

Def ®p = Roth I';p,

Def ap = Roth 2T'p } = ap=—iln{Defh 2n (Def ©p)]}

The sine-tangent analogy leads to the following four expressions for the mid-reflector:
Ref{cos ®}° = Ref{sec ®}° = Ref{coshT}° = Ref{sech T'}°. (345)

Right multiply the matrices in quart circle (341) by the mid-reflector, we obtain the
similar quart circle for the reflectors. Repeat this operation once more and we return
to their original motive type. Relations between projective angles similar to (336)
may also be easily derived. Definitions of projective hyperbolic angles and functions
may be obtained from the spherical ones with the use of sine-tangent analogy, if the
mid-reflector (345) for I'p is used as the pseudo-Euclidean space reflector tensor.

Application of spherical modal transformations (256), (303) and (304) gives the
similar hyperbolic relations:

Ref{B'} = Roth I'g - Ref{B} - Roth (—I'p) =
. —Ref{coshFB}e Ref{B} - Ref{cosFB}e (346)

%
B’ = Roth T'p - B Roth (=T'g) = Ref{coshI'5}° - % Ref{cosT'5}°.

Consider the set (Tg) = (Roth I'g-Rot © ) of modal rotational matrices performing
operations (346). Here the matrix Roth I'p determined by (343) has the trigonometric
subspace of the minimal dimension among all matrices of (Tz). In particular, it enables
one to evaluate the rotation variant of modal matrices for transforming affine projectors
into D-forms, i. e., developing further relations (311), (312):

—

Ry, - Roth (I'p/2) - %ﬁ-Roth (=I'/2) - Rw = D{B} (347)

Rl - Roth (~=T'p/2) - B'- Roth (T'p/2) - Ry = D{B’}
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As in the quasi-Euclidean geometry (see sect. 5.7), in pseudo-Euclidean one only for
matrices of two types: Roth I' (principal hyperbolic rotations), Rot © (orthospherical
rotations formed the subgroup of general rotations group) the following relations hold

Roth {£I'2} - Ref{cosh I'}e - Roth {£I'15} = Ref{cosh r}e,
Rot' ©12 - Re f{coshI'}* - Rot ©15 = Ref{coshI'}” = (348)
= Rot O15 - Ref{coshT'}® - Rot' O5.

In the projective version the hyperbolic reflectors of two types at rotation of I'1s, as
in (346) or (256), satisfy relations

Ref{cosT}° - Ref{cosT15}° - Ref{cosT}° = Roth F412’ (349)
Ref{cosT}® - Ref{cos©3}° - Ref{cos'}° = Ref{cos ©15}°.

Relations (348, 349) are pseudo-Euclidean analogs of quasi-Euclidean ones (257, 258).
(348) and (349) are the basis for the pseudo-Euclidean geometry and its trigonometry
with mid-reflector (345) as a set reflector tensor of a pseudo-Euclidean space introduced
independently, as well as for external non-FEuclidean hyperbolic geometry of index q.
The latter is a hyperbolic geometry in a hyperspace of constant negative curvature. This
geometry is realized on special hyperboloids of radii =R embedded into the pseudo-
Euclidean space (P"*7) determined by a reflector tensor as the metric tensor too.

6.3 The reflector tensor in quasi- and pseudo-Euclidean interpretations

Applications of hyperbolic and spherical matrices of these two principal types in tensor
trigonometry need in theoretical justification including a choice of basis metric spaces,
admissible transformations and bases. Fix an initial arithmetic (affine) space with the
original coordinate base E; = {I} of vector-columns. Introduce in this space in quite
independent way a reflector tensor for beginning in its general form as { VI }s (see in
sect. 5.7). Generally it determines in the base By = {I} the non-coazial orientation
of these basis spaces and rotations of these three types defined in (257) and (348):

in the space (Q""7) = (£™) B (£7) = CONST principal spherical rotations (Rot ®)
Rot ® - {\/I}s- Rot ® = {\/T}s = Rot (—®)-{VI}s - Rot (—®);
in the space (P"9) = (E")K(E9) = CONST principal hyperbolic rotations (Roth I')
Roth T - {VI}s- Roth T' = {\/I}s = Roth (-T') - {V/I}s - Roth (—T);
in the spaces (Q""7) and (P"*9) secondary orthospherical rotations (Rot ©)

Rot' © - {VI}s- Rot © = {V/I}s = Rot ©-{V1}s- Rot' ©.
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The binary quasi-Euclidean space (Q"T1) (see initially in the end of Ch. 5.7) is
determined by an Euclidean quadratic metric and the reflector tensor {v/T}g. They
define the admissible modal transformations, in particular, transformations of bases:

EngotCI)-Rot@-El orﬁngot@-Rotq)-El. (350)

E\, Ey, Ej5 are called rotationally connected quasi-Cartesian bases. Quasi-Euclidean
trigonometry are realized in spaces (Q""7), with respect here to right quasi-Cartesian
bases such as (350). The transformations in (350) form the proper Q-group.

The binary pseudo-Euclidean space (P"9) (see more in Chs. 10 and 11) is deter-
mined by a pseudo-Euclidean quadratic metric and the reflector tensor {/I}g. They
define the admissible modal transformations, in particular, transformations of bases:

Ey = RothT'-Rot © - F, or F5 = Rot © - Roth I - E. (351)

E\, EQ, FE5 are called rotationally connected pseudo-Cartesian bases. Pseudo-Euclidean

trigonometry are realized in spaces (P""?), with respect here to right pseudo-Cartesian

bases such as (351). The transformations in (351) form the proper Lorentz group.
Introduce the right so-called universal bases including the original base F; = {I}:

(Ep) = (Rot ©-F\) (E},Ey =1, E} {VI}sEr, = {VI}s, det Er, = +1). (352)

The transformations (Rot ©) form the orthospherical subgroup, what is the intersection
of the Q-group and the Lorentz group, but only with respect to universal bases (E Tu)!
A reflector tensor and a choice of the principal trigonometry from its two kinds
(spherical or hyperbolic) determine the spaces quadratic metric (Euclidean or pseudo-
Euclidean); and vice versal The two complete sets of admissible motions in the spaces
contain the subsets of (J— or Lorentz transformations, what stipulates the spaces
isotropy, and the parallel translations, what stipulates the spaces homogeneity!

The base E; = {I} is the simplest universal base by its form. Universal bases
enable one to jointly realize quasi-Euclidean and pseudo-Euclidean trigonometries on
the basis of concrete spherical-hyperbolic analogy, but only with one-step motions.
Note, in particular, that in STR (special theory of relativity) physical one-step motions
with respect to relatively fixed Observer are described in terms of universal bases.

Consider how a reflector tensor acts on matrices eigenprojectors in both spaces.
Let B be a null-prime matrix, used initially in an affine space (A™"). Introduce in the
space the reflector tensor as the mid-reflector of the tensor angle for the matrix B in
two following variants (with introducing metrics for external and internal products):

{VI}s = Ref {cos®3}° = Ref {coshT'5}°. (353)
We got quasi- and pseudo-Euclidean spaces. The identity sign is true only in (E[u>

In the first case, the symmetric projectors BB’ and BB’ are spherically orthogonal
each to another in Euclidean and quasi-Euclidean spaces with a metric tensor {/7},
i. e., reflector tensor (353) does not determine here internal and external products.
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In the second case, the non-symmetric projectors % and B are hyperbolically
orthogonal each to another in a pseudo-Euclidean space with metric reflector tensor
{I*} according to (353). This fact follows taking into account last formula in (346):

(%)'Ref {costh}eﬁ — Ref {coshI'5}” - B.-B==z

Consequently, B~ (sect. 2.1) is a hyperbolically orthogonal quasi-inverse matrix
with respect to reflector tensor (353) if the matrix B is null-prime. Also, in this case,
the direct sum (im B)@ (ker B) is hyperbolically orthogonal. Then for non-symmetric
projectors % and B, their eigen subspaces corresponding to the eigenvalues 0 and 1
are hyperbolically orthog)nal to& .

Equirank projectors B and B’ as well as § and B’ and their planars are trans-
formed into each other with hyperbolic rotation in (346) as hyperbolically orthogonal
2-valent tensors and tensor objects. Projectors <§ and ﬁ hyperbolically orthogonally
project into (im B) and (ker B). Projective formulae (186)—(197) are transformed.
In the symbolic octahedron (Figure 1) the diagonal RS generates two pseudo-isosceles
triangles RZS and RIS with equal hyperbolic angles ZRZS = ZRIS = I'g. These
facts are responses to the introduction of reflector tensor (353) in the hyperbolic form.

With hyperbolic analogues of Moivre and Euler formulae, we have — see (287):

Roth{mI'} = cosh{mI'} 4+ sinh{mI') = Roth™ T" =
=exp{ml'} — {mI'} =In Roth{mI'} - T =1In Roth .

This give motive tensor angle from a rotation tensor! In the cellular form, there hold:

coshmy; sinhmy; 0  my;
sinhmy;  coshvy; my; 0

{Rot"T'} = = exp :
[0]

Here the value m = 1/2 gives arithmetic and trigonometric square root (343) of the
rotational matrix. Properties of this matrix, no depending on the rotation angle, are

the same as ones of a deformational spherical matrix. This matrix is symmetric and
positive definite, its eigenvalues are

p2j = coshy; +sinhy; > 0, pojp1 = ,LLQ_jl = coshy; — sinhy; > 0, and also may be
in addition pp = +1.

Any pair of positive numbers z and z~! may be uniquely represented in terms of a
scalar hyperbolic angle, in particular, as a 2 x 2-matrix (see sect. 5.10).

Note, that in order to establish compatibility of certain transformations (rotations,
reflections) or mid-reflector for some tensor angle with the space reflector tensor in
both tensor trigonometries on the basis of quadratic metrics, one may use for this
defining relations (257), (258) and (348), (349) as the corresponding criterions.
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6.4 Scalar trigonometry in a pseudoplane

A diagonal reflector tensor {I*} produces a coazially oriented pseudo-Euclidean space
(P4 which has binary structure and admissible to it the pseudo-Cartesian bases E.
Represent the hyperbolic rotational matrix Roth I' at a level of the j-th 2 x 2 cell in
W-form (324) with respect to the trigonometric base Ey = {I}, where the rotation
realizes along the characteristic quadrohyperbola of coupled hyperbolae (Figure 3).
In the j-th eigen pseudoplane, two axes — ordinate and abscissa are the eigenvectors u
and v for the D-forms of cosh T" (with 4= cosh ) and {I*} (with £1); two asymptotes
of the quadrohyperbola with respect to any admissible base E are the main and lateral
invariant diagonals — lines with zero quadratic metric. Hence, these two asymptotes for
all similar quadrohyperbolae are invariant under hyperbolic rotations of the base. If a
pseudo-Euclidean space dimension n is greater than 2, then the diagonals correspond to
an invartant dividing hypersurface. At ¢ =1, n > 2, it is an asymptotic hypersurface
for the embedded hyperboloids I an II (pseudospheres of radii R = £1 and R = +i) —
see more in Ch. 12. If the j-th pseudoplane cuts such hyperboloids, then, on it in the
base [y, the rotation in its elementary form {roth T'}o.o (see in sect. 6.5) is performed
along the quadrohyperbola. In four hyperbolic quadrants, positive scalar angles ~y; are
measured here in direction to the main invariant diagonal, and vice versa.

A hyperbolic angle ~ is measured through the pseudo-Euclidean length of a unity
hyperbola arc in the pseudoplane with the trigonometric base E, with its pseudo-
Cartesian axes {x,y} — Figure 3. The length are real-valued in quadrant I, 11T as R~y
and imaginary-valued in quadrant II, IV as ¢Rvy. As the real parameter, its pseudo-
FEuclidean length is noted further as A (the Euclidean length of the arc is greater):

V2 V2
A= R/ v/ (dsinh )2 — (dcosh )2 = R(yy — 1) < R/ \/(dsinh )2 + (d cosh )2.
a! il

The area of a hyperbolic sector is S = R?*(7, — 71)/2. In these four quadrants
the radius-vectors of pseudocurvature +R or +iR is hyperbolically orthogonal to the
hyperbola tangent at the point of tangency in an admissible base E and dA = Rdn.
These vector and tangent determine local hyperbolically connected coordinate axes.
The focus of the hyperbola corresponds to the especial hyperbolic angle w =~ 0.881 rad:

sinhw =1, coshw =2, tanhw = v2/2, cothw = V2. (354)

By sine-tangent analogy, o(w) = 7/4, v(m/4) = w. Thus the angle or the number w is
the hyperbolic analogue of the angle or the number /4. We shall often use the angle w
in the sequel. For example, sin(m/4+iw) = 14(v/2/2)i; cos(r/4+iw) = 1F (/2/2)i.

Sine-tangent analogy (331)—(333) is a basic concrete analogy in the monograph
given a lot of interesting results. (It appears even at the cross projection — Ch. 4Al)
There exist infinitely many kinds of concrete analogies. Consider briefly some of them.
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(Sine-cotangent analogy with contrary angles-analogs changes was mentioned above.)
Introduce concrete tangent-tangent analogy with respect to the universal base FE;
too with the following another condition (see Figure 3, quadrant I1I):

tan pr = tanhy — ¢r = pr(y) = arctan(tanh ), (—7/4 < pr < +w/4). (355)

The angle-analog ¢z and the angle v are determined by the same radius-vector. That
is why the angle pgr(y) here is called visual. Sometimes, the angle @ is used for
descriptivity in STR (what is correct only with respect to the universal bases (Er,)!).
This mapping leads to other relations between spherical and hyperbolic functions:

sin g = sinhy/y/cosh 2y, cos pr = coshy/+/cosh 2, (356)
sinhy = sin pr/+/cos 2¢r, coshvy = cos pr/+/cosh 2¢p.

wr(y) <@(y) <7, (if v>0). (357)

For example, pr(w) =~ 35°, yp(7m/4) = oo. In general, all the visually obvious concrete
spherical-hyperbolic analogies are reduced to identities similar to

sin(k1p) = tanh(koy), tan(kyp) = sinh(kyy),

tan(k1p/2) = tanh(kyy/2) < { cos(k1p) = sech (kyy), sec (k@) = cosh(kyy),

—7/4 < k1p/2 < /4. In practice, four variants are important:

1) k1 = ko = 1 (this corresponds to (331)),

2) ki1 = ko = 2 (this corresponds to (355)),

3) ky =1, ko =2,

4) k=2, ko= 1.

Joint application of (1) and (2) gives pure geometric (using a compass and a ruler only)
duplication and bisection of a hyperbolic angle with respect to the base E; (Figure 3):

a) tanp = tanh~y, ¢r = pr(y), p=2pr — tanp = sinh2y; (358)
b) tanp =sinhvy, ¢ = (), vr=2p/2 — tanyr = tanh~y/2.

lor(M)] < o] < 2|ler()]-

Indeed, if cos p = sech v and cos(2¢r) = sech (27), then cos ¢ > cos(2¢pr); but if
tan ¢ = sinhy and tan g = tanh~, then |tan | > |tan ¢g|.

Sine-tangent concrete analogy is especially important in different kinds of tensor
trigonometry and their application in non-Euclidean geometries and theory of relativity
(see Appendix). For example, this analogy together with abstract one establish the
direct relations between all trigonometric transformations in quart circle (341).

The sign-alternating reflector tensor structure {I*} permits to represent in pseudo-
Euclidean space (P"*?) very various geometric objects with different quadratic metrics:
Euclidean, anti-Euclidean and pseudo-Euclidean. These possibilities are determined
by the numbers n and ¢. Practically in (P""?) pseudo-Euclidean linear object are
most interesting for the tensor trigonometry and its applications.
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Simplest pseudo-Euclidean geometric objects may be represented in a pseudoplane.
However generally, lengths of intervals, hyperbolic arcs in (Q""9),. are either imaginary,
or zero, or real, what is determined by their quasi-Euclidean quadratic metric. But in
(P"+4) thanks to metric tensor {/} adopted in the theory of relativity, the imaginary
intervals are transformed into real-valued time-like ones, the real intervals correspond
to space-like ones in pseudo-Euclidean space. Accordingly, all imaginary hyperbolic
function after acting abstract analogy (322) are transformed into real-valued ones too!

Sine-tangent analogy gives all trigonometric formulae for a right pseudo-Euclidean
triangle ABC' (plane scalar trigonometry began with solving a right triangle!). Its real-
valued legs a and b lie in two different hyperbolic quadrants (suppose a < b). Then the
finite principal angle v at the vertex A is contrary to the leg a < b. Denote the real-
valued pseudo-hypotenuse as g. Universal pseudo-Fuclidean Pythagorean Theorem is
g% = b* —a?, because a < b. If the angle ~ is in hyperbolic quadrant I (Figure 3), then
the triangle ABC'is exterior, g is outside of two invariant (or isotropic, or light in rela-
tivistic physics) diagonals. If |a| = |b|, then 7 is infinite, g is situated onto the invariant
diagonal with zero length. If the angle v is in hyperbolic quadrant II, then the triangle
is interior, ¢ is inside of two invariant diagonals. Further, choose for determinacy the
exterior triangle ABC'. Its legs a and b belong to distinct eigen subspaces of reflector
tensor with eigenvalues —1 and +1, i. e., they are time-like and space-like segments.
In order to infer trigonometric formulae for the right triangle ABC, preliminary it is
necessary consider locations and behavior of all its hyperbolic angles and sides with
Euclidean analogs according to concrete sine-tangent analogy in F;.

The acute principal angle v at the vertex A is contrary to the leg a and adjacent to
the leg b. Positive scalar values of the angle and its spherical analog ¢(+) are measured
in direction to the main invariant diagonal off the leg b = AC' (i. e., Cartesian axis x).

The acute complementary angle v is defined here correctly as the angle at the vertex
B between the pseudo-hypotenuse g = AB and the internal isotropic diagonal passing
through the vertex B. And its spherical analog is (7/4 — pg). Positive scalar values
of the angle v and its spherical analog are measured also in direction to the isotropic
diagonal off the pseudo-hypotenuse (see visually on the book Cover with Einsteinian
two opposite light rays, in Ch. 12 at Figure 4 and in Appendix at Figure 1A, Ch. 3A).

The obtuse opposite infinite angle B at the vertex B is contrary to the leg b and
adjacent to the leg a. Geometrically it consists of the acute angle v and the local infinite
hyperbolic angle § = 400 (it is as if the geometric sum v + d). The angle § = oo (its
analog pp = m/4) is disposed between the main invariant diagonal passing through
the vertex B and the leg a = BC' (parallel to the time-like axis y). The vertex B is
common for v and the local infinite angle §. If |a| = |b|, then y = § = § = 400, v = 0.

The right angle v is disposed between the legs a and b within of both hyperbolic
quadrants I and II. The angle is equal to zero in hyperbolic metric, because it consists of
two infinite antithetical angles +6 and —0 (pr = £m/4) in these hyperbolic quadrants
(directions of these angles measurement are to one side, i. e., of b = AC to a = BC).
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The principal acute angle () varies in the interval v € (0;400), its argument
varies in the interval ¢ € [0; +m/2], but the visual angle g varies in [0; +m/4]. The
angle v(p) can not increase more. When the angle v(¢) is increasing in its interval,
the complementary acute angle v(&) is decreasing in the interval [+oo; 0], its argument
is decreasing in the interval & € [4+m/2;0], where £ = 7/2 — . The opposite obtuse
angle varies from its initial maximal value +20 up to its final minimal value +9¢.

Sine-tangent analogy determines an one-to-one correspondence between three hyper-
bolic angles (v, v, § = oco) and spherical analogs (p, £, d = 7/2), and also for three
sides of the right triangle, as in the pseudoplane and as in the quasiplane, with respect
to the universal base £. Under this map the first Buclidean axis (with the leg b) is in-
variant, now as the first Cartesian axis; the main invariant diagonal is transformed into
the second Cartesian axis (under the angle p(J§) = 7/2); the leg a = C'B is rotated to
the left at spherical angle () into the new leg ap = CB’, i. e., up to its contact with
the central circle of radius g = g = Vb2 — a? at the point of tangency B’, now as the
new vertex of the triangle AB'C' in the quasiplane; the pseudo-hypotenuse ¢ = AB
is transformed into the new leg AB" = gg with the same length. Now the principal
angle ¢() at the vertex A is contrary to the rotated leg ap = a, the complementary
angle £(v) at the vertex C'is contrary to the new leg AB’ = gp = g, and the new right
angle d = w/2 (from the local infinite angle §) at the vertex B’ is contrary to the new
hypotenuse AC' = by = b. The quasi-Euclidean Pythagorean theorem is b? = ¢ + a®.
We have two pseudo-Euclidean Pythagorean theorems with hypotenuses g and legs a;
and we may see clearly also covariant sine-tangent and contravariant sine-cotangent
concrete spherical-hyperbolic analogies! (See their tensor formsin Ch. 12.) There hold

sinhy =a/g =tanp, tanf = g/a =sinhv — sinh~y-sinhv =1, )
coshy =b/g =secp, siné = g/b=tanhv — cosh~y - tanhv =1, L (350)
cosh~y - tanhv = coshv - tanhy = 1 = sech 7 - cothv = sech v - coth ~;
(v,o=0v,7y=20) & (p,{=0<& ¢==17/2). )
sinhy = csch v = a/g = tanp = cot &, [sinh(y,v) = csch (v,7)], )
coshy = coth v =0/g = sec ¢ = csc &, [+ cosh(y,v) = coth (v,7)],
tanh vy = sech v = |a|/|b] = siny = cos&, [tanh(y,v) = £ sech (v, 7)];  (360)
(sinhy =sinhv =1 < coshw =cothw=v2 & y=v=w!) |

cosh?(y,v) — sinh?(7,v) = +1 = coth?(v, v) — csch?(v, y) — two invariants for {I*}!
tanh?(y, v) + sech?(y,v) = 4+1 — one-step quasi-invariant for{I"}.
—1 <tanh(y+v)=sinc <+1 & (—oco=-0<vy+v<+0=+00). (361)
For complementary angles v, v (p,& = Il(a), but d§é = —dy), we have these formulae:
dv = —dvy/sinhv,dy = —dv/sinhv; tan {/2 = tanhv/2,sin £ = tanhv — (331) etc.;

v,v = Incoth(v/2,7/2) = Incot(£/2,p/2) < exp(—7v,—v) = tanh(v/2,7v/2).
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After an change in (324) or (362) of the angle I by its complement T with the use of
formulae (360), the new matrix-function of I" gives a rotation at T (see sect. 5.8 too):

sinh v;
cosh v;

cosh v;
sinh v;

csch ~;
coth ;

coth ~;

esch i = Roth T =

Roth I' =

Two invariant relations (see above) correspond to these two types of rotations!

6.5 Elementary tensor hyperbolic trigonometric functions with frame axes

Consider matrices of quart circle (341). If a certain matrix structure in this quart
circle is known, then other ones (spherical and hyperbolic) may be quickly evaluated
with the use of abstract and concrete spherical-hyperbolic analogy. So, from spherical
rotational structures (313), (314) or deformational structure (319), (320) obtained in
Ch. 5 in canonical E-forms the analogous structures for hyperbolic matrices follow:

{TOth (:l:F)}4><4

1+ (coshy —1)cos?a; | (coshy —1)cosaj cosas | (coshy — 1) cosa; cosag | £ sinh~ycosa;
(coshy —1)cosajcosay | 14 (coshy —1)cos?ay | (coshy — 1) cosascosas | £sinh~ycosas (362)
(coshy — 1) cosaj cosas | (coshy —1)cosagcosaz | 1+ (coshy —1)cos?az | £sinhvycosas
=+ sinh v cos ag =+ sinh 7y cos as =+ sinh ~y cos ag cosh y
{roth (£I')} i1)x (n+1)
Lyxn + (coshy — 1) - e,€el, | £sinh~y - e, e
ol ; o (eq€;, = €e,€,) (363)
sinh~y - €, cosh
{defh (:i:F)}4X4
1+ (sech v — 1) cos?a; | (sech v — 1) cosay cosas | (sech v — 1) cosay cosas | Ftanh~y cos oy
(sech v — 1)cosajcosay | 1+ (sech v — 1)cos?as | (sech v — 1)cosasgcosas | F tanhy cos as (364)
(sech v — 1) cosaj cosaz | (sech v — 1) cosagcosas | 1+ (sech v —1)cos?as | Ftanh~ycos az
=+ tanh vy cos oy =+ tanh y cos o =+ tanh v cos ag sech
{defh (£D) }nr1)x(m+1)
/
Lyxn + (sech v — 1) - eyel, | Ftanh+y - e, , 265
! (eaea o eaea) ( )
+tanhvy-e, sech

Indicated 4 x 4 E-forms (362), (364) with frame axes as hyperbolic analogs of (313),
(319) may be also inferred directly from their original 2 x 2-cells (324), (326) as the
same analogs of (259), (292) with the scheme similar to (315), (316).

An inversion of E-forms (363), (365) of elementary rotational and deformational
matrices consists in application of the simplest operation e, — (—e,) equivalent to
rot Il - e, = —e,. Then there holds: I' — (—I'). Generally, rotational change of an
universal base rot © - By = Ey, leads only to change of the directional cosines unity
vector: rot’ Oy - €4 = 10t (—Oy%p) - €4 = €y within the same Euclidean subspace.



Chapter 7

Trigonometric interpretation of matrices anticommutativity

7.1 Commutativity of prime matrices

Two biorthogonal matrices B1 By = ByB1 = Z are commutative and anticommutative
simultaneously: B1By = ByBy = —ByBy = Z. By the reason, they always are
singular: r; + 17y < n. Due to commutativity, prime biorthogonal matrices P;, P> may
be converted into their D-forms Dq, Dy in a certain common base, where D1 Dy = Z.
Consequently, these multiplication relations may be analyzed from trigonometric point
of view enough only for prime nonsingular matrices (they have no biorthogonal blocks).

Commutative prime matrices P, and P, are diagonalized in a certain common base:

D(Py) D(P,)

aj b

_ 11
a, bk ) D(P)_v P‘/col-

col

The diagonal structure of these forms and consequently commutativity of the matrices
are invariant under the following modal transformations of any, say the (j, k)-th, 2 x 2-
cell, that are compatible with this cell and represented in the affine tree W-forms:

Wi Wo W3
+c O 0 Fd 0 +1d
0 Fc 7 +d=! 0 ’ +id~1 0

The first of them is similar to reflection, it merely changes pairly directions of the
coordinate axes (with their deformation). The second and third of them are similar
to rotation, it permutes pairly the diagonal elements as well as coordinate axes (with
their compression-stretching). All compositions of such transformations of the tree
types form the complete set of modal matrices with respect to the invariant D-form
given. All eigenvalues of P, and P, are supposed to be distinct, otherwise the set
should be widen, it should contain base changes in the intersection of P; and P; eigen
subspaces with multiple eigenvalues.
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The three affine types of modal matrices indicated above give rise to their admissible
trigonometric W-forms in (") (i. e., at d = 1):

Ref Rot (£11/2) = Def (£A) Roth (£ iIl/2) = Defh (£ iA)
+1 0 0 Fl1 0 =42
0 F1 ’ +1 0 ’ +: 0 (366)

Consequently, the following trigonometric rule is valid: for commutative prime ma-
trices Py, Py, ... the bases of D(P;), D(P,), ... may differ in (£") only by indicated in
(366) compatible tensor reflections and rotations at spherical angle-arguments k - I1/2
or pseudohyperbolic angle-arguments +k - il1/2, (k = 0, £1,£2,...).

Moreover, the two rotational modal matrices may be replaced with applying con-
crete spherical-hyperbolic analogy (see in Ch. 6) by the deformational pseudospherical
or hyperbolic matrices Def(iA) or Defh A, what have the infinite angle-arguments
respectively 1A or A (nonperiodic). However, this exotic variant may be considered
only in universal bases.

7.2 Anticommutativity of prime matrices pairs

If a pair of prime matrices P; and P, are anticommutative, i. e., PP, = — P, P, then
P’P, = P,P?, P P?=P:P,, P’P?= PP}

Suppose that the pair of anticommutative prime matrices P;, P» have no biorthogonal
blocks (see sect. 7.1). Thus, in first, sizes of these nonsingular matrices are even and,
in second, the matrices and their multiplications are nonsingular. According to the
principle of binarity (sect. 5.7), they may be converted into the compatible W-forms
in a certain common base E = Viy{E;} with the result:

W(P) W(R) , W(PR) =V, PV, i=1,2
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Execute such modal transformation Vi of W(P;) and W () together, in order to
convert P; into its diagonal form. In the new common base, P; and P, as before are
anticommutative. Now the property is valid iff their compatible j-th 2 x 2-cells have
diagonal and contradiagonal forms (it is proved by the action D(Py)P, = —P,D(P):

+a 0 0 b2

0 —a ’ byy O (367)

If the matrix P» rather than P, is diagonalized, then 2 x 2-cells in the new base are

0 a2 —|—b 0

a921 0 ’ 0 —-b (368)

In addition in the both cases there holds: a = \/ai2a21, b = \/b12bo1 at all indices j.
(The special case when both the matrices may be in contradiagonal forms — see later.)

Indeed, for the variant 1Ty = P, - P, in general case, we have:

1, = ar 0 . P11 P2 _ aipin a1pi2
0 ay P21 D22 agP21 A2P22

And, for the variant Il = P, - P, = —II;, in general case, we have:

I, — P11 P2 _ ar 0 _ aipir G2pi2
P21 P22 0 a a1pa1 2p22

We set P; in its diagonal form, and then it is necessary to find the form of P.
Obviously, we have the initial conditions: ay # 0,as # 0 (as well as by # 0,by # 0).
Further, there hold:

a1p11 = —aipi1, P2 = —aoP22 — P11 = P2z = 0,

aipi2 = —agPia, P21 = —A1Pa1 — A1 = —as = +a; p12 7 0,p21 # 0.
Analogously, for diagonal elements of P, there hold: b; = —by = +b.

After permutation of a; in (367), for its two contradiagonal elements there holds:
det P, = —a? = —as - as;. Analogously, there holds: det Py = —b? = —byy - by |
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The covariant column matrix converting the contradiagonal form in (367) or (368)
into D-form may be evaluated, for example, with the use of results in sect. 2.2. This
modal matrix may be represented in the following general affine trigonometric form,
for example, for contradiagonal form of P, in (367) as its j-th 2 x 2-cell:

WL -W(P) - Wy =

col

V2 e foe V2 2 o
_ 2 2 b21 O b12 2 2 b21 o
| 2 2 b 0 V2 fba V2 B
2 b12 2 2 12 2
+v/b1b 0 . +b 0 B
S o ., | =D, (369)
Weo = {Rot w/4}oy = W' {Rot ©/4} - W, (370)

D(P) = Wil W(P) 'Wcol - Wil Vp;/l 'P‘VW‘WCO[ :Vil 'P"/col- (371)

col col col

Here det{Rot m/4}s = 1, p1o = cosm/4 £ isinm/4. Formula (370) determines a
spherical rotational matrix in a certain affine base. In particular, in the real Carte-
sian base, this matrix is Rot 7/4; in complex binary Cartesian base (271), it is
Roth (—im/4). Besides, due to (366)-(368), the diagonal and contradiagonal W-
structures are preserved under the base rotations and reflections of their W-forms as
in (366), i. e., at compatible right tensor angles.

Consider most important special cases of normal matrices anticommutativity what
are related to the tensor trigonometry in (£"). In general, ajo = tas;, bia = £boy, and
then Vi = Ry . Suppose that P, = M, P, = M, are anticommutative real-valued
normal matrices (or complez-valued adequately normal ones — sect. 4.2). They may be
either symmetric (.5), or skew-symmetric (K). Three trigonometric variants (S; and
Sy, S and K, K7 and K») are exposed with the use of (367) and (368). One else variant
corresponds to the case when the matrices S and K may be together in contradiagonal
forms. (But it is combination of two simple variants.) All these variants are:

A) ai2 = az1 = +a, bia = by = +b; P =~51, Py =5y, S1-5 = —55-5;. This
corresponds in (183) to S} = cos®, Sy =sin® (a® +v*> =1, S? + S3 = I). Then

_ Ve v |
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B) CL12:CL21:—|—CL, —b12:+b21 :~+b/l, P1 ::S’, PQZK, S-K=-K-5.
This corresponds in (209) to S = sec®, K = itan® (a®> —b* =1, S — K? = I).
Then

Vel = Ry - _\Z./\%% —\%/%2 = Roth im/4 - Ry, (see in scheme (322)).

We have in (204) S = cos o, K = i tan ®: and the unusual pair S = cos P, K =isin®
(in the last case: cos @ sin ® = (cos P sin @) = sin’ P cos ® = — sin D cos D).

C) a19 = Q91 = +a = iC, —612 = ‘|‘b21 = +b/i; K1 . K2 = —KQ . Kl; —62 — b2 = 1,
—K? — K2 = I. This variant is given for completeness.

D) Begin with conditions from (B), then transform the base E for both the matrices
by Rot w/4. The matrix P, and the matrix P, (invariant to this rotation) have two
different contradiagonal forms with the entries a1o = as; = +a,, —bya = +boy = +b/i.
This corresponds in (204) to S =sin®, K =itan® (or S =sin®, K = isin®).
The bases of such anticommutative trigonometric matrices in their diagonal forms are
differed by amalgamated rotation Roth imw/4 - Rot w/4 or Rot w/4 - Roth imw/4 (or by
the tensor angles algebraic sum). For the matrices there hold aj9by; = —ag1bys.

The main result in the trigonometric forms is the following.

1. Nonsingular prime matrices Py, Py are anticommutative iff bases of D-forms are
connected by compatible rotations or reflections at tensor angles £ /4 or / and +iw /4.

2. Sizes of nonsingular anticommutative prime matrices Py, Py are even.

3. Anticommutative singular prime matrices Py, Py have compatible biorthogonal
blocks, what may be converted into biorthogonal D-forms in their common sub-base.

Note, as in the end of sect. 7.1, that the rotation angles +m/4 and +im/4 correspond
to the deformational angle +w or +iw (nonperiodic) in universal bases — see in Ch. 6.

Further consider some trigonometric examples of complex-valued Hermitean normal
matrices N1, Ny corresponding to examples A, B, C, exposed above. We have

b1 = pi(cos B1 +isin fBr), by = pa(cos fo +isinfBy), p1 > 0,p2 > 0,51, Bo € [0;27],

b= /biby = \/pip2expli(B1 + 52)/2],
Vba/bi = \/pa/p1exp(ifia), /bi/ba = \/p1/paexp(—iBia), Piz = P2 — B

As above, variants bjg = +be1, a9 = Fa91, Viy = Ry are possible. However, more
complicated cases |bia| = |bo1| = pp, |a12| = |ao1] = pa; Viw = Uw are possible too.
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Let P, = N;, P, = Ny be anticommutative Hermitean normal matrices. Here
they may be Hermitean or skew-Hermitean, this corresponds to three anticommutative
pairs: Hy and Ho, H and ), @1 and ()o. The affine spherical unitary modal matrix
VYcol IS

2 2 exp(—ifi2) _ {Ea:pwl? ol 7/4.- Exp+i512 } 7 (372)
+§ -exp(+ifi2) ? 2 2

(it is more general rotational complex modal matrix, then ones used above), where

Exp(+ifi2/2) = {Rot (+f12/2)}. = Uy - exp(+éﬁ12/2) exp(—?,312/2) Uy

If 12 = Pa — 1 = 7/2, then the modal matrix is Roth im/4 in variant (B) above.

[t corresponds to the complez-valued binary Cartesian base — see (287) in sect. 5.9.
More generally, formula (372) expresses Rot /4 in a Hermitean orthogonal base with
imaginary shift at the angle i35 in formulae (367) and (368):

N1 N2
+pa expli(ag + a2)/2] 0 0 P exp(if) )
0 —paexpli(on + a2)/2] ’ poexp(ifz) 0 7
0 pa exp(iar) | +paexpli(B1 + B2)/2] 0
pa exp(ias) 0 ’ 0 —paexpli(B1 + B2)/2]

For the pair N7 - No = — N5 - Ny three important special cases as above are possible.

A) B1j+ B2j = a1j+ ag; = 0. Then Ny and Ny are the anticommutative Hermitean
matrices P, = Hy, P, = H,. In the special case a? + b? = 1, then these matrices are
the projective Hermiteized cosine and sine, and H? + H3 = I, Hy - Hy = —H, - H}.

B) f1j + B2j = 7, oqj + ag; = 0. Then N; and Ny are the anticommutative
Hermitean and skew-Hermitean matrices P, = H, P, = (). In the special case a?—b? =
1, then these matrices are the projective Hermiteized secant and skew-Hermiteized
tangent, and H> +Q*> =1, H-Q = —Q - H.

C) Bij + P2j = a1 + ag; = m. Then Ny and Ny are the anticommutative skew-
Hermitean matrices P, = Qq, P, = Q., and —Q% — Q3 = I.

Thus all most important types of anticommutative prime matrices types are described.



Chapter 8

Trigonometric spectra and trigonometric inequalities

8.1 Trigonometric spectrum of a null-prime matrix

Matrix characteristic coefficients of higher orders, as well as eigenprojectors, are prime
singular matrices with a unique eigenvalue (see Ch. 1 and 2). Consider a null prime
matrix B with its coefficient K5(B,r) of the highest order r and angle ®5. Represent
K5 (B, r) as an algebraic orthogonal sum over eigen trigonometric subspaces of Py

Ko(B,r) =S S, - Ko(B,r) - 5, + Sy - Ka(B,7) - S, (373)
=1

\

where ?Z — cos? Oy — cos? w; - I is the orthogonal projector into the ¢-th trigonometric
Ty

— =
eigen plane (P;) — see (240), S, = cos®p — I is the orthogonal projector into the
subspace (P,,) = (im B) N {im B') of dimension v/ (see Figure 2). Here v =0 as the
matriz B is null-prime! The orthoprojectors form too the complete algebraic sum;

r—v'

> S 45,48 =1

i=1

-

where S, = cos ®p + I is the orthogonal projector into the subspace (P,) = (ker B)N
(ker B') of dimension n — 2r + v/ (Figure 2). The entire sum of these dimensions
2(r—=v)+ v 4+ (n—2r+1v') =nis equal to dimension of the whole Euclidean space.
In the direct sum, according to the principle of binarity (see sect. 5.7), we have the
following. The coefficient Ko(B, ) in the subspace (P;) is a singular matrix of rank 1
and of size 2 x 2, the coefficient K5(B, ) in the subspace (P,,) is a nonsingular matrix
of size v/ x v/, and the coefficient Ky(B, ) in the space (P,) is the zero (n —2r+1v') x
(n — 2r + v/)-matrix. Thus,

Ky(B,r) =Y B B?*@det By - 1" @ ztn2ri)xn2rsy), (374)
=1

where mark B stands for direct orthogonal summation; r —v' >0, n—2r+v >0
and, consequently, there hold:
2r—n < <r. (375)

If B is a null-normal matrix (see sect. 2.4), then formula (374) is the simplest:

Ky(B,r) = det B . [ @ zn=r)xn-r),
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We used especial notation beginning with formula (374):

B for a 2 x 2-matrix of rank 1, its highest matrix coefficient is, according to (29),
the matrix itself, its highest scalar coefficient is the trace of the matrix;

BY " stands for a /' x v/-matrix of rank ¢/, its highest matrix and scalar coefficients
are det BY*V - 1"V and det BY,*"" respectively;

Z/(n=2r+v)x(n=2r+1") i5 the zero matrix of indicated size not intersecting with B2*2.

The total singularity of B and of Ky(B,r)is (r—v )+ (n—2r+v)=n—r.

Formula (374) may be transformed, with the use of (62) for r = 2 and r = n, into

the direct trigonometric spectrum of the eigen oblique projector B, it is called the
trigonometric spectrum of a null-prime matriz B:

&  Ky(B,r) & B¥? i
B — ) _ == == Il/ x v B Z(n 2r+v")x(n 2r+u). 376
k(B,r) 21: tr Bf“ (376)
Similar algebraic representa(_ti_cin of the coefficient Ky(BB’,r) of the highest order
and the eigen orthoprojector BB', as the trigonometric spectrum of a multiplicative

matriz BB', are derived, according to the principle of binarity (see sect. 5.7):

Ky(BB',r) =SS, - Kx(BB',7) - 5, + S - Ko(BB',7) - Sy (377)
=1

Ko(BB', 7 Z B BY(B)P 2@ det® By - 1V B Znm 2 )xnmen) - 3gg)

r—v’

©—  KyBB'r) BP*(B')7*
e S S H ? 3
;=2

BB =
tr [BP3(B)P

) ]1/><1/’ = Z(n—2r+1/’)x(n—2r+1/’).
k(BB (379)

i=1
Note, that for a null-prime matrix B’. we use similar algebraic representations of

the coefficient Ko(B’B,r) and the eigen orthoprojector B'B.
From direct spectra (374), (376) and (378), (379) we infer multiplicative formulae
for the highest scalar coefficients for matrices B (or B') and BB’ (or B'B):

k(B,r) =[] tr B?*det B;" = Htr B)?det (B)" = k(B',r), (380)
=1

k(BB',r Htr (B2 . (B"**det® B"*" = k(B'B,r). (381)
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8.2 The general cosine inequality

For null-prime matrices rank{cos ®g} = n (" = 0), and due to (186), (194) we have

— — - - .
BB =B -B - cos?dp = (B -cosdp) - (B - cos p). (382)

S -
In B - B’ cos? ®p, represent all the matrices as direct spectra, obtain the following
inequalities for each trigonometric cell with the use of the principle of binarity:
t,,,? B2><2

P
0 < cos®y; = = [BQX2 (B’)QXQ] < 1. (383)

From (380), (381), and (383) the general cosine inequality in the normalized form for
a square matrix (where ¢; € (0;7/2]), i. e., in variant (138), follows:

k*(B,r)

TBE S (384)

0 < I cos o = {B} oy = |det cos b =

Here [{B}|cos defines the cosine norm of dp and p. Its extremal special cases are:
{B}|cos = 0 if B is a null-defected matrix, [{B}|cs = 1 if B is a null-normal matrix.
In terms of the dianal and the minorant of B (see Ch. 3) the general cosine inequality
and the cosine norm of ®5 and ®p (or the cosine ratio for B) are expressed as

Di(r)B| ~ |Di(r)B]|
0< Mi)B {B}eos = IOV <1

- - - -
Consider (B -cos ®p) - (B -cos®p)’ in (382) and obtain similar cosine inequalities
in the sign form (where ¢; € (0;7]):

tr B¥*
1< cosyp; = L <+l (385)

Vir (BP2 (372

The cosine ratio |{B}|cos is supplemented by the signed cosine ratio as in variant (137):

k(B,r) _ Dl(r)B _ Dl(r)B
k(BB,r) Mit(r)B  /DI(r\BB’

< +1. (386)

r—v’
—1 S HCOSSOZ':{B}COSZ >~
i=1
The extremal cases (£1) correspond to null-normal matrix B with positive or negative
dianals — see before (138) in Ch. 3. Note, that (386) supplements independently the
Inequality of H. Weyl for the eigen and singular numbers of n x n-matrix B [4].
The cosine distinct ranges of the angles is similar to that for the angle between two
undirected vectors and the angle between two directed vectors (or straight lines). (But
the sine distinct ranges of the angles give algebraically ¢; € [—7/2;+7/2] — Ch. 3.)



130 CHAPTER 8. TRIGONOMETRIC SPECTRA AND TRIGONOMETRIC INEQUALITIES

Corollary. For spherical functions of tensor angles dp and g, their eigen angles @;
have the following trigonometric sense: they are the scalar angles between planars
or lineors, given by matmces B2><2 and B’2><2 of rank 1 in the trigonometric spectra of
the eigen projectors B and B’ (see (186)—(189), (190)-(193) and Figure 1).

[{B}|cos s the cosine ratio for the planars (im B), (im B') as well as the planars
(ker B), (ker B'); but { B} is the cosine ratio for lineors determined by B and B'.

If a binary tensor angle &)12 is determined by equirank lineors A;, A, or planars
(tm Ay), (im As), then scalar angles ¢; in cells have the similar sense. Suppose
that B = A Aj, condition (224) holds and consequently bijection (226) between eigen
orthoprojectors takes place. The trigonometric spectra for external multiplications are

FKo(AA'r) = 37 5) - Ka(AA 1), + S Ka(AA 1) - 5, =
i=1
— ZEE‘ (AA/)ZZX2 B det (AA/)I/XV’ . Iu’xy’ = Z(n—2r+1/’)x(n—2r+y'), (387)
1=1
KQ(AlAIQ,T) = Z ?Z . KQ(AlAIQ,T) . §z + »ST,: . KQ(AlA,Q,T) . S—>m =
i=1

r—uv’

- Z 0 (AlA;)fXQ @A det (AlAIQ)z/xz/ IV @ Z(n—2T+V')><(n—2r—|—z/)7 (388)
=1
S % _ Z (fm) BV 0 x5
T ;2(814;14 ;) _ Z - (éAAﬁ) B[V B 70X ) (300)
k(AA' 1) = H tr (AA)P2det (AA)"™V = det (A'A), (391)
=1
k(A AL, r) = f[ tr (AL AY) 2 2det (A ALY = det (A} Ay). (392)
=1

According to (132) there holds det? (A ALY = det (AL A}V - det (A ALYV
Further, from (186), (187), (196), and (226) we obtain

s / -< r_ ) I 2 F _ / T . ! T
A1A1 A2A2 —A1A2 COS @12 = (A1A2 COS @12) (AQAl CcOS (1312). (393)

In addition, intermediately, by (68) in its special case for n = 2, and the obvious
relation [A5A;); = [A] Asl;, for the i-th 2 x 2-cells of rank 1 there holds

(A1 A7 - (ALAY)T? = tr (A AY)P - (A D)7 = (ALAY)T - (A AD)72. (394)
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Represent the matrices in (393) as direct spectra and apply (394) in all the i-th
cells, obtain the i-th elementary cosine inequalities
t 2 A A 2x2
_ (2><21 2>Z 2x2 S 17 (395)
and the general cosine inequality for equirank lineors A;, Ay in the normalized form:
DI%(r)(ALAb)
Mt2(r) Ay - Mt2(r)As

0 < cos? @; =

<1, (396)

[¢0)]

0< H cos? p; = |[{ A1 AL}2, = |det cos @] =
i=1

where (; are the scalar angles between the planars (im (A; A})2*?) = (im (A; A5)7*?)

and (im (A9A5)2*?) = (im (A3A])?*?). Under condition (224) there holds (sect. 3.3):

d€t2 (AllAQ) <1
det (AllAl) - det (AIQAQ) -

0 < H cos? p; = [{ A1 AL}2,, = |det cos ®po| =
i=1
(for non-orthogonal lineors: rank{cos ®15} = n (1" = 0)). The extremal cases are
[{A1AL}|cos = 1 if the lineors are entirely parallel, {A; A5} is null-normal;
[{A145}cos = 0 if the lineors are orthogonal, may be partially, { A1 A5} is null-defected.
The general cosine inequality is a direct product of particular Cauchy Inequalities. It is
inferred through the external or internal multiplications of cosine type of two lineors.
The signed forms of these inequalities and the cosine ratio are

1\2x2
—1 < cosy; = tr (Aidy); < +1, (397)
Vi (ALADP2 -t (A A5)7°2

: Di(r) (A4 4p)
1< g COS i = {A1A2}cos = Mt(T)Al . Mt(?“)AQ < +1. (398)

The numerators and denominators in (384) and (396) under condition (224) are the
same in accordance with (132). (If 7y # ro, then the cosine ratio formally is 0.)

In general cosine inequality (396), the value [{ A1 A }cos determines the cosine norm
of @15 and ®19. In the special case r = 1, formula (396) is the module form of
the geometric Cauchy inequality for two vectors. The Cauchy inequality is used in
analytical geometry for normalizing the angle between two vectors in [0;7/2]. The
sign form of the inequality similar to (141) determines the signed cosine of the angle
between two directed vectors in [0;7]. It is the same special case of (398). Initially,
the Cauchy inequality had the pure algebraic character. General inequalities (384),
(386), and (396), (398) may be considered from the algebraic point of view too if they
are applied to scalar elements of matrices.

From (299), (230) the following internal multiplication criterion for at least partial
orthogonality of two equirank n X r-lineors is inferred:

det 012 = det (A&AQ) =0 & {AlAIQ}COS = 0. (399)
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8.3 Spectral-cell representations of tensor trigonometric functions

Now it is possible to consider in details the structures of tensor trigonometric functions
at the level of elementary 2 x 2-cells. It was shown in Ch. 5 that the eigen trigonometric
planes corresponding to 2 x 2-cells are the same for projective and motive tensor
angles. That is why from the left side of (301) and spectral formula (389) we obtain
the following rotational connection between two equirank planars

cosp; —siny; (AlA’l)fxz cosp; +sing; | (AQA’Q)?X2
+sing; cosy; | tr (A1 A7 | —sing;  cosg; tr (AgAY)7*

ST AT12%2 - : Y
Further, represent the 2 x 2-cell [AA’]7** of rank 1 for the eigen projector AA’ as the
following exterior multiplication of the unity 2 x 1-vector e;:

YR 1\2x2 —

[AA/]?X2 - t:?jjj,z)zm = eje; = eje;.

Here the unity 2 x 1-vector e; determines the i-th basic line of the planar (im A) in
the i-th eigen plane of the binary tensor angle ®,.

Respectively the two sides of this tensor angle between planars (im A;) and (im As)
of rank r at the level of elementary 2 x 2-cells may be represented as two unity
eigenvectors (straight lines). They may be transformed into each other with rotation
or reflection according to (301). Express the Cartesian coordinates of these vectors as

COS (1 COS 9
€ = . ) €y = . .
Sin 1 SII Q2
Then their rotational transformation is

COS P12 — SIN Y12
€y =

, - ey, = 3 — 1.
+ sin 19 Cosgolzl L Y1272 Pl

The vector e; and each of two its orthoprojections are rotated at the same angle.
According to definition (171), the tensor cosine at the level of elementary 2 x 2-cells is

<_

. T
[cos P19]2? = e1€] + eqely, — [P7°? = ej€] + eqely, — 1772,
This initial trigonometric definition gives final result
[cos ®12]**% = cos g1 - Foos(pr+ ) sin(pr + o) : (400)

sin(p1 + @)  —cos(p1 + v2)

Here
cos(pz — 1) - cos(pa + 1) = cos? vy + cos? 1 — 1,
cos(p2 — 1) - sin(pa + @1) = cos pa sin s + cos @ sin ;.
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Consider a 2 x 2-cell of the tensor sine. According to definition (163) it is

!/ / / !/
|2? = eqel, — e1€] = egel, — eqe).

[Sin (ilg
This initial trigonometric definition gives final result

—sin(pr +p2)  cos(pr + @2) (401)

2%2
| cos(p1 + )  +sin(pr +@2) |

[sin (I)lg = sin P12 -

Here
sin(py — 1) - sin(py + 1) = sin? Yy — sin? @y,
sin(ys — 1) + cos(a + 1) = COS g Sin Yo — COS Y1 Sin ;.

Condition ¢1 + @9 = 0 and its tensor form <i>1 + CTDQ — 7 determines the Cartesian
base of the diagonal cosine, i. e., the trigonometric base for angles ® and ®. Under
this condition all tensor angles and their trigonometric functions as well as all their
eigen reflectors have canonical forms determined in Ch. 5. Secants and tangents of
tensor angles have similar representations. The mirror of the mid-reflector (253) is the
mid-subspase of a tensor angle, it is clearly seen in the 2 x 2-cells considered above.

8.4 The general sine inequality

The sine ratio (135) defines the sine trigonometric norm of a tensor angle. It is nonzero
if the two lineors are completely linearly independent. From (227), (228) the following
internal multiplication criterion for at least partial parallelism or linear dependence of
two lineors of sizes n X r1 and n X r9 or planars (im A;) and (im As) is derived:

d@t GLQ = det [(Al‘AQ)I(AllAQ)] =0 & |{A1 /2}|Sin = 0. (402)

Similar to the cosine ratio, the sine ratio may be represented as direct product of sine
ratio (124) in each eigen planes according to the lineors sine trigonometric spectrum. If
lineors A; and A, are linearly independent, the superposition matrix (A;|As) has rank
r1 + 12 < n. Its external homomultiplication By g = [(A1|As)(A1]|A2)'] is a symmetric
positive (semi-)definite n X n-matrix. Due to (120) and (402) we have

k(BLQ, 1+ ?”2) = det GLQ > 0. (403)

Then, by the analogy with (135), through the external multiplication { By 2,71 + 72}
(or internal multiplication {G12}) of these two lineors of sine type, we obtain

A A} = M (ry + r9){ A1 As} _ k(Bya,r1+12)
MRl 2 () Ay - ME2(r) Ay k(ALAL 1) k(Ay Ay, 1)
In addition, due to (62), (159), and (163), for two completely linearly independent
lineors Ay and Ay (V' = 0), in the subspace of non-zero values of sin @1, there holds
= K5(Big,r1 +12)
By = By = 2
ST 2 k(Bia,m1 +12)

(404)

. (V' =0 = rank{sin®5} = r1 +ry < n). (405)
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Consider the trigonometric spectrum of the coefficient Ko(Bj 2,71 4 12) and express
it as the following algebraic sum with the use of the principle of binarity:
ri—v"
— —
Ky(Byg,m1+ 1) = Z 3 - Ky(Bi g, 11 +12) - ?z + Sq - Ko(Big,m1 +12) - Sa. (406)

i=1

_>
Here S; is the orthogonal projector into the defect subspace of intersections
(Py) = ({(im Ay Nker A}) U (im Ay N ker AL)) of dimension (ry — 1 + 20").
This coefficient may be represented also as the direct orthogonal sum
Ks(Bia,ri+r) = Y Bdet [(Ar|As) (A1 As) 7 TP Bdet (A A 178

j=1
B det (ApAL)(r2 =11+ V") X (ry = V) e = V) X (= V)
Eaz(n—ﬁ—m)x(n—ﬁ—?“z), (407)

where (as the illustration see Figure 2):

[(A1|A2)(A1\A2)’]?X2 is the nonsingular 2 x 2-matrix of rank 2, it corresponds to j-th

trigonometric cell, its highest matrix coefficient is evaluated by (29), and the highest

scalar coefficient is its determinant (their summary dimension here is 2(r; — v");

(AL A" and (A AL)Y"*¥" are the nonsingular matrices in the spectrum correspon-

ding to the subspaces (im A;Nker A)) and (im AyNker A}), their highest coefficients

also are specified as determinants;

z(n—ri—mra) X (0 =71 =72) ig the gero block; if v/ # 0, the dimension rises by 20/,
In the direct sum, the orthoprojector onto the image of homomultiplication B is

r—v"

Bo= Y B8
j=1

g2 —ri+20") x (rp=r+20") g z(n =11 —r2) X (n—r1 —13) (408)

With the use of the principle of binarity, from (407), (408) and (378), (379) we may infer
relations between higher scalar coefficients and direct products over the trigonometric
subspaces as in sect. 8.1. But the two latter for lineors A; and A, transform into
analogous formulae (387) and (389). Suppose in the sequel 79 > 71 (see Figure 2). If
lineors are completely linearly independent, then r1 + 79 < n and v/ = 0. For the i-th
trigonometric cell, due to (124) there holds

det [(A1|Ay)(Aq|Ay)2<2
et |( 1|2X22)( 1A42) LM <1, (409)
where ¢; is the eigen angle between the planars (im (A;A})7*?) and (im (AyA45)2*?)

of rank 1 (similar to one in cosine variant (395)). Further, evaluate the highest scalar
coefficient of matrix Bj o with the use of (407)-(409).

0 < sin?; =
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k(Bia,r1 +1re) =

= T det [(AufAs) (Ar|A) P2 - det (AL A" - det (Ag )T xrrit)
=1
= T 4500 it (A AL (A A P2 et (A AL det(Ay Ay e D<)
1=1
1=1

(here v values of sin® p; = 1, for i > r; — /"', are omitted.
Finally, the general sine inequality in the normalized form for lineors Ay and Ay of
size n x r; and n X ry follows from (404) and (410) (where @; € (0;7/2]):

r—v" . ./\/lt2(7“1 —}-Tg){Al‘A/}
< 20, = [{A1|A} 2 = 2 _
0_ H Sl @ |{ 1‘ 2}‘sm MtQ(Tl)AlMtQ(T’Q)AQ
— |DI(r + 1) sin 15| < 1. (411)

If n > 2, the inequality has only the normalized form. The extremal special cases are:
[{A1]|A2}| = 0 if the lineors are at least partially parallel,

[{A1|A2}| = 1 if the lineors are completely orthogonal.

If lineors Ay, Ay are equirank, then general inequalities (396) and (411) may be united:

0 < VHALA}Z s + 1/ {A1 A2} 3, < 1. (412)

This is derived with applying the algebraic Cauchy inequalities for the arithmetic and
geometric means to squared eigenvalues of the cosine and sine, and further summating
both the results. The right equality in (412) holds iff |p;| = const, i = 1,...r.

If two planars have the same rank 1 (straight lines) or n— 1 (hyperplanes), then the

tensor angle between these planars has exactly one trigonometric cell, it corresponds
to the unique trigonometric eigen plane. Then inequalities (412) are transformed into
usual identity cos? p + sin? ¢ = 1.

Consider a n x r-matrix A of rank r and its arbitrary partition into j column blocks
A = {A1]|As|...|A;}. This form of the matrix corresponds to the polyhedral tensor
angle, the sides of the angle are determined by the lineors Ay, ..., A;. If each block
consists of exactly one column, then the polyhedral tensor angle is r-edges. Apply the
general sine inequality j times sequentially to this block-matrix A, obtain

Mit(r)A < Mt(r)A;, - Mt(r)Ay - - Mt(r)A;. (413)

Equality holds iff the lineors (the vectors) are mutually orthogonal. Inequality (413)
is the most complete generalization of the Hadamard Inequality [28] of sine nature.
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Geometric norms of matrix objects

9.1 Quadratic norms of matrix objects in Euclidean spaces

Norms for matrices and matrix objects have as usually positive or non-negative values.
The geometric norms must be invariant under admissible geometric transformations in
the space containing the objects, including parallel translations. For example, homo-
geneous transformations in (Q"?) are determined by a reflector tensor: they are
trigonometrically compatible with pure rotations and reflections. In (£™) the reflector
tensor is an unity matrix. As both these basis spaces have the same Euclidean metric
(see in sect. 5.7), the geometric norms, defined in (£"), may be used in (Q"*9) too.

For objects of rank 1 (vectors) in arithmetic space (£"), the Euclidean norm of
length is naturally used. However, for objects of rank r greater than 1, the Frobenius
norm (i. e., a norm of the same order 1 similarly to Euclidean one) is only the first
special norm from the set of geometric norms of orders t (1 < t < r). That is
why defining geometric norms of higher orders (up to r) for objects of rank r is the
problem of great interest. In principle, there are two ways for defining a geometric
norm of a r X n-lineor A as the geometric object (or a r X n-matrix A as the algebraic
transformation).

Way 1. At first, an intermediate norm of homomultiplication A’A is evaluated, it
depends on eigenvalues o > 0 of this matrix. Then the norm of the original matrix
A may be obtained as the positive square root of the intermediate norm for A’A.

Way 2. A norm is defined in terms of positive eigenvalues o; of the arithmetic
square root v/ A’A. But evaluating this square root is a long and complicated process.

(If A =S is a symmetric matrix, then the results of both ways are equivalent.)

Thus, in the book, we use only way 1. Norms Constructed with this method are
called quadratic, as they are based on the set of eigenvalues o2. For example, symmetric
matrix functions cos ®, sin ®, tan ®, sec d are sign- 1ndeﬁn1te Thelr nonzero quadratic
norms depend on squared eigenvalues of cos? o;, sin® ¢;, tan? ¢;, sec? ;. Consequently,
they are the same for trigonometric functions of motive and projective tensor angles.
(For tensor angles, the general cosine and sine norms were defined in previous chapter.)

Correct definition of general and particular quadratic norms will be given with the
use of geometric analogies similar to (126), (127) in sect. 3.1 and of the general in-
equality of means, more precisely, its chain (11) for algebraic means expressed in terms
of positive Viéte coefficients (sect. 1.2). Our analysis of (126), (127) in section 3.1 gave
clear interpretation of the positive Viéte coefficients for matrices homomultiplication.
Remember, that algebraic means (and other ones), inferred from the positive Viéte
coefficients, form a hierarchical sequence. (As before, we use a bar to denote means.)
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Let A be a r x n-matrix A and rankA = r. Define its parametric and hierarchical
geometric norms of order £ and degree h as

|A[} = [ Z/k(AA D))" > 0, (414)

A = [ 2/k(AA, /Cl" > 0. (415)

Formally all these norms are regarded to be zero if ¢ > r and unity if £ = 0.
Parametric norm (414) with h = ¢ may be consider geometrically as ¢-dimensional
volume parameter for the lineor A, and with t = 1 as its length parameter — see formula
(127) in sect. 3.1. Hierarchical norms (415) may be consider as hierarchical medians of
order t = 1,...,7 and degree h, according to original chain (11) for scalar coefficients
of the matrix B = AA’ (see the general inequality of means in sect. 1.2). In particular,

AI[; = /det (A7A) = Mi(r)A = TTATE.

For quadratic nonsingular and singular matrices B, there hold:
|| Bl = \/det (B'B) = +/det (BB') = |det B| =||B||?,
1By = VK(B'B,1) = VK(BB',r B =||Bll;.

By the definition, any general norms for a matriz have maximal order ¢ equal to
its rank 7. If in (414), (415) h = r, then the general norm of a matrix is its minorant.
In that number, this definition belongs to general norms for the tensor cosine and
the tensor sine (projective and motive). For example, general quadratic trigonometric

norms of degree h = 1 are defined similarly with maximal order, according their ranks:

r—v’

H cos? Yi = A1|A2) cos — <1, (416)

0 <||cosPps||l = X/det cos? ®yy =

0 < || sin (1312| ‘r1+T2 = 20"1”?/2)1(7"1 + 7’2) SiIl2 (1312 =

ri—uv"

_ ritrr H Sin2 ;i = r1+ri/|(A1’A2) i S 1. (417)
i=1

These norms characterize binary tensor angles &)12 and ®9 between the lineors A4; and
Ay or between the planars (im Ap) and (im As) (the planars (ker A}) and (ker AjY)).
In its turn, the scalar characteristic

0 < || cos pll, = /{ B} < (418)

is the general trigonometric norm of degree 1 for the cosine of binary tensor angles
and ®p between the planars (im B) and (im B') (the planars (ker B) and (ker B’)).
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According to the Le Verrier-Waring direct recurrent formula or the Newton system
of equations (see in sect. 1.1), there exist only r independent geometric norms of each
type. Just norms (414) and (415) completely determine scalar properties of a linear
matrix object of rank r by these two set of its geometric invariants. The quadratic
geometric norm of degree 1 and order 1 is the Frobenius norm, for example:

1Al = Vir (A4 = |

k=1

2 _

n r

> o2 =|Allr >0, (419)
=1

where ajj, — elements of A, o7 — eigenvalues of A’A. The Euclidean norm ||al|g is
similar. Note, that a power manner for norms defining (in terms of eigenvalues of
V A'A) give the Euclidean and Frobenius norms as degree norms of order 6 with 6 = 2:

On the other hand, the two ways of norms defining (see above) are equivalent only
for norms of the greatest order, i. e., general ones:

IVAAll; = 2 sr(0) 27{/alef AA) = /M = V/sr(0y) — \/detVAA

(In particular, this holds, if » = 1.) In general, way 2 of norms defining demands
computing a matrix arithmetic square root through eigenvalues of A’A. Way 1 defines
norms propositionally in terms of scalar characteristic coefficients of the same internal
homomultiplication A’A (i. e., not directly in terms of eigenvalues of A’A). This is the
essential difference between the two ways and the reason for choosing the first one.
The Frobenius norm of order 1 and degree 1 is the invariant of length. The general
norm of order r and degree r (the minorant), is the invariant of r-dimensional volume.
The characteristic || A||L = [|A]|! is the invariant of degree 1 of this volume (the general
hierarchical norm). The geometric norms || Al|} (the small medians) form the hierarchy

in order of ¢ values (1 <t <r) corresponding to inequality chain (11) — see sect. 1.1.
The hierarchical quadratic trigonometric norms of ordert = 1 are defined similarly:

tr COSQCD _— tr sin® ®
HCOS<1>H1—\/ HSHI‘I)lH:\/—-

Taking into account (182) and 264 , we obtain also with ¢ = 1 the simplest invariant:

|| cos @[3 + ||sin®@||? = 1. (420)

Quadratic trigonometric norms of the greatest order are defined as (416) and (417).
If chain (11) consists of mean invariants of a tensor trigonometric function, then (12)
contains mean invariants of the inverse function (with respect to multiplication). The
hierarchical invariants of the spherical cosine and sine range in [0; 1], that of the spher-
ical secant and the tangent range in [1;00) and [0; 00).
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9.2 Absolute and relative norms

Consider definitions and properties of various geometric norms for matrix objects. Let
A be a complex-valued n x m-matrix of rank r. It represents algebraically a certain
geometric object such as either as an 1-valent tensor in (A"), m < n, or as a 2-valent
tensor in (A™") m = n.

For a complex-valued n x m-matrix A of rank r, its absolute geometric norm of
ordert, 0 <t < r, and degree h is the scalar characteristic ||A]|" with the following
defining conditions:

a) [JAllf = [IJA[}]" >0 if 1<t <,
2) Al =1 i =0,
a’) ||A|[F =0 ift >,

b) [le- Allf = |el* - | All¢,
o) [|U- A- Dol = [IA]l,

(
(
(
(
(
(d) 1141} = [1A]l¢-

For example, (414)—(419) are definite absolute geometric norms. If the symbol " >" in
defining condition (a) is replaced by " > " | then such norms are called semi-definite
absolute geometric norms of order ¢ and degree h. They are used only for square

matrices B representing 2-valent tensors and denoted as |{B}|!. Their examples are
{BYi =1k(B.)] 20, {B};=I[k(B,r)| =0, {B}i=[tr B[>0. (421)

A relative norm of order t and degree h is the ratio of a semi-definite absolute norm
and definite one. They are always dimensionless and have here trigonometric nature.
Examples of relative norms of order ¢ = r are the cosine and sine ratios introduced
in Ch. 3. These geometric norms are called general if t = r and particular if t < r.
General norms were interpreted before. Reveal the geometrical sense of particular ones.

9.3 Geometric interpretation of particular quadratic norms

Consider particular norms, using as clear model, the particular cosine ratio (i. e., under
condition t < 7). The general cosine inequalities (396), (398) and the cosine ratios
corresponding to these inequalities may be further developed and their quasi-analogs
for orders ¢ < r may be inferred.

Let A; and Ay be n x r-lineors. For each j-th subset of ¢ columns, j = 1,...,Ct,
choose the pair of n x t-submatrices {A; }; and { A2 }; with the same subset of columns.
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Write down all the submatrices { A }; one under another and do the same with {As};.
This operation transforms A; and As into the pair of ranged nC? x t-lineors of rank t.

For each pair {A4;}; and {As};, the cosine inequalities similar to (396), (398) hold:

—1 < det {A} Ay} <\/det (AL Ay); -y det (AgAg)j) < +1.

The numerator of the fraction is the j-th principal minor of order ¢ of {A} Az}, as the
internal multiplication of {A4;}; and {As},. Summate separately j numerators and j
denominators of these inequalities, we obtain from two sums a united inequality (that
is generally a Rule of summing homogeneous fraction inequalities, i. e., with constant
left and right constraints and positive denominators, in a united fraction inequality):

Ct
1< Zj;1 det {A}As}; <41
TS5 det {ATALY; - \/det {AL ALY,

Further, apply to the denominator the geometric (cosine) Cauchy Inequality for a
paired set of positive numbers, obtain the following intermediate inequality:

Ct
- det {AjAs};
1< 2‘74 {Al 2}J < 41
Ct Ct
VIS det {4341} S det {440},
Using (120) and (121), obtain the particular quasi-cosine inequalities in the sign form:

T VEAALY) R As 1) R(ALALE) R (A A 1) T

The quasi-cosine inequalities in the signless form define the particular relative norms:

1{A1 AL}}
0< <1 (1<t<r) (423)
[ Ax|]f - || Azl

Trigonometric sense of the quasi-cosine ratio as a norm of order ¢ < r is explained

with its inference, it is connected with ranged lineors. If ¢ = 1, then

tr (A} As) tr (A1 AL)

1< _ <41, (424

SV v R v R v BV v R
(AL

0< < 1. 425

< AT 1Al S (425)

From these inequalities the classical triangle and parallelogram inequalities for the
Frobenius norms (¢ = 1) of the original n x r-lineors follow:

A1 + Aof[i < [[Aslly + [ 421 (426)
| 1Al = 1142l | < 1A £ Aol < [[Au]]7 + [ Ao ]5- (427)
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These particular inequalities are of linear nature. They define the Frobenius norm of
lineors as an invariant of extent (or length for vectors). However, particular inequalities
(422), (424) and (426), (427) characterize the lineors A; and As if r > 1 not directly,
but in terms of ranged nC? x t-lineors {A; } and {As}. For illustrations, get Frobenius
norms: they describe these lineors in terms of ranged nr x 1-vectors a; and ay:

1AL = llaulle, (142l = lJaolle, (1AL + Al = |lar £ ao|£3
tr (A} - Ag) =tr (4; - A) = ajjas.

Consequently, the Pythagorean Theorem for the Frobenius norms of the lineors Ay and
Ay holds iff ranged vectors a; and ay are orthogonal:

ajay =0 =tr (AjAz) < [JA1 £ Aof[i = [J AL} + [ Azll7. (428)

Similarly, from the trigonometric point of view, particular quasi-cosine ratios (423)
and (425) as relative norms characterize also tensor angles ®15 and ®15 between the
lineors A; and As not directly, but only in terms of ranged lineors {A;} and {A,}.

9.4 Lineors of special kinds and simplest figures formed by lineors

In the lineor Fuclidean space (E™), according to (130) in sect. 3.1, an n x r-lineor
(of rank A =r) may be represented in the unambiguous quasi-polar decomposition:

A={A - (VAA) '} VAA=Rq-|A],

where |A| = VA’A is the r x r-matriz module of the original n x r-lineor A, and
Rq={A-(vVA'A)~") is its own quasi-orthogonal lineor. This decomposition is similar
to one for a vector: a = e - |al, where |a| = va’a = ||a||g. The r x r-matrix module
of the lineor is similar to the scalar module of a vector, but with respect to the set
of r basis unity vectors {e;} = Rq in (£"). These vectors determine independent
directional axes in (™) of the given n x r-lineor A. Consequently, there hold

Vi

AA'=Rq-Rq¢ = Rq-Rq, Rq-Rq=Rq"-Rq=1I, (R{=Rq").

Each lineor formally belongs to its basis planar: A € (im A) (as a € (tzm a)). The
condition (154) determines the set of coplanar lineors with respect to the basis planar
(im A;y) (for the vector as this condition is ag € (im Ayp)).

FEquirank lineors (r4 = r = const) with the same basis planar (im A) form the
complete set of colplanar lineors with respect to the basis planar (im A). If r = 1,
they are collinear vectors. Two equirank lineors are colplanar iff they satisfy (153). The
complete set of colplanar n x r-lineors (AC) with respect to the basis planar (im A)
is parametrically determined with a free nonsingular r» x r-matrix C' by relation

yi

AA' = (AC)(AC) = Const. (429)
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Colplanar lineors Ay are defined by the following invariant relations:

:4kA ququ Rqy.- Rq,, = AA = Constypxn, Rqy.- Rqp = Lxr = Constyx,. (430)

Further, in the set of colplanar lineors (A), separate the subset of coaxial lineors.
They are defined stronger with additional condition Rq; = Rq = Const = {e;}. Such
lineors differ only by their matrix moduli |Ag|. If A;, A are coaxial lineors, then

|Ay £ As|* = | \A1|i|A2H (JA1| £]As))?, AjAs = |Ai|-|Ao|, AS- Ay = |As]-|A4].

Let A; and As be equirank lineors, may be linearly entirely independent or not,
but under the same conditions (224) and (230), and lying in their own basis planars
(im Ap) and (im As). Then the oblique projector Ay A5 exists. Using formulae (186)
and (187) from sect. 5.2, and (226) from sect. 5.4, we obtain:

:4114/2 = }%quqé = qu qu - SecC @12 = Sec (ilg . R(]Q Rqé (431)

Expressions (430) and (431) may be useful in QR-factorizations of lineors with
similar conditions. They can be illustrated easily and visually on the simplest unit
lineors e; and ey, as we have done earlier too.

In conclusion, define also rotationally congruent lineors:

AQ = Rot &5 - Al = {RQQ = Rot ®q9 - qu, |A1| = ‘A2| = |A‘} (432)

Such lineors differ only by their quasi-orthogonal lineors Rgj.
For these lineors A; and Ay we have these symmetric matrix module expressions:

’Al + A2‘2 =4. |A‘2 . [([ + cos @12)/2],
|A1 + A2|2 =4. ‘A|2 : SiHQ((I)lg/Q), (433)
|A] — A =4 - |AJ? - cos?(P12/2).

With the use of parallel translations, rotationally congruent lineors A; and A, form
a 2r-dimensional rhombus. In particular, centered equimodule vectors are rotationally
congruent. If 15 = 7/2; then these lineors form the following 2r-dimensional square:

|A + Ay = V2 |A.

One may construct from such lineors corresponding triangles, parallelograms and
so on. Thus lineors, as well as vectors, can form, but more complex, geometric figures
with various geometric properties. Euclidean and quasi-Euclidean spaces of lineors
(lineor spaces) have, as well as vector spaces, valency 1.
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Complexification of tensor trigonometry

10.1 Adequate complexification

Complex-valued projective and motive spherical angles are expressed adequately in
terms of real-valued spherical and hyperbolic tensor angles in the following forms

U=0+il, (V=0—4); W=>0+il, (V=—&4iT); b=, +ivy;, (434)
where & = @, "= —T; & = —®, IV =T (see the angles in Chs. 5 and 6).

In a complex n-dimensional Euclidean space, tensor trigonometry is realized with
the use of adequate complexification (sect. 4.2). Complex tensor angles have their
transposed forms indicated above. All geometric notions and formulae except norms
and inequalities stay valid and do not change. In particular, complex minorants and
complex matrix modules are evaluated with the use of transposing.

Complex numbers +c and —c have the analogous adequate complex module, it is
evaluated also in terms of ¢ by Moivre formula:

+c=+p(cosa+isina), 0<a<m,
(£c)* = ¢ = p*(cos 2a + isin 2a) = p*(cos f +isin B), 0 < B < 2,
| + ¢| = |¢| = p(cos(B/2) + isin(S/2)) = p(cos a + isin ). (435)
It is seen that |¢?| = 2.
The adequate matrix Euclidean module |A| = vV A’A of a matrix A (sect. 9.4) is

evaluated with intermediate diagonalization of its interior multiplication and complex
orthogonal modal transformation:

R -AA-R=D{AA}={0}}, o =pi(cosBj+isinf;)=lo;|>, 0<p; <2m.

From this, by Moivre formula, we obtain
loj] = pileos(8;/2) +isin(B;/2)], A= R-{lojl} - R, |AP = A'A.

In the adequate complexification variant, all geometric characteristics, in particular
angles and their trigonometric functions, are decomposed into real and imaginary
parts, though each whole characteristic may be represented in the most suitable form.
The adequate variant in its simplest form is used in complex-valued Euclidean plane
geometry, in particular, in scalar complex Euclidean trigonometry. In general case,
complex squared identity (142), in that number in variant of the sine-cosine Lagrange
Identity for two vectors, does not change. The scalar sine and cosine ratios in (124)
and (141) may be used for evaluating of the complex angles between two vectors and
their trigonometric functions. The general scalar ratios (135) and (140) have also their
adequate complex-valued forms.
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10.2 Hermitean complexification

In the Hermitean space, Hermitean complexification of real-valued Euclidean geometry
with tensor trigonometry is used (sect. 4.3). A projective spherical tensor angle is an
Hermitean matrix H = ®+il’ = H*, where ®* = &, T* = —I. Its cigenvalues are real
spherical angles £n; and zero. A motive spherical tensor angle is a skew-Hermitean
matrix K = ® +i[' = —K*, where &* = —®, I = T" (Chs. 5, 6). Its eigenvalues
are imaginary pseudohyperbolic angles +in; and zero. Hermitean modules of linear
objects are positive definite. Normalized general inequalities (Ch. 8), geometric and
trigonometric norms (Ch. 9) preserve their real positive forms in Hermitean variants.

The principle of binarity also stays valid in complex adequate and Hermitean vari-
ants of tensor trigonometry, as all its preliminaries do hold.

Hermitean analogs of cell formulae (399) and (400) in sect. 8.3 are inferred with
analogous complex-valued unity vectors. Here the two sides of the tensor angle ;2 be-
tween planars (im A;) and (im As) of rank r are represented at the level of elementary
trigonometric 2 X 2-cells as unity eigenvectors:

CoS (1
sin o

COS (v9

u; = .
SN (vo

Uy =

where
cosa-cosa +sina -sina =1,

cosa = cosn - expife, sina = sinn - exp i3,
cos o - COSa = cos> 1, sina - sina = sin’ n;
< <
o12%x2 3 ) 22 22
[cosHip]** =uy-u] +ug-uy — [ =uy-uj+ug-uy — 777 =

COS (v - SIn ary + CoS vy - Sin vy _
sinqq - sinaq + sinay - sinay — 1

COS(v1 + COS (Y] + COSvp - COS g — 1
COS (V] - SIn @y + COS (g - Sin Qo

_ {Hcll 51 ]
S1 —|Cl‘ ,

—det [cos 7:[12]2><2 = |01\2 + 518 = cosQ(ng —m)— A= cos’ M2,

A = (1/2) -sin(2my) - sin(2n2) - [1 — cos(B,, ) cos(Se,) cos(Bs,) cos(Bs,];

Z

Vi
. ~ 22 N N
[sinHio)"** =ug-ujy —uy-uj =ug-uy; —uy-uj =

COS (v - COS ¥y — COS (¥1 - COS (/1

COS vy - SIN (vg — COS g - Sin oy ] [ —lso] @

COS vy * SIN (xg — COS (7 - SIN (v | SIn @vg - SIn (rg — SIN g - SIN Q1 cy |9

—det [Sin”;':[lg]QXZ = |so|* 4+ ¢z - G = sin®(1y — m1) + A = sin? nyy.

For the residue A we have A = 0 < cos(f,,) cos(fe,) cos(fs,) cos(fBs,) = 1 = | cos B|;
A=0 & me=mn—mn, A#0 < na#m—mn. (436)
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The cell forms with respect to the trigonometric base (see sect. 5.5) are

+1 0 0 +1
0 —1 +1 0

In the Hermitean variant, all canonical W-forms of tensor trigonometric functions are
real-valued and do not change. They are constructed with complex unitary modal
matrices Uyy. In an Hermitean plane and with respect to the trigonometric base (of
the diagonal cosine), Hermitean shift of paired functions (cosine-sine, secant-tangent)
at a phase angle 5 may take place — see respectively (179) and (259):

[cos H12)?*? = cosmua - [ ] . [sinHi9)?*? = sinny - [ } . (437, 438)

Eap (=i8/2)- Ref {B'B}, - Exp (+i8/2) = Ref {B'B}.,  (439)
Exp (—if/2) - Rot {H}, - Exp (+i/2) = Rot {¢}., (440)
i. e.,
€xp _;ﬂ 0 i cos sin exp +;B 0
(0 ) exp (Jr;ﬁ ) ' J;in"n _Cog” ' . (O ) exp (ijﬁ)

+ cosn sinn - exp(—if)

sinn - exp(+if) — CoS 7 ’
exp (_2“3) 0 | | : s — sinm . exp (+2iﬂ> 0 |
0 exp (Jrgﬁ) +sinnp  cosy 0 exp (722[%)
B cosn —sinn - exp(—if)
B +sinn - exp(+if3) cosn

That is why the Hermitean trigonometric base should lead to the diagonal cosine as
before and also to real-valued W-forms. In each eigen Hermitean plane (at the level
of each 2 x 2-cells), Hermitean shift at a phase angle § may be eliminated with the
special unitary rotational modal transformation Fxp (i8/2), and as final result with
reducing in real-valued canonical forms of tensor trigonometric functions.

Hermitean analogs of Cauchy and Hadamard Inequalities (of cosine and sine types)
with complex trigonometric identity (142) for coordinates of 2 vectors or in general of
2 lineors are inferred with the use of Hermitean transposing in their internal products.
Hermitean spherical angle is a composite function of the linear objects coordinates.
But in its trigonometric base, the tensor angle have the real-valued canonical form.
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10.3 Pseudoization in binary complex spaces

Consider pseudoization as the important special case of adequate complexification of
real-valued algebraic and geometric notions (see Ch. 4). Fix a binary complex affine
space (A"*7), of index ¢. In any admissible binary affine base, this space may be
considered as linear one. In particular, with respect to a certain affine pseudounity
base Fj, the space (A" is the direct sum of the real and imaginary affine subspaces:

(A", = (A™) @ (i A7) = CONST. (441)

Here the sum space and dimensions of summand subspaces are constant. In (A"*9),
we admit linear transformations V' preserving the binary structure:

vV E, E

Vii Vg [z Vit £V
[ngl Voo ] ' [ZQXn :tz']qxq] - [ngl +iVay ] , det Vig 7 0. (442)
First n columns of the base matrices generate (A"), other ¢ columns generate (1. A%).
The modal matrix V! has the same structure, this matrix transforms an arbitrary
binary base E into the simplest, i. e., diagonal (pseudounity) base E, and performs a
passive modal transformation of a linear element: z{E} =V - z{F,}.

The binary local complex trigonometric bases are expressed in the left and right
mutual forms connected with the local real-valued trigonometric base Ey = {I} by

pseudounity modal matrices:

Eor = o | B= (P I =R {1} ={Ra},  (413)
Bo=| L0 | B=(E)R l= Ra- {1y = {Ra). (444)

With respect to an admissible binary complex base E, a linear element and the
whole space are direct sums of their real and imaginary affine projections:

z:x@iy:[;;]. (445)

The space (A""9), is affine, and hence the translations in it at linear elements (445)
are admissible, and hence the space is homogeneous.
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Right local base (443) is identical to one in (271) and used in canonical forms of
pseudohyperbolic trigonometric matrices with angle eigenvalues —ip; = ¢;/(41) (see
sect. 5.9). The sign "minus" at angles is due to the multiplier +i at ordinates.

Left local base (444) represents canonical forms of trigonometric matrices in the
pseudospherical variant of tensor trigonometry with angle eigenvalues +ivy; = v;/(—1).
This base is identical to inverse (271), i. e., with the multiplier —i at ordinates.

The modal transformation translates into base Ey (443) similarly (322):

(V) VIF

1 0 cosp;  —sin; 1 0 -
0 —i +sinp;  cosp; 0 +i o
. cosp;  —ising; . cosh(—ig;) sinh(—ip;)

—ising;  cosg; sinh(—ip;) cosh(—ip;)

And the modal transformation translates into base Eyy (444) similarly to (323):

Ve V)

1 0 ) coshy; sinh+; ) 1 0 .
0 +i sinhvy; cosh~; 0 —i o
coshy;  —isinh~; cos(iy;)  —sin(iv;)

+isinhy;  coshw; +sin(ivy;)  cos(iv;)

Accordingly, in Ey and Eyy of (Q"9),, we have the mixed pseudoized angles in two

forms: 7, B (—ip;) and ¢; Biv; (at the counter-clockwise angle ¢) — see sect. 6.1 too.
Express coordinates of linear elements (445) in (A"9),. with respect to base (444).

Define in Eyy the scalar product for elements z (445) in (Q"*?). as in Euclidean space:

2 {1 29 = 770 = X| - X2 + 1y - lys = X[ X2 — Y]y
This is valid in the special complex quasi-Euclidean space with index ¢, its metric is
as if Fuclidean-like; but it is either real-valued or zero or imaginary-valued. First this
construction (with n = ¢ = 1) was made by H. Poincaré in his group variant of the

relativistic theory [47]. The space is binary, it is the direct spherically orthogonal sum
of the real-valued Euclidean subspace and the imaginary-valued anti- Euclidean one:

(Q"T9), = (£") B (i€?) = CONST & (P"1) = (E") K (£7) = CONST.  (446)

Here H and X stand for direct spherically and hyperbolic orthogonal-like summation.
Admissible transformations in these space are determined by the reflector-tensor {I*}.
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Tensor trigonometry of general pseudo-Euclidean spaces

11.1 Realification of complex quasi-Euclidean spaces

Return to binary complex quasi-FEuclidean space (446). It is defined by the unity metric
tensor {I*} and the reflector tensor {I*}; its trigonometric base is Fgy. Further,
apply to the complex-valued space (Q"7),. realifying here modal transformation (443),
i.e., R. = (vI¥)p (the transformation has contrary to (271) sense):

Ep ={(VI*)p'} = (VIF)p-Ep=E ={I}, (VIF)p' -zp=u  (447)

The modal matrix is not admissible as v/I% -/T= # {I*}; it transfers into a realificated
pseudo-Euclidean space (P"T) of index ¢ with the metric and reflector tensor {I*}.
Its quadratic metric is pseudo-Euclidean. The scalar product for the same element is

Zty - 70y = [(VIF)p -] - [(VIF)p -u] = u’ - {IT} - u = const. (448)

So, the spaces (Q""9). and (P"7) are isometric and expressed only in different forms!
Now the same element is expressed in the base Ej, and it is denoted as u. The new
metric tensor {I*} in this coazially oriented space (P"4) is also its reflector tensor!
Realification (Q"™). — (P"*9), with introducing the metric tensor {I*} at ¢ = 1
was suggested by H. Minkowski in 1909 [49], at the beginning into space-time (z, ct).

Further, realize next and also isometric modal transformation in the similar binary
space, but with an affine base E, connected with E; = {I} by the constant binary
real-valued modal matrix V. Matrix V is not compatible again with the former metric
tensor {I¥}. We have the sequential transformations of the original base and element

E=V-E, E,=WI%p- Ep, (449)
w=V"' (VIF 2 = [(VIF)p - V] 200, (450)

Now the original element zgyo is expressed in the affine base E , it is denoted as w.
The inverse modal matrices of the passive transformations are written in direct order
for sequential ones. The scalar product of this element, as its immanent characteristic
at isometric space transformations, does not change with respect to the new and now
affine base E, the metric reflector tensor (with the same reflector tensor) {I*} does
change into the new certain symmetric metric reflector tensor:

Zhy - 20y = [(VIF)p -V -w] - [VIF)p - V-w]=w - {V' - I*.V}.w = const. (451)

What is important, in fact, the binary basis space (P"1)) is preserved again, because
we introduced in it only other (affine) base with one-valued linear transformation V.
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Let V' # Const and respectively to its changing the metric reflector tensor does
change too, because it is subjected to the permanent general congruent transformation

{(GFY={V'- [T -V} ={V'- IF . VY ={GF}, (V& {GF}). (452)

Then the new metric tensor operates in Special curvilinear coordinates in the binary
space with Riemannian local metric due to function {GF}(w). Its mutual tensor is

(GHy={GTY ' ={v . [F. v (453)

The binary space with this variable local metric and with zero Riemannian—Christoffelian
curvature is isometric and topologically equivalent to (P"?), where latter is the basis
space by the definition. Curvilinear and pseudo-Cartesian coordinates act in such flat
space. However, if the curvature is non-zero, we have the pseudo-Riemannian space.
These binary spaces will be used in Chapter 9A. The geometry, if V' = Const, may be
considered as linear mapping of a pseudo-Euclidean one in admissible affine bases:

<Eaf> = <Ta > E (454)
with the constant metric reflector tensor G*. There holds
Top AV - I7 -V} - Ty =T, - {G*} - Ty = {G*}. (455)

Equalities det T,y = %1 follow from (455). We define the group of affine continuous
trigonometric transformations (T, s) with respect to G= by more exact conditions:

T,;-{G"} Ty = {G*} = Const, det T,y = +1. (456)

Due to (448), the metric tensor {I*} is identical to its mutual analog. This con-
dition, generally, is G = G’ = G~' — {GT} = {V/T}g. Hence, in any metric space
(P"*4) and only in them, contravariant and covariant coordinates are identical, in
particular, if ¢ = 0 or n = 0. That is why pseudo-Cartesian bases are uniquely appli-
cable in (P"9). The metric reflector tensor {v/I}g is the general variant of ones in a
pseudo-Euclidean space, its metric has no linear distortions.

11.2 The general Lorentzian group of pseudo-Euclidean rotations

In (452) put V' = R, this spherically orthogonal transformation is not compatible with
the simplest metric reflector tensor {I*} too (sect. 6.3). Then we obtain the following
metric reflector tensor in the general form, what is identical to its mutual analog:

{R'- IR} = {VI}s = {VI}s = {VI}5" (457)

Here {V/1}g is a symmetric certain square root of I. Formula (457) describes a metric
reflector tensor of the non-coaxially oriented pseudo-Euclidean space (P"*9) as well as
a reflector tensor of the similar quasi-Euclidean space (see in sect. 6.3).
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According to (253), (330) and (449), the orthogonal matrix R in (457) is contrary it
its sense to the modal matrix Ry, i. e., here may put R’ = Ryy. Then the group (T') of
rotational trigonometric transformations in (P"%1) is determined by conditions (456)
with the new metric reflector tensor {v/I}g as follows:

T - {(VI}s-T={VI}s=T -{VI}s-T' = Const, detT =+1. (458)

In (P"*4), admissible transformations may be defined in terms of internal or external
products, what is equivalent to the identity of contravariant and covariant coordinates:

T - {VI}ts - T={VI}s «T -{VI}s-T-{VI}s=1
ST {VI}s-T-{JVI}s- T'=T (459)
S {VI}s - T-{VI}s-T' =1 < T-{VI}s- T ={VI}s.

The relation 7/-{v/T}s-T = T-{\/I}s-T" = {\/T}s is pseudo-analog of Euclidean one
R-R=R-R =1. But, if V =1 in (452), we have again the coaxially oriented space
with the metric reflector tensor {I*} and admissible trigonometric transformations:

T -{I*} - T={I*}y=T-{IF} - T' = Const, detT = +1. (460)

In (458)—(460) the set (T') is called the Lorentz continuous group of homogeneous
transformations in (P"*9). (Its complex analog exists for the binary complex pseudo-
Euclidean space (P"9).!l) The groups (T') and (T,y) are isomorphic and homothetic:

VT vy (Ve E VY (VT V) =V TEVY, (Th) = VLT V. (461)

An absolute pseudo-Euclidean space with respect to its metric reflector tensor {\/7 }s
may be represented in any its pseudo-Cartesian base Ej by the hyperbolically ortho-
gonal direct sum of the two real-valued relative Euclidean subspaces:

(prray = (£mW K (£9)F) = CONST. (462)

Moreover, the real-valued subspace (£7) is obtained as result of realification (447) from
the imaginary anti-Euclidean subspace (i£%). In original complex variant, the absolute
quasi-Euclidean space (Q"*7), is represented in any its quasi-Cartesian base {Ek}c as
a spherically orthogonal direct sum of the Euclidean and anti-Euclidean subspaces:

(@), = (eMW @ (;€7)®) = CONST. (463)

Here and in the sequel, HH and X stand for spherically and hyperbolically orthogonal
direct summation with respect to a metric reflector tensor. In the both absolute spaces
decompositions, these paired summands as the orthogonal complements of each other
(in admissible bases Ej) are connected one-to-one functionally, as (£7) = Y(£") and
(EM) = YHEY). These subspaces are relative, but the whole space is absolute | Here
Y (X) is the matrix function, connected one-to-one these two spaces. So, for example,
we have y(x) = a —x +> x(y) = a — y, where a is an absolute.
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For 1-valent tensor objects, internal and external multiplications (in the certain
base F =T - Fy) are determined as follow:

a’l-{li}-agzclg, All‘{li}’A22012;
(464)
\/Ii-T-(alaz’)-T’vI :Blg, ‘\/]i'T'{Al é}'T’\/[ :B12-

Note, that a, A, T" and {I*} must have here an unified compatible binary structure.
These multiplications are translated into original complex quasi-Euclidean space (463).
Thus they may be used in Euclidean geometry including its tensor trigonometry!
Hence, a metric reflector tensor in the space (P"?) executes the following operations:

e it defines the space binary structure,

e it determines the admissible transformations,

e it translates internal and external products into the original space (P"*9)..

In particular, by this way the following analogs of (120) and (121) are inferred:

C12 — tr Blg, k(Clg,t) = k(Blg,t);
a - {ITY-a=tr (VIE-T-aa - T -IF); (465)
K[(A-{I*} - A),t] = K[(VIE-T - AA - T - VI%) 4.

These scalar characteristics of admitted vector and lineor objects in a pseudo-Euclidean
space are their real-valued pseudonorms, in addition to semi-definite norms of sect. 9.2.
For t = r, define the pseudominorant and the pseudodianal:

MpPA(r)A = k[(VTE - T - AA - T -1, 7] = det (A" - {IF} - A),
(466)
Dl(?”)Blg = ]f(Bm,?”) = det 012.

Rotational matrices and reflectors compatible with a metric tensor do not change
internal multiplications (464) and scalar angles in W-forms of projective trigonometric
functions of tensor angles between linear objects (vectors, lineors, planars). Note, that
in (P"*9), reflectors as well as projectors may be also spherically, hyperbolically, or,
generally, pseudo-Euclidean orthogonal. The same relates to geometric objects too.

1-valent tensor objects are pseudo-orthogonal if Cio = Z, this is similar to (155);
and they are at least partially pseudo-orthogonal if detC1o = 0, this is similar to (229).
If two objects are spherically orthogonal, then they both are either in (™), or in (£7).
If two objects are hyperbolically orthogonal, then one of them is in (£™) and another
one is in (£7), and this is true for decompositions of (P"*9) into its relative subspaces.

Also hyperbolic and spherical analogs of eigenprojectors considered in Ch. 2 operate
in this space as shown, for example, in sect. 6.3.

The set of universal bases is identical to the set of orthospherical rotational matrices
compatible with I* with respect to the trigonometric base E; = {I} — see (352):

(E1,) = (Rot ©) - {I} = ({Rot ©}),

Rot' © - {I*} - Rot © = {I*} = Rot © - {I*} - Rot' ©. } (det Rot © = +1) (467)
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The scalar angles in trigonometric rotations (460) and invariant scalar angles bet-
ween linear objects (in W-forms) are real-valued numbers, they may be spherical (0y)
or hyperbolic (7;) compatible separately with the constant-sign or alternating-sign
parts of the metric reflector tensor I=. In their W-forms, these structures correspond
to exactly pure rotational trigonometric types considered in Chs. 5 and 6:

T = {Rot (£0)}can (1%}
cosf, Fsinb, +1 0
+sinf;, cos6, <~ 0 =+1 ’ (468)

T = {Roth(£T) Yeun

cosh~y; Z£sinh~y; +1 0
+sinhvy; coshy; < 0 =F1 ' (469)

These structures generate with not admissible modal transformation Ry, two pure
types of general rotational matrices determined with respect to reflector tensor (457)
as in (458) and a certain new base. These types are orthospherical and hyperbolic:

Ry - {Rot O} can - By, = Rot © =Ty, (T(y)- Ty = Tpy - Tjyy = 1), (470)
Thy A5} Ty =T} =Ty {17} T, det Ty = +1;

RW . {ROth F}can . R%V = Roth I' = T(Q), (T(g) = T(,Q)), } (471)

T(Q) . {]i} . T(Q) = {]i} = T(Q) . {]i} . T(Q), det T(Q) = +1.

Modal matrices Rf;, not compatible with {/*} change it as in (457) and condition (460)

into (458). Thus the group (T') contains as pure types Rot © and Roth I" (Ch. 6).
Generally, an arbitrary transformation 7" may be a composition of them with respect

to certain unity base E) of their definition:
T=--. ROt G(t—l)t . ROth F(t—l)t et (472)

All hyperbolic rotations in their trigonometric cells, by (469), must correspond to
two different blocks from the positive and negative unity parts of the reflector tensor.
If ¢ = 1, the elementary hyperbolic rotations with frame axes are (363) and (364).

All orthospherical rotations must be compatible with the positive and negative unity
parts of the reflector tensor as indicated below:

Rot © I*

Rot @nxn Znxq +In><n Znxq
Zaxn Rot ©%%4 ] ) [ Zaxn  _[94%q ] (473)
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According to (462), the pseudo-Euclidean space has binary structures determined
generally by the reflector metric tensor {\/7 }s and pseudo-Cartesian bases Ej.. In this
space, an 1-valent tensor is decomposed in the two hyperbolically orthogonal projec-
tions into (E™)*) and (£9)%); a 2-valent tensor is decomposed in the homogeneous
n x n-biprojection into (£")*) and ¢ x g-biprojection into (£7)*)), and the mixed
n x q and ¢ x n projections into (£")*) and (£9)(*) transposed to each other.

A metric of the pseudo-Euclidean space, centralized with respect to any admissible
base, partitions the space into three subspaces. For metric tensor {I*}, the middle of
them is the following dividing conic hypersurface of the 2-nd order:

pPPu)=> 2= yi=px)—py)=0, or p’(w)=u'-{I*} -u=0.

The hypersurface is invariant with respect to Lorentz bases transformations (460).
According to this equation, the metric p(u) is zero over all of the dividing conic
hypersurface. Its generating lines are central middle straight rays. This hypersurface
divides (P"*?) into its invariant conic internal and external cavities (if n > ¢q) called
the internal and external isotropic cones. The vertex of these isotropic cones with this
hypersurface is the origin of all the centralized admissible pseudo-Cartesian bases.

For visuality and determinacy, we choose an universal base Ej for trigonometric
descriptions with the use of this dividing hypersurface and these two cones (at n > q).
The external isotropic cone (p?(u) > 0) is the open region outside the dividing conic
hypersurface, it is also the union of the subspaces (£")*) in decompositions (462).
The internal isotropic cone (p*(u) < 0) is the open region inside the dividing conic
hypersurface, it is also the union of the subspaces (£9)*) in decompositions (462).

The set of admissible rotations in the space (P"9) with respect to any centralized
pseudo-Cartesian base consists of the two connected subsets of Lorentz continuous
homogeneous transformations inside and outside the dividing conic hypersurface, what
stipulates isotropy of these internal and external cones. In general, these motions of
any tensor objects have hyperbolically orthogonal homogeneous and mixed projections
into instantaneous (")) and (£9)(*) (see above), i. e., these motions realized always
in these two instantaneous isotropic cones. Hence, (P"*9) on the whole is isotropic
too for any admissible motions. On the other hand, the parallel translations into its
any point are admissible too, and stipulates homogeneity of the space (P"7).

If ¢ = 1, then (P"*1) is the Minkowski space (see in Ch. 12) with its internal double
isotropic cone (p?(u) < 0) and external circle isotropic cone (p*(u) > 0). In special
theory of relativity (STR), the double internal isotropic cone, where u is time-like, is
formed by the upper and lower conic parts so called the cone of the future and the
cone of the past, i. e., in accordance with the positive and negative directions of the
ordinate 7(k)—axis. These parts are situated inside the dividing conic hypersurface, in
STR called the light cone. They are the union of the ordinate 7(k)—axes. The external
circle isotropic cone, where u is space-like, is the union of the spaces (5”>(k).
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11.3 Polar representation of general pseudo-Euclidean rotations

Any composite continuous transformation (460), for example (472), of some geometric
objects in the internal and external cavities of an isotropic cone, with respect to an
universal base Ej, may be reduced to the non-commutative product of a hyperbolic
rotational matrix and orthospherical one in the following two polar forms:

/
T = Roth I - Rot © = Rot © - Roth T, (474), (475)
where Roth T' = {\/TT'}s+ = vV Roth 2T = Roth' T' = Roth™! (-T),

/ / /
Roth T=A{VT'T}s+ =V Roth 2T

are one-valued symmetric arithmetic (and trigonometric) square roots (sect. 5.7, 6.2);

- — Z
Rot © = VTT' ' -T = Roth (~I)-T =T -VT'T ' =T- Roth (—T) = Rot' (—0).

Note (!): the polar representations strictly correspond to definition (351) of (P"*7).
From (474), (475) the simple connection between these two principal rotations as
well as their two motive hyperbolic tensor angles follows:

Roth f: Rot" © - Roth T'- Rot © = Rot (—©) - Roth ' - Rot ©. (476)

Polar representation can be inferred with the use of arithmetic roots by the two ways:
) T=S"R=TI"=5% TT=R -S> R= TT=R -TT'-R =

- VI'T =R VTT'-R = T=VTT'-R=R-VT'T; detT = +1 = R = Rot ©;

2) (460),(267),(325) = (TT)-I*-(TT) =1 = (T'T)-I*-(T'T) = (471) =

N { TT' = Roth 2T, /TT' = RothT = (474),

/ Y det'T' =+1 = 476).
T'T'=Roth 2T, «T'T'=Roth T = (475); (

By (476), I' and f‘ have the same angles eigenvalues spectrum (7y;).

We use widely such polar representations of a general rotational transformation for
simple description of multistep hyperbolic or spherical principal rotations, for example,
of relativistic motions in STR, motions in spherical and hyperbolic geometries.

Further consider the polar representation of trigonometric modal transformations:

T=VIT'-R=S,-R=(S-R-S{") -5, =
= 477.4
—R-VT'T=R-S = (R-S-R)-R. (R=Rot ©) (477,478

L
The symmetric matrices of principal rotations 51 = Roth I' and Sy = Roth T' are
expressed in (474), (475) in canonical form (324) in the unity base Fy = {I}. But the
latter acts in the base Fy, = Rot ©- F; and then is transformed in it by the rotation R.
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The orthospherical rotation Rot © is expressed initially in E; = {I} too. But Rot ©
acts really in the base Elh = Roth I'- El and then is transformed in it by rotation Sj.

According to (477) the matrix S) acts in the base F; and realizes the base rotation
at the angle I', and then the orthospherical matrix R acts in this hyperbolically rotated
base E;, and realizes the base rotation at the angle ©. According to (478) the matrix
R acts in the base F; and realizes the base rotation at the angle ©, and then the
matrix Sy acts in this spherically rotated base E~1u and realizes the base rotation at
the angle I'. Both these modal transformations of the base E; are formally equivalent.

Similar sense of these two variants of multiplications S and R appears in a passive
transformation of an element u® coordinates:

2) _ (S -R)7- u) = p—1. St ut) = {R'-S,-R}'- R ut =
=(R-S) ' ul = Syl R7L. ut) = {S;1-R-Sy} st aM. (479)

In a linear pseudo-Euclidean space, separate the full set of right pseudo-Cartesian
bases (T - E). All these bases are rotationally connected as det T = +1. Transition
from E; to a new base E may be represented, by (474) and (475), in the following two
polar forms — straight and inverse:

E=T-F,=RothT-Rot©-E; = (RothT-Rot ©-Roth ' I")- Roth I"- E;, (480)

. . L / .
E=T-FE =Rot© RothT -Ey = (Rot © - Roth T -Rot’ ©) - Rot © - E;. (481)

These two forms give the two possible sequences of these hyperbolic and orthospherical
rotations execution. For both these variants: in the left multiplications these matrices
are expressed in the base {I} of their definitions; in the right multiplications these
matrices are expressed in the bases of their actions! Hence, these two polar forms
realize the principal hyperbolic rotation in different bases: straight polar form (480) in
the base El and inverse polar form (481) in the other universal base Elu = Rot O El.

For any pseudo-Cartesian base Fj, first n columns of its matrix determine the
subspace (")) other ¢ columns determine (£9)*) in hyperbolically orthogonal sum
(462). The matrix Rot © has structure (473), that is Why only hyperbolic rotations of
any pseudo-Cartesian base Ek give new subspaces (")) and (£9)U) determined by
the columns of the new base E matrix. If the new base £ connected with E; = {I}
by a modal matrix T" or Roth F, then in the base we have the following identities:

(EM) = im [E]H0*n = iy [T)(+0%" = jm, [Roth T]+a)xn, }

(E) = im [E)("H0x = jm [T]"+0*¢ = jm [Roth T|(+0%4, (482)

This means that all trigonometric rotations (460) applied to the Euclidean subspaces
(E™) and (E7) on the whole as sets of point elements are reduced to their pure hyperbolic
rotation from (474). In particular, for a Minkowski space (P"*!), the n and 1 columns
of the matrices E, T, roth T’ determine the space (™) and the axis Y as the relative
subspaces in the base F after the base F; rotation by the matrix T or roth L.
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Hence, the polar formula (474) reduces any admissible transformation 7" of the two
relative subspaces in the whole from the original base £ = {I} into any admissible
pseudo-Cartesian base E till their pure hyperbolic rotation Roth T’ = VTT".

The polar representation of a general trigonometric transformation of the relative
subspaces in the whole as hyperbolic rotation does not hold for subsets of these sub-
spaces, in particular, the base coordinate axes. This can be seen in (481): the coordi-
nate axes are subjected to orthospherical rotation and then hyperbolic rotation.

The matrix of a transformation T, due to (460), is a bivalent pseudo-Euclidean
quasibiorthogonal tensor. This is true for the matrix of the base E = T - {I} too.
The tensor is splitted projectively into the pair of symmetric homogeneous (n x n and
q X q) and the pair of mutually transposed mixed (n X g and g X n) tensor projections:
[E]™*™ is orthoprojection of space-like unity basis vectors into the subspace <€”>(1)
[E]7¢ is orthoprojection of time-like unity base vectors into the subspace ()M
[E]"4 and [E]?7*" are mutually transposed oblique projections into (£")(") and <€q>( )
If the base matrix is transposed, then these projections are reflected with respect to
the matrix diagonal. This takes place, in particular, under changing the direction of a
multistep hyperbolic rotation sequence (see in next sect.).

If ¢ = 1, then the matrix Rot ©7%7 in (473) degenerates into I. In a space (P"*1),
an 1-valent tensor is decomposed in two hyperbolically orthogonal projections into
(€M) and onto 7(’“); a 2-valent tensor is decomposed in an homogeneous projection
n X n-tensor into (£ ”>(k’), an invariant scalar onto 7(k)—axis, and two mixed projections
~ n x 1-vectors into (£™)*) and onto I *). World events in STR are described here
from the view-point of a relatively immobile Observer with respect to an universal base.
Among them, Fy = {I} is the simplest original one. Any concrete spherical-hyperbolic
analogy (from sect. 6.2) is realized with respect to this base!

In this Minkowski space, Lorentz transformation (460) of a point element on the
7(1)—axis is reduced by polar representation up to either it hyperbolic rotation together
with the ordinate axis (under passive transformation), or it hyperbolic rotation off the
ordinate axis in the direction given by the orthospherical tensor angle (under active
transformation). Consider two examples with elementary matrices useful in STR.

Example 1.

u) = {rot’ © -roth T-rot ©} L-rot' ©-u'V) = {rot' ©-rothT'-rot ©} 1-ulV), (483)

where ulV) € <7(1)> is a point object with respect to Ey, and u' is the same object

with respect to E =Ty E\. However, its pure hyperbohc passive transformation (in

brackets) was reahzed here from the base Ey, = rot © - E; into the final base E !
Example 2.

/ Z
u; = Ty;-uy = {rot ©-roth T -rot' ©}-rot ©-uy = {rot ©-roth T -rot' O}-uy, (484)

where u; € <7(1)> is a point element, it generated in El the element u; = T3, - wy.
Here the pure hyperbolic active rotation was realized off 7(1) under the angle ©!
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11.4 Multistep hyperbolic rotations

The summarized multistep hyperbolic rotation are pure hyperbolic if its particular ro-
tations are trigonometrically compatible with each other (see Ch. 6), i. e., they may be
reduced to form (324) in common bases. In particular, vectors of directional cosines for
elementary hyperbolic rotations in (363) are equal to each other up to coefficients £1.
If particular rotational matrices are not trigonometrically compatible (though each of
them is compatible with the set metric reflector tensor), then a composite formula of
non-symmetric (in general) multistep hyperbolic rotation may be always reduced till
polar forms (474), (475).

Specify the sequence of particular hyperbolic rotations (realizing geodesic motions
on hyperboloid hypersurfaces ( i. e., at p?(u) = const) in the original base F) = {I}:

Roth Flg, Roth F23, ceey Roth F(t—l)t-

For descriptive analysis in By = {I}, these matrices in the own unity bases Ej, = {I}
had canonical form (324) in (P"*4)  either elementary one (363) in (P"™!), and both
these forms correspond to a metric reflector tensor {I=}. The following matrices realize
hyperbolic rotations in other bases. As result, in the base E, = {I}, they have now
the forms corresponding to this original base! The bases are transformed as follows:

Translate the matrix E; from the base of its action into the original base E; = {I} for
rotations analysis, obtain the dual formula for resulting multistep transformation:

EN'LL = Tlt . El = {ROth F(t—l)t}(Et_l) s {ROth F23}(E2) . {ROth FlQ}(El) . El =

== Tlt : El = Roth Flg - Roth F23 -+ Roth F(t—l)t : E~'1. (485)

This is Rule of executing multistep transformations (proved by induction on ¢ > 3).
Eg - {ROth F23}(E2) ) EQ - {ROth F23}(E2) : {ROth F12}(E’1) . El =

= {ROth Flg'ROth FQg'ROﬂl_l Flg}'{ROth Flg}'El = Roth Flg'ROth FQg'El. (486)

Here the sequence of the particular matrices is inversed (see, for example, |16, p. 428]).
Coordinates of linear objects are transformed passively, but the sequence of inverse
rotational matrices in their canonical form is direct:

u' = Roth (—=T;_1y;) - - Roth (—T3) - Roth (—T'1) - ul) =
= {Roth T - Roth T'a3--- Roth T;_1:} - u, (487)
u® = Roth (~Ty3) - u® = Roth (~Ty3) - Roth (—I'15) -ulY) =
— {Roth I'1y - Roth T'y3} - uV, (488)
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Active multistep hyperbolic rotational transformations of a generating element u,
for example, in E, = {I}, are realized similarly to analogous multistep hyperbolic
transformations of the base, when particular rotational matrices are ordered inversely
(as in (485), because they are determined and act sequentially with respect to Ej:

U — Roth Flg - Roth F23 -+ Roth F(t—l)t - Uy, (489)
Uz = Roth F12 - Roth P23 U] = {ROth F23}E‘2 - Ua. (490)

Formulae (485)-(490) are the special cases of the General rule of multistep linear
transformations. Other special cases of the rule relate to similar sequences of principal
spherical rotations — motions in a quasi-Euclidean binary space (Q"?) (Ch. 8A).

In pseudo-Euclidean geometry, matrices of pure hyperbolic (principal) rotations
may be or not be symmetric, but they are always prime. This depends on the bases
of their definition and action. A matrix is symmetric in canonical forms (324), (362),
(363) with respect to any unity base of its definition. The matrix T - Roth T - T
represents the hyperbolic rotation with respect to the universal base F, and acting in
the pseudo-Cartesian base F = T - F;. Prime matrices of hyperbolic rotations also
belong to the Lorentz group with the metric tensor I*. A prime hyperbolic matrix
may be represented in E; in polar forms (474), (475) for its analysis. The analogous
statements hold for orthospherical rotations Rot © and T- Rot © -T ! too. They may
be expressed with respect to either the original base E\, or the base E = T - Ey of
their action. All pure orthospherical rotations form their complete continuous subgroup
of the Lorentz continuous group of homogeneous transformations.

For a generating or transforming element u, its continuous Lorentz transformations
do not change the value of the invariant p*(u) = [T -u] - {I*} - [T -u] =u’ - {I[*} -u
similar to continuous motions on the hyperboloid surface with invariant p?(u) = const!

Further, in order to analyze and reduce expressions for two-step and multistep
hyperbolic rotations, we use again polar representations (474), (475). There hold:

~ ~ ~ AN
Et = Tlt : E1 = Roth Flt - Rot ®1t : E1 = Rot @u - Roth Flt 'El, (491)

Roth F13 = \/ﬁ = \/ROth Flg - Roth (2F23) - Roth Flg =
= \/ROth (2F13),
Rot @13 = Roth F31 - Roth Flg - Roth F23 = ROt/ (—@13) =
= ROtil (—@13) = ROt, @31 = Rot (—@31),

u® = (Rot’ ©1; - Roth T'y; - Rot ©1,)~" - Rot' Oy, -ull) = )
_{RmhFu}l u'),

A( J) = (ROt @115 ROth Flt Rot @u) ROt/ @lt . A(l) =
= {Roth T} - A1),

(t=3) (492)

Vs
Here the rotation Rot ©i3 is executed in the bases of particular rotations actions in
the sequence 31, 12, 23 along of legs of the orthospherical triangle 123 — see Rule (485)!
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Multistep hyperbolic geodesic motions of a point element, when p?(u) = p? = const,
sequentially produce apices of a certain geometric figure, for examples, a triangle or
a polygon. A necessary condition for such entire construction be a geometric figure is
that the sequential hyperbolic rotations form a closed circuit with summarized hyper-
bolic angle annihilation: szg Roth I'jyu; = Rot ©y; - uy.

Geometry of the figures from geodesic segments is realized in invariant hyperboloid
surfaces of maximal dimension for a given quadratic metric invariant p?(u) = const:

u{IFu =) 22—yl =p (%) = pA(y) = p°(u) = £R’, (R = const). (494)

If R =0, then, in any admissible to {/* pseudo-Cartesian bases with the same origin,
we have a centralized invariant conic surface dividing the pseudo-Fuclidean space into
its internal and external cavities —sect. 11.2. For such geometric figures, their segments
are continuous, that is why, a constructed figure is contained in exactly one cavity of
this conic surface: either inside the internal cone with p?(u) = —R? (p*(y) > p*(x)),
or inside the external cone with p?(u) = +R? (p?(x) > p*(y)).

However from (494) we may get else, as trivial cases, real-valued n- and ¢g-dimensional
spheres with their equations: >, 22 = p*(x) = +R? if we put y; = 0 — p*(y) =0
and — > 1 y? = —p*(y) = —R? if we put 2y = 0 — p*(x) = 0. They have the usual
spherical geometry for a sphere in Euclidean space. Here the geometry may have place
on the spheres with the radius R in two Euclidean subspaces (£")(,) and (£9),) in any
admissible bases of the pseudo-Euclidean space (P"1).

The active continuous homogeneous Lorentz transformations perform motions of
a generating point element u = 7' - u; on all this hyperboloid hypersurface with the
given metric invariant p%(u;) = p*(u) = const. If this circuit of hyperbolic motions is
complete and closed at t = 3 or ¢t > 3 in (485), i. e., the principal hyperbolic rotations
form a closed geometric figure (a hyperbolic triangle or a hyperbolic polygon) with
the constant quadratic metric invariant p?(u), then as result is the appearance of the
concrete orthospherical precession Rot ©. In Appendix we shall prove that its ortho-
spherical angle 8 formally is equal in the case to the figure spherical angular deviation
of Gauss-Bonnet in non-Euclidean geometries, and the precession is the deviation
algebraic cause explained by tensor trigonometry!

In the Minkowskian space-time (P3™1) of STR, the orthospherical rotation in (491)
is the result of summing motions (velocities) with different directions e, and eg.
In STR, this is a secondary rotation. Its well-known case is a Thomas precession.
The principal hyperbolic motion is called a boost. The feature of velocities summation
law is explained by hyperbolic nature of principal motions in this space.

In conclusion of this chapter, note that a sum of motions is invariant under a choice
of passive or active transformations of objects coordinates. We choose T" for an original
base transformation as a more universal variant, and we shall use this in Appendix.



Chapter 12

Tensor trigonometry of Minkowski pseudo-Euclidean space

12.1 Trigonometric models for two concomitant hyperbolic geometries

Now consider more in details a coazially oriented pseudo-Euclidean space (P"1), 1. e.,
Minkowskian space and Minkowskian space-time in STR (at n = 3) [49]. Due to (462),
it is expressed in any base E} as the following hyperbolically orthogonal direct sum

(P = (M P K 7 *®) = CONST. (495)

Tensor trigonometry in the pseudo-Euclidean space are realized with elementary tensor
angles and trigonometric functions (as ¢ = 1). It is rational to use these angles and
functions in its special form (see in sect. 6.5) with the frame abscissa axis Y. Note,
that in any pseudo- and quasi-Euclidean spaces, the tensor trigonometry in its different
forms is realizable and applicable due to homogeneity and isotropy of the spaces! First
homogeneity and isotropy to the space-time of events was given by H. Poincaré [47].
We use (494) for determination in the universal base E; of (P"t1) of two hyper-
boloid hypersurfaces, as the invariant geometric objects, with different signs of their
metric invariant p? at +R? and —R? with R = const, i. e., by two quadric equations:

VA v =)l =y = 0(x) =P = p'(v) = +R%, (IIxlle > [ylp), (1)
u (T u=) 2l -yt =0 (x) -y =p(w) = R, (||x]lg < lylp). (11)

Here u and v are the radius-vectors of points on these hypersurfaces, x is its vectorial
projection into ("), y is its scalar projection onto 3/ (and |[ul|p = [|v||p = R). If put
0> = 0, the equations give an asymptotic conic and invariant hypersurface (isotropic
or light cone) dividing the objects in its external and internal cavities (Figure 4). As
mvariant geometric objects, the hypersurfaces are concomitant Minkowskian hyper-
boloids I and II (they are trigonometric at R = 1). For their construction in the
original base E, the two generating hyperbolae (see at Figure 3 in sect. 6.4) are
rotated with respect to the abscissa axis 7(1) with (n — 1) degrees of freedom.

These hyperboloids, besides their internal n-dimensional hyperbolic geometries,
have (n — 1)-dimensional orthospherical geometry. Due to equation (I), for any value
of the abscissa y it is possible on a hyperboloid I to realize real-valued spherical figures
(till circles) of radius r = ++/R? + y?. And due to equation (II), for these values of the
abscissa |y| > R it is possible on a hyperboloid II to realize real-valued spherical figures
(till circles) of radius r = 4++/y? — R%. Their equations are 2521 22 =r(k<n).



12.1. TRIGONOMETRIC MODELS FOR TWO CONCOMITANT HYPERBOLIC GEOMETRIES 161

The trigonometric hyperboloids with n = 2, R = 1 in cut may be seen with their
centered projections in E; at Figure 4. Their initial points in ) (the unique u; for II
and, for example, vy for I) are rotated hyperbolically into other ones u; and vy.

A Ay (pui-1, [h=cothy=coshv. z=tanhy=sechv
1 v =coshy =coth v, y= || (k) 3

x=sinhy=cosechv | x=£(y). dy = |dx] vy

Crf tanh y =x'y U h=tanhy=sechy
u, s =Y zecoth y=coshv
~ Crlu ‘fsinh an=1 (z)
5 iR 7
[ ¥ ¥ P v+
r=sinh y = cosech v, | ' ‘(—ZJ“ X’C y<il,
= coshy=cothv /| N /// ~ I": x=f (v).dv>|dx
\ ~ d ! coth v=x
IR 4 \ | y
v v [\®
, Oy x=1{y)
(0™
]
R
\ :
N '
I
]
]
]
]
]
[(29)]

wd %
analogous relations:
sinh y =tan ¢ <
<+ tanhy =sin ¢

5=o0 Tt [0)

-

Uy 010 U (&= o)

Figure 4. Trigonometric models of hyperboloids I and II (upper part) with hyperspheroid (upper parts).

A. Trigonometric correspondence between points of Minkowskian hyperboloids I and II
(R = 1) cat by eigen pseudoplane in (P"*1). The following hyperbolic angles are present:
principal v, complementary v, special w (sinh w = 1), right (infinite) §, obtuse (vW4).
B. Trigonometric models in the universal trigonometric base E; = {I}, or projective
models with respect to the Cayley absolute oval into the projective hyperplane ((€™)).
(I) a one-sheet hyperboloid I of radii p = £ R with its cotangent (coth ) model
(7 <> v) as coth (y,v) = cosh(v, ), or projective model outside the Cayley oval,
(IT) a two-sheets hyperboloid II of radii p = +iR (upper) and p = —iR (lower)
with its tangent (tanh~y) model, or projective Klein model inside the Cayley oval,
(3) Klein disk with Cayley oval as tangent-cotangent projection of an isotropic cone,
(4) conjugate parallel straight lines inside and outside the Cayley oval,
(5) correspondences between straight lines inside and outside the Cayley oval.
Rotation of a time-like hyperbola generates a hyperboloid I of one sheet (seeming
as an hourglass) inside the external cone. Rotation of space-like hyperbolae generates
a hyperboloid II of two coupled sheets (seeming as two symmetric cups) inside the
internal double cone. The one sheet of I has radii —R and +R, the two sheets of II
have radii +¢R, —tR. This stipulates their negative constant Gaussian curvature.
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Centered geodesic motions of generating elements u; and vy (Figure 4) on these
hyperboloids are expressed by rotational matrix functions roth I' = F(7) according to
(362), (363). Noncentralized geodesic following motion of the element uy = Tiou; on
a hyperboloid II is represented in the base Ey as Tio{roth Fgg}EleQl (see sect. 11.4).
The angle v ranges in [0; +00) if dy > 0 and in [0; —o0) if dy < 0.

The real-valued extent of a geodesic hyperbolic line’s segment on hyperboloids I
and IT is a pseudo-Euclidean length in a certain pseudoplane in (P"™1), which includes
this hyperbolic line. Here and further this extent is called the pseudo-Fuclidean natural
measure of a length for mensurations along geodesic. (The radius of a hyperboloid II
in this measure is realificated too.) The extent of geodesic hyperbolic arcs-segments
(either differentials) is A, = Ry (sect. 6.4), and of orthospherical arcs is Ay = R6.
In geometries of these hyperboloids as well as in real-valued hyperbolic non-Euclidean
geometries, the angular Lambert measure v of a length [33] is applied at calculations
with the use of exponential and trigonometric formulae through the hyperbolic angle .

Both concomitant Minkowskian hyperboloids are conjugate and have isometric each
to other external and internal geometries. They are simplest descriptive isometric maps
in (P"1) of two isomorphic to them real-valued hyperbolic n-dimensional spaces with
the Buclidean natural measure 1 and the angular measure v = [/R of a length for
straight segments as internal parameters. Thus symbols A and [ stand for these pseudo-
Euclidean and natural Euclidean lengths. Hyperbolic trajectories on hyperboloids are
identical to straight lines in these concomitant hyperbolic non-Euclidean spaces.

The hyperboloid II with space-like hyperbolae as main geodesics has both natural
measures A\, and Ag. It is mapped by tangent projecting to its isomorphic finite tangent
model onto the Klein disk (ball at n > 2), equivalent topologically to (£"), inside
the Cayley oval of radius R (trigonometric circle at R = 1), when v — tanh 7,
cosay = consty, k = 1,...,n (Figure 4). Its external geometry is isometric on the
whole and hence homeomorphic to internal Lobachevsky—Bolyai geometry [37-39],
with the natural measures and the same parameters n and R [31]. Indeed, the upper
and lower parts of a hyperboloid II are reduced by tangent projecting to the same
projection, which is the Klein model of the hyperbolic hyperspace onto a part of the
projective hyperplane ((£")) inside the Cayley oval. In the disk, the hyperbolic lines
are mapped as straight lines [42; 9, part 11, p. 178-193]. For a hyperboloid II, the Klein
model is its projective map onto the same projective n-dimensional disk of radius R
without its border. (This first projective model for the Lobachevsky—Bolyai plane was
anticipated by E. Beltrami in 1868 [41].) Note, that tangent projections of two limit
circumferences from the upper and lower parts of a hyperboloid II are asymptotes inside
to the Cayley oval. The geometries on both sheets of a hyperboloid II are different
only in the signs of the hyperbolic angle and its directional vector in trigonometric
matrices for mirror-symmetric motions with respect to (£)™. Latter statements are
also true for the two antipodal parts of the really two-sheet Lobachevsky-Bolyai space.
If R = ¢, then it is the hyperboloid of velocities v* and v (see in Chs. 5A, TA).
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In the Klein model, the natural measure A and the angular measure ~ of a length
(for both geometries) are transformed into the projective tangent measure Rtanh \/R,
identifiable in the projective hyperplane ((£")) with the Euclidean natural measure
inside the Cayley oval. This projective measure is bounded by the radius R of the oval.
If R — oo, then the disk of the Klein model together with the hyperboloid II and the
Lobachevsky—Bolyai space are transforming into the infinite Euclidean space (E™).

Centered hyperbolae passing through the hyperboloid center Cj; are mapped in
the model into the diametrical straight lines passing through the center O with the
same angle; non-centered hyperbolae are mapped into the chords (Figure 4). Express
connection of the natural length A\o3 of a segment between two points on some centered
geodesic line and the Euclidean tangent projective lengths Rtanhy = Rtanh(A/R) in
the Klein model. The segment is formed as follows (see above and Rule 2 in sect. 6.2):

Ug = {TOth Flg}-ul, Us = {TOth Flg}-{TOth Fgg}'ul — U93 = U3—uo, F23 = F13—F12.

Diametrical lines inside the Cayley oval has the center O, which is the center of projecting in E; and the
origin for counting the tangent function. Then the Euclidean length by the same centered tangent measure
inside the absolute oval of the line segment is R(tanh~;3 — tanh~2) for the base Fy. Tts non-Euclidean
length by the natural measure is Ag3 = Rvy23. Hence, there holds:

Aag = M3 — A2 = R+ (713 — 7112) = R Y23 = R - [artanh(tanh vq3) — artanh(tanh y12)] =

1 + tanh ;3 1+ tanh712:| —R.In \/(R + Rtanhvlg)(R - Rtanh'ylg)

1
—~.RrR-l1 —1 :
2 B M b T tanhn (R — Rtanh13)(R + Rtanh~)

The formula corresponds to the Rule of summing collinear hyperbolic motions (Ch. 5A).
If straight lines are non-centered, then the values for distances along them and angles
between them are modified, the general formulae are given in Ch. 7A of Appendix.
Put here v15 = 0,713 = 7, then Aog = Ry. If y = A/R — 0, then either R — oo (see
above) or A — 0. In both variants Rtanh A/R — A, and the natural measure of length
A = Ry became equivalent to the Euclidean projective measure in ((£")): A =1
Corollary 1. The general n-dimensional geometry of a hyperboloid 11 is hyperbolic
with additional spherical rotations, it is Lobachevsky-Bolyai and Riemann geometry of
a constant negative curvature with Euclidean topology and infinitesimally Euclidean.
The hyperboloid I with time-like hyperbolae is mapped by cotangent projecting to
its isomorphic infinite cotangent model onto the projective n-dimensional double ring
of internal radit R without its internal borders outside the double Cayley oval, when
v — coth 7, cos ag, = consty, k =1,...,n (Figure 4). It has measures A, and Ay too.
[t associates with the hyperboloid II tangent model, as here hyperbolae are mapped
into straight lines too. Indeed, conjugate hyperbolic lines on concomitant hyperboloids
[ and II may be interpreted as a quadrohyperbola in a pseudoplane (see it at Figure 3).
The pseudoplane is determined by two coupled eigenvectors (along isotropic diagonals)
of a hyperbolic rotation matrix as its trigonometric subspace with the axes  and 7(1).
In result of projecting, the pseudoplane with the included quadrohyperbola cats the
projective two-sided hyperplane [((£"))] along these four straight lines as maps in the
tangent-cotangent projective models inside and outside the double Cayley oval.
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For realization of opportunities of this cotangent model (see at Figure 4), let choose
on the hyperboloid I any certain point M. Its cotangent projection on the open
projective ring is the point M’. This is an isomorphic mapping of the hyperboloid I
into the projective ring outside the double Cayley oval. Next, draw from the point M
two tangent rays (a cone at n > 2) to the oval on both sides. They form an internal
angular sector, where we may see the direct cotangent projections of the set of geodesic
hyperbolae passing through the point M on the given hyperboloid. These rays are the
same projections of horocycles on the hyperboloid, also passing through the point M.
Outside this angular sector, there are ellipsoidal closed cotangent projections passing
through the point M’ of the set of geodesic ellipsoidal closed curves passing through
point M on the given hyperboloid. The further point M’ is from the oval, the smaller
this angular sector. If point M’ is located on an oval, then there are two rays as the
same projections of horocycles on the hyperboloid, also passing through the point M.
In this figure, we also show intuitive correspondences of geodesics on both hyperboloids.
We will explain these correspondences more clearly below on the cylindrical model.

For a hyperboloid I the pseudo-Euclidean measure of length A = R~ of a hyperbolic
arc is transformed into the projective measure R coth A/ R of a segment, identifiable in
the projective two-sided hyperplane with the Euclidean measure. Further we have:

Vo = {TOth Flg}-Vl, V3 = {T’Oth Flg}'{TOth F23}'V1 — V93 = V3—Vo, Fgg = F13—F12.

Express connection of the natural length Aog of a segment between two points on some centered geodesic line
and the Euclidean cotangent projective lengths R cothy = Rcoth(A/R), i. e., with [—R(cothy;3 — cothy12)]
in the base Fj in the plane cotangent model. The segment is formed as follows (see also Rule 2 in sect. 6.2):

A3 =AN3— A2 =R- (’}/13 — ’ylg) =Rys3=R- [arcoth(coth ’}/13) — arcoth(coth ’ylz)] =
Ny — R1n (coth 13 + 1)(coth 12 — 1) — Rl (1 + tanh~13)(1 — tanhylg)'
(coth 713 — 1)(coth 12 + 1 (1 — tanhy13)(1 4 tanh ;)
These identical formulae for a distance, expressed with respect to the Cayley oval for
collinear motions, correspond together to the tangent and cotangent projective models.

A hyperboloid I and corresponding to it the some real-valued hyperbolic space have
topology of an open region as the double ring outside the two Cayley ovals (without
them) in the closed whole projective hyperspace [((£"))]. On the whole, the region
is equivalent topologically to cylindrical space (C"). The double ring is produced
in [((£"))] as the united map continuously through the conventional infinitely far
border between two sides of this projective hyperplane (in its upper and lower halves).
(This conventional infinite border is also the same cotangent map of the equator of
the hyperboloid I.) Topology of a double ring and a cylinder is identical. If R — oo,
the hyperboloid I is transforming into the infinite cylindrical pseudo-Euclidean space
(but its cotangent projection is transforming into the infinite Euclidean double ring).
If R = ¢, then it is the hyperboloid of supervelocities s* and s (see in Chs. 4A, 6A).
Corollary 2. The general n-dimensional geometry of a hyperboloid I is hyperbolic
with additional spherical rotations, it is pseudo-Riemannian geometry of a constant
negative curvature with cylindrical topology and infinitesimally pseudo-Fuclidean.
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A more descriptive isomorphic finite tangent model of the hyperboloid I is realized
as its tangent projection onto a central part of the Closed infinite projective cylindrical
pseudo-Euclidean hypersurface [((C™))] with the same radius R, centered in Ej along
the axis 7(1). This lateral cylindrical segment with radius R and height £ R is bounded
on the hypersurface from above and below by two Cayley absolute ovals without them.
From the trigonometric point of view, this model is the tangent map (see Figure 4) at
v — tanh~y, cos aj = consty, k= 1,...,n, i. e., the finite tangent projection outside
two trigonometric circles of the radius R onto the projective cylindrical hypersurface.

For a hyperboloid I, this map is the projective Special cylindrical model, realized on
the lateral cylindrical pseudo-Euclidean hypersurface [((C™))], which consists conven-
tionally of two adjacent parts (upper and lower) with the heights + R, where hyperbolae
are mapped in straight lines under inclination pg > |7/4|. The hyperbolic measures A
and 7y of a length are transformed into the tangent projective measure R tanh a/R, iden-
tifiable in the projective hypersurface with pseudo-Euclidean measure. This model is
topologically identical to the open cylindrical region outside the two Cayley ovals with-
out them. It includes also the conventional internal border between upper and lower
sides of this model and this hyperboloid I as a spherical n-equator. This cylindrical
tangent model is ideal for projective summing geodesic time-like hyperbolic ("straight")
and space-like (ellipsoidal) motions in a hyperbolic geometry with cylindrical topology.
If R — oo, the hyperboloid with its model are transforming into the infinite (C").

Both flat and cylindrical models of a hyperboloid I are conventionally two-sided, as
they are divided not topologically into halves, with positive and negative values of y.
Passage from one side to another of the models as well as passage through the equator
of the hyperboloid I are accomplished by free transition of this conventional border.

The united Whole Cylinder-model of the hyperboloids I and II consists of two parts:

(1) the Special cylindrical model of I as the lateral segment of the cylinder of radius R,
and (2) on the heights R of this cylinder, the two Kleinian disks of radius R of the
flat tangent model of IT as upper and lower bases of the same cylinder. Two parts of
a such united big model are situated onto both these whole projective hypersurfaces
[({C™))] and [({(£™))]. The Whole Cylinder-model has obviously the spherical topology.
For both these hyperboloids and their trigonometric models, the dividing hypersurface
and its tangent-cotangent projection as the double (n — 1)-dimensional Cayley oval
(or trigonometric circle at R = 1) are automorphisms. And in the universal base B,
this oval is determined by the equation: z? + --- + 22 = R2.
Main Inference. Tensor trigonometry of (P™1) applied to the unity Minkowskian
hyperboloids I and II as trigonometric objects, embedded into the space, with exactness
up to scale parameter R, is equivalent to the united external and internal hyperbolic
non-Euclidean geometry on these concomitant hyperboloids with the radii =R. Their
geometries are isometric to the internal real-valued hyperbolic non-Euclidean geome-
tries with affine and cylindrical topologies. And these hyperboloids are the simplest
geometric objects for isometric interpretation in the large of these real geometries.



166 CHAPTER 12. TENSOR TRIGONOMETRY OF MINKOWSKI PSEUDO-EUCLIDEAN SPACE

Dissecting at n = 2 the combined projective tangent Whole Cylinder-model by
a centered cutting plane under a certain angle pr(v) to (£"). If the angle is zero, we
have an equivalent map of the real equator of the hyperboloid 1. If the angle less 7/4,
we get on the cylindrical hypersurface one (at n = 2) closed ellipsoidal curve as a map
of the geodesic space-like ellipsoidal curve on the hyperboloid I. If the angle is 7/4,
we get on the cylindrical hypersurface two isotropic straight segments as a map of two
horocyrcles (a parabolic trajectory at n = 2) on the hyperboloid I with zero metric. If
the angle more 7/4, we get four one-to-one connected straight segments: two ones on
the cylindrical hypersurface as a map of two time-like hyperbolae on the hyperboloid I
and two ones on the two disk-bases as a map of two space-like hyperbolae on the
hyperboloid II. On the model, they form an united closed projective quadrangle cycle
of the four as if connected infinite parallel lines. Its four apexes lie on two Cayley ovals.
The similar quadrangle may be realized in the united flat model, but less descriptively.

A geometric sum in (P"™1) of the two concomitant complex-valued n-dimensional
hyperboloids with the isotropic hypersurface as well as a geometric sum of the two
concomitant real-valued hyperbolic n-dimensional spaces (including the antipodal part
of the really two-sheet Lobachevsky-Bolyai space — see above) with the dividing them
hypersurface can be mapped entirely onto the whole two-sided projective n-dimensional
hypersurface [((£"))] with topology of n-sphere. (The tangent-cotangent projections of
four limit circumferences from the upper and lower parts of these two hyperboloids are
four asymptotes inside and outside to the double Cayley oval.) The same summands
as a geometric sum in (P"1) can be mapped entirely onto the Whole Cylinder-model
of the hyperboloids I and II also with topology of n-sphere. That is, this geometric
sum may be represented by different manners.

This completely closed construction is the United hyperbolic hypersurface of 3 sheets
in (P"1) with its finite projective tangent map (as "the world in a water drop").
On the hypersurface, the two concomitant hyperbolic geometries should be considered
as United hyperboloidal geometry with the complete Lorentzian group of homogeneous
motions — pure hyperbolic and pure orthospherical ones, that is, at |R| = const.
In sect. 6.4 we considered analogously the hyperbolic trigonometry on a pseudoplane
with solving interior and exterior right triangles, where imaginary and real hyperbolae
were as prototypes of Minkowskian hyperboloids in (P"1). If R = ¢, the flat tangent-
cotangent model is a vector space of coordinate velocities v and supervelocities s.

Note, that a hyperboloid I and a Beltrami pseudosphere are the geometric objects
in one parameter R (see more in Ch. 6A). They are homeomorphic one to another.
The pseudosphere was discovered by Ferdinand Minding in 1838 [40] as a surface of
constant negative Gaussian curvature. These surfaces and their general n-dimensional
geometries are isometric, and they have additional identical (n — 1)-dimensional ortho-
spherical geometry. In Ch. 6A we constructed a tractrix with a Beltrami pseudosphere
in the especial quasi-Euclidean space with their pure trigonometric equations in one
parameter R similarly to circles and spheres, and with applications in STR.
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The idea about possibility of rigorous geometry, in which the famous Fifth Euclidean
Postulate may be not hold, or the Hypothesis of the acute Saccheri angle [32) can be
valid on a "certain imaginary sphere" was expressed first by J. Lambert in 1766 [33].
Later it became more precise: the first property is the feature of geometry in the large,
the second one is the feature of geometry in the small. They are mutually connected
in geometry with completely free motions of figures. C. Gauss made some drafts in the
direction [34]|. F. Schweikart introduced the factor parameter R of the geometry [35].

F. Taurinus (his nephew) suggested a model of such geometry on a hypothetic sphere
of imaginary radius similar to geometry on a real sphere [36]. So, Taurinus proved
internal consistency of its planimetry (n = 2). Intuitive Lambert-Taurinus geometry
anticipated non-Euclidean geometry on a hyperboloid II and a Lobachevsky—Bolyai
plane as its real-valued isometric analog [37-39|. E. Beltrami realized it [41] as geo-
metry in the small on a real pseudosphere in (£?) as a peculiar surface with constant
negative curvature (it was discovered and analyzed earlier by F. Minding [40]). The
Klein projective model [42]| reduced the problem of its non-contradiction on the whole
to that of Euclidean geometry. D. Hilbert proved that 2-dimensional Lobachevsky—
Bolyai geometry can not be realized on the whole on any non-peculiar Riemannian
surface embedded into the 3-dimensional Euclidean space, as the Gaussian interior
geometry [42]. But it does not mean that this geometry can not be realized on a saddle
Riemannian surface in a (3 + k)-dimensional Euclidean space. Such surface must have
constant negative curvature. If its embedding into an Euclidean space of minimal
dimension is possible, then this should mean solvability of the Beltrami problem. The
first results in this direction was obtained for (£°) and more for (£"75) by D. Blanusha
in 1955 [43]. Later other authors made their contributions, particularly, E. Rosendorn
in 1960 for (£°) [44]. But the Beltrami problem was solved peculiarly due to embedd-
ability of n-dimensional hyperbolic non-Euclidean spaces into (P"+1)!

Definition of a n-dimensional Riemannian surface and its geometry is not inter-
rupted of an enveloping Euclidean superspace, but it is interrupted only of its di-
mension, which a priori may be in [(n 4+ 1),00). A posteriori the dimension may be
quite definite. However, dimension of a Riemannian surface is the same for all its
homeomorphisms, it is equal to dimension of a tangent Euclidean space. The latter
generalized an one-dimensional tangent to a curve, but dimension of its embedding
may be in [2,00). So, an infinite regular curve of constant spherical curvature can
not be realized on a plane, however, it is realizable in the 3-dimensional Euclidean
space as a screw line. On the contrary, a similar curve of constant hyperbolic curvature
is realizable in a pseudoplane as a hyperbola. Isometric images of the non-Euclidean
geometry in different surfaces (a hyperboloid IT upper, a Lobachevsky—Bolyai space and
a real-valued Riemannian surface of constant negative curvature) differ very much in
their visuality and complexity. But the cylindrical hyperbolic geometry may be realized
isometrically both in (P?*1) on the hyperboloid I and in the real-valued Especial quasi-
Euclidean space (Q*™1) (Ch. 6A) on the Beltrami pseudosphere with the same R.
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Besides, there is isomorphism of all admissible rotations in the enveloping pseudo- or
quasi-Euclidean spaces and motions on the embedded into them hyperbolic or spherical
surfaces with the fixed radius R in both these cases, what is inferred by the rotational
and projective tensor trigonometry!

The point elements v and u on hyperboloids I and IT in (P"™!) are determined by
their pseudo-Cartesian coordinates (xg,y), k = 1,...,n, for example, in the base E,
(Figure 4). Any element on a certain Minkowski hyperboloid with its radius-vector
may be also uniquely determined by four special parameters in the base E; as follows:
u = Ri for a hyperboloid II (with p = +iR) and v = Rj for a hyperboloid I (with
p = +R), where i = (sinh~ - e,, coshy) and j = (cosh~y - e,, sinh+y) are unity
time-like and space-like radius-vectors and e, = (cos ay,) is their Euclidean vector of
directional cosines cos oy, k = 1,...,n (for vectorial sine on II or vectorial cosine on I).
In brackets, the orthoprojections in F; of these radius-vectors are given. For the point
u on the hyperboloid II (on its upper part), Y is the frame axis for counting absolute
value of the scalar hyperbolic motive angle v formed with its radius-vector i. Therefore,
n independent coordinates are sufficient, because ), cos? oy, = 1. For the point v on
the one-sheet hyperboloid II, its frame axis lies in (£"), and it is always symmetrical
with respect to the axis 7 relatively to the dividing isotropic conic hypersurface.
It forms the angle v with j. A pair v and e, determines a movable base E,, = {j,i}.

Recall that in tensor trigonometry, in general, we use tensor, vector and scalar an-
gles. The tensor angle with its functions, including the tensor of motion and the tensor
of deformation, contain complete geometric information. Tensor functions in angles
I and YT can be reduced to their adopted canonical forms. We have in (P"1) the
decompositions from (31A) into functions in a tensor angle similarly to (324)-(327):

roth I' = coshI" + sinh I" = coth (£7) + csch T = roth T, . n
defh I' = sech I' 4+ tanh I' = tanh(£+7Y) + sech T = defh Y. } (with{I7}) (496)

For complementary angles, there holds: v+ v < § = 0o — see (361) in sect. 6.4.
Corollary 3. In a right triangle in (P"1) with the acute angles v, v and right angle
there hold: v+v<d; y=véy=weov=w, I'=T & I'=0 & T=0Q.
From (331), (359)—(361), we obtain the following tensor analogs of spherical formulae
(175), (202), (206), (182), (208), with respect to metric reflector tensor {I*} of (P"1)

sinh(I', T) = csch (T, I), cosh(I', T) = coth (£7,T).
[tanh(£D, T) = sech(T,T').]
cosh?(I", T) — sinh*(I", ¥) = I = coth*(T,T) — esch*(Y,T) — invariants for {I*}.
tanh?(T", T) + sech?(I", T) = sinh?(®, ) + cosh?(®, Z) = I — quasi-invariant for{I"}.

Invariants and quasi-invariants for vector functions in the same angles are similar
to ones for scalar functions of angles as in (361), because their valency is equal to 1.

Their modulus are bond by scalar relations (359)—(361).
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Note: After the functions exchange in (496) or in (324) and further in matrix
functions as operation T <« I', the new cotangent-cosecant function in the angle I
(compatible with tensor {1} too) gives hyperbolic rotation at the angle T(I')! (See
the similar note in sect. 5.8 also for spherical rotations.) This is spread into (P"1).

These connections of I' and T in pseudo-Euclidean right triangles in (P"*1) rise
to the fact that cross projecting in determination of cotangent and cosecant of these
angles is equivalent to usual orthoprojecting in determination of cosine and sine of the
complementary angles T and I', what was shown and used in Ch. 12 at Figure 4!

As we have seen, tensor trigonometry in its vector projective forms gives descrip-
tive isomorphic models of both concomitant hyperbolic non-Euclidean geometries with
unity trigonometric objects — Minkowskian hyperboloids of unity radius. Moreover,
tangent and cotangent models display hyperbolic geodesic motions or segments into
rectilinear mappings onto a projective plane or a projective cylinder. However, as far
as the mapping of the first differentials of any geodesic motions is concerned, they
are always rectilinear as their linear part. Therefore, for the mappings of the first
differentials onto the projective tangent plane or the projective tangent cylinder, any
three-dimensional (at n = 3) vector trigonometric functions paired with scalar func-
tions can be used. They form the above invariants in the pairs sine-cosine, cosine-sine,
cotangent-cosecant, cosecant-cotangent in hyperbolic geometries.

The vector nature of such linear mappings allows us in external geometries to impart
the vector nature to two- and multistep metric forms of the 1st order (traditionally
scalar) with the preservation of their scalar characteristics as the modular values of the
vectors. But these vectors determine the directions of motions in these forms. There-
fore, such vector-scalar metric forms of absolute multistep motions or segments in their
geometries can be mapped either into the tangent Euclidean and pseudo-Euclidean
plane, or into the tangent Euclidean and pseudo-Euclidean cylindrical surface.

Considered above unity hyperboloids I and II are ideal models for displaying the
first metric forms of relativistic motions - the most varied! Even cylindrical enveloping
surfaces for swirling motions are in fact also partial fragments of these models. Exam-
ples of such partial multistep and integral and simplest types motions are studied in
Chs. 5A, 6A, 7TA and more in details in 10A.

A similar classification and examples take place also in spherical geometry and on
its hyperspheroid with the mapping of metric forms into the tangent Euclidean plane
or into the tangent Euclidean cylinder with an axis of the hyperspheroid.

In process of non-collinear multi-step or integral hyperbolic motions in (P"™) and,
in partiular, on these hyperboloids we deal with the secondary orthospherical rotation
of the local and final pseudo-Cartesian bases with the non-point objects in them. There
is a deep distinction between matrix representations of rot © and roth I'. For roth I,
the angle ~ is counted from the current time-like frame axis Y and space-like frame
axis zx. Structure (362), (363) and the pseudoplane of rotation ~ are determined by
the directional cosines with respect to the Cartesian part of the base.
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12.2 Rotations and deformations in elementary tensor forms

Representation of rot © is defined by its general structure (473). For example, in
(P*t1) | the rotation rot © includes the 2 x 2-block as its elementary spherical rotational
cell. In (P3T1) its 3 x 3-block rot O3y represents a orthospherical rotation with fized
normal axis vy [16, p. 447-448]. Structure of rot © and the plane of the rotation are
determined by the directional cosines of the normal azis of rotation ry € (£3) with
respect to the Cartesian part of the universal trigonometric base £ = {I}.:

rot ©
2
. rirs _nrs
COS 9 + 1+C089 r3 + 1+cos€ +T2 + 1+cosf 0
+r3 + 1—:107(;28(9 cos 0 + 1—|-cos¢9 —nt % 0 . (497)
— rirs _Tors
ro + 1+cos@ +r + T1+cosf cost 4 1+cos€ 0
0 0 Y !

L
Consider the angles I" and T in (495) in Ch. 11 for the cases of direct and inverse or-
ders of two-step hyperbolic motions ~y;2, 23 (723, Y12) With their tensor structure (363)

1,2,3:
Applying polar representations (474), (475), from formula (476) we obtain sequentially:

. . . . A y
and their directional cosines cos oy, cos o, k = e, = {cosoy}, e, = {cos o1 }.
g

rot’ Ogxs - {€q - €} - rot O3 = e, - e/,

eé = TOt/ @3><3 e, = rot (—@gxg) - €4,
€ €, =€, e, =cos 0= (tr [rot Olsx3 —1)/2.

g
g

(498)

In (P31) the unity vectors e, and e,, by (498), uniquely determine the vector of
spherically normal axis of rotation rot O35 as the following vectorial (sine) product:

/ /
COS 09 COS 03 — COS 03 COS 09y

]
— / / . —>
'y = | T2 | = eg X €; = | cOS03C0S0] —COSO1COSO3 | = sind - ey, (499)

COS 01 COS 0y — COS 09 COS 071

We have (det{eé, e,, 1TV>} >0 — 60 >0),1i. e, if the triple (957 e,, r_>N) is right-handed,
then the angle 6 in (£?) is counter-clockwise, what corresponds to 6 > 0 in (497) and
the sign at tensor angle © in (497) and (498), due to original defining angle © in (476).
In (P3*1) and hyperbolic geometries this is General Rule for the sign of 0 in result of
summing non-collinear principal (hyperbolic) rotations 12, Yo3: |Sgn 013 = —sgn e !,
where ¢ is the angle between principal motions ;2 and 7»3 in the Cartesian base part.
(Scalar angles # and € act in the same plane perpendicular to ry in (£3); 460 < +¢.)

For sine # module in (499): |sinf| = |[rn|| = /ri + 713 +715, trrot  =2(cosf+1).
(In (@**1) and in spherical geometry for principal rotations: |sgn 613 = +sgn ¢ !|)
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In pseudo-Euclidean Minkowskian spaces, not only hyperbolic rotations as principal
ones may be used. Admitted hyperbolic deformations with respect to a universal base
are of interest too. They have tangent-secant form (496) and canonical structure (364)
in the universal base. Deformations are made in the pseudoplane at the same tensor
angle I'. With respect to the base of the diagonal cosine I'; these matrices and the
metric reflector tensor have the following binary-cell structure in the eigen pseudoplane:

{defh T'}ean {roth I'} can = (¢=1)
sech ~ — tanh~y . coshy sinh~y . +1 0

+tanh ~ sech ~ ’ sinhy cosh~y ’ 0 -1

This structure generates, similarly to (471), the pure type of the elementary (as ¢ = 1)
hyperbolic deformational matrices, for example, in the original base E = Ry, - Fy:

Ry - {defh T}oun - Rly = defh T,
(det defh I' = +1.) (500)
defh/ T -defh I'=1=defh T'-defh'T,

Modal matrices R}, not compatible with {I*} change it as in (457). The deformation
do not belong to the Lorentz group as they do not satisfy (458) or (460). Equal-
ities (500) have the form of (470) for Rot ©, however concordance of the matrices
rot © and defh I' with the metric reflector tensor /= are different. Rotations rot ©
are compatible only with respect to the unit block of I*, deformations defh I' are
concordant with respect to a certain 2 x 2-cell with alternating signs. In other words,
matrices rot © act in planes, matrices defh I' act in pseudoplanes. Deformational
matrices do not satisfy pseudo-FEuclidean metric relation (460), but they satisfy (only
one-step) the Euclidean metric relation, this follows from (500) due to analogy (341).
For the deformation, its quasi-EFuclidean cross invariant in the pseudoplane of hyper-
bolic rotation and deformation is defined as an important parameter (see in sect. 5.10).
By spherical-hyperbolic analogy defined in the base E), we have the circle as in (341):

defh I'(®P) rot (I') < tanhI'(P) sin ®(I")

! !

roth I'(P) def ®(I') < sinh['(P) tan @ (I).

All the matrices compatible with the metric reflector tensor act here in the same planes
and pseudoplanes in the universal base F;. Thus, as initial conditions there hold:

defhP‘]i‘deth:TOt(I)-]i-rotCI):[i:
=rothT-IT -rothT =def ®-I*-def ®.

And four relations in the circle with respect to the universal base E; hold in hyperbolic
as well as spherical geometry. That is why they are represented with angles I' and &

of rotation, and their middle reflector tensor is I* = Ref {cos ®}° = Ref {cosh'}°.
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In the pseudo-Euclidean trigonometry in (P"*1) and external hyperbolic geometry
on hyperboloids, with respect to admissible pseudo-Cartesian bases, defining relations
(348), (349) hold; in quasi-Euclidean trigonometry in (Q"*1) and external spherical
geometry on hyperspheroid, with respect to admissible quasi-Cartesian bases, defining
relations (257), (258) hold. Between them, the simple trigonometric relations act in
the universal base with the use of functions ¢(«) and v(¢p) introduced in Ch. 6.

Recall also the following distinction of tensor deformations: Rule 2 for summation of
trigonometrically compatible angles-arguments does not hold for deformations (though
deformational matrices with compatible angles commute with each other). However
these matrices are used for cross non-Cartesian projecting in (P™"*1). Cross projecting
in the space (P3™1) is the complete mathematical model for Lorentz contraction of a
moving object extents coaxially to the direction of its physical motion in (£3).

12.3 The special mathematical principle of relativity

All statements concerning (Euclidean, quasi-Euclidean, pseudo-Euclidean) geometry
without its affine contents have covariant forms in any (Cartesian, quasi-Cartesian,
pseudo-Cartesian) base of an (Euclidean, quasi-Euclidean, pseudo-Euclidean) space.
So, any geometry with the simplest quadratic invariant as a set of its own theorems
does not depend in part of these theorems on a choice of its admissible base. In other
words, (Euclidean, quasi-Euclidean, pseudo-Euclidean) geometries conserve covariant
forms under their admissible transformations as {(orthogonal, quasi-orthogonal, pseudo-
orthogonal) and translations.

The special mathematical principle of relativity takes place in any flat quadratic-
type geometry — so, in the Minkowskian geometry. In STR, it is a mathematical source
for the great Poincaré Principle of Relativity: all physical laws have covariant forms
in any uniformly rectilinearly moving frames of reference up to nearly light velocity,
i. e., under Lorentz transformations. Physical-mathematical isomorphism unites two
principles. The Lorentzian transformations do not change the absolute Minkowskian
space-time and its dividing asymptotic conic hypersurface called the light cone:

(P = (e3P R W = CONST, (n=3, ¢=1); Act >0 !

Contrary, the subspaces (£%) and ¢t are relative and are changed under the Lorentzian
transformations of the base, although these subspaces and their coordinate axes stay
in the same external or internal cavities of the cone. Here the space (£%) and the
time-arrow 3 are relative, but mutually dependent as direct orthogonal complements
in (P3*1). According to (495, 462), there exists an one-to-one correspondence between
them. Therefore, for STR this formula is the mathematical expression of the Poincaré—
Einstein Law about relativity, mutual dependence and unity of the space and the time!
Pay special attention to the fact that the space is just as relative as the time.
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This is the mutual cause, that in the universal base E} in the pseudo-plane (P'*1) of
the rotation rothl, the space and time axes of the base E,,, connected with a moving
point M, are dilated with the identical coefficient cosh ™ v(v). This directly explains
the relativistic Einsteinian dilation of time and Lorentzian contraction of extent, and,
due to Lorentz, ensured invariance of the Maxwell electromagnetic wave equation [46].

In the 4-dimensional Lagrangian space-time (£3*1) = (€% @ ?},At > 0, laws
of the classical mechanics are invariant with respect to a choice of inertial frames of
reference, or under Galilean transformations. This is the physical-mathematical form
of the Galilean special principle of relativity. From the mathematical point of view,
Lagrangian space-time is the special case (n = 3, ¢ = 1) of a Euclidean-affine space
(E" @ A7) with general Galilean transformations and the Euclidean-affine geometry.
This total binary space is absolute too, i. e., invariant under these transformations.
Homogeneous Galilean transformations do not change its Euclidean subspace (£3) _a>nd
scalar time ¢: they are also absolute in Newton sense. However, the time-arrow ¢ is
not invariant as a directed world line in (£31). It is subjected to mid-rotations, i. e.,
rotations middle between spherical and hyperbolic ones with respect to (£3): rotations
at angles ¢ with compensating dilations with coefficients sec ¢, where ¢ = arctan v
(it is defined only by a physical velocity). In addition, (£%) and 7 may be subjected
to parallel translations. The Lagrangian space and time-arrow form an unity, as their
sum is direct, but is not orthogonal; and, hence, they are not mutually dependent.
So, theorems of the Euclidean-affine geometry do not depend on a choice of a binary
Cartesian-affine base with choosed scale factors. The Euclidean-affine geometry of
Lagrangian space-time of index 1 corresponds to the Galilean principle of relativity. Its
affine space projection parallel to a time-arrow and divided by time-factor (with three
homogeneous Klein’s coordinates) is a vector Euclidean space of physical velocities.

From the other side, continuous transformations in Minkowskian space-time (P371)
carry out relativistic elementary hyperbolic principal rotations and elementary ortho-
spherical secondary ones in accordance with its reflector tensor {I*}. Moreover, the
space-time fixations of any geometric objects are subjected to relativistic hyperbolic
deformations, which are described also completely in the cross base E~Z-7j with immobile
Observer. Relativistic nature of the Lorentz-Poincaré-Einstein transformations takes
place according to hyperbolic nature of principal rotations and deformations. With
Einsteinian physical approach [48], STR was created with the use of definition of
simultaneity. This definition corresponds to the trigonometric theorem in (P31),
that the median and height in the pseudo-Euclidean right triangle are identical, which
motivated the quadratic metric in the space-time of STR.

What else is important, the abstract and concrete spherical-hyperbolic analogies,
with respect to the universal base, connects spherical and hyperbolic non-Euclidean
geometries of the constant radius R, and enables one to describe them in the enveloping
spaces (P"1) and (Q"!) by the similar approaches based on the tensor trigonometry.
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In the Lobachevsky—-Bolyai geometry, a magnitude R is called the Gauss—Schweikart
constant (1/R = K characterizes the distortion with respect to a flat Euclidean space);
1R is the radius of a "hypothetical Lambert—Taurinus imaginary sphere" | realized in
1907 by H. Minkowski as the upper sheet of his hyperboloid II. The J. Lambert’s
original idea and its development by F. Taurinus pointed out the simplest and natural
way for realization of the whole hyperbolic non-Euclidean geometry on the complex-
valued sphere of imaginary radius ¢ R. This way became quite possible after introducing
pseudo-Euclidean space by H. Poincaré in 1905 and later H. Minkowski as basis of STR.

A. Sommerfeld in 1909 established hyperbolic nature of velocities summation [62].
V. Varicak in 1910 conjectured that the velocities summation law is identical to the
segments summing in Lobachevsky—Bolyai geometry [65]. F. Klein constructed the
theoretical basis for this law, when he proved that the Lorentzian group in STR is
equivalent to the group of motions in the Lobachevsky—Bolyai space. He interpreted
the geometry in the large (1871) on the model inside the Cayley oval in the projective
plane [42], which was anticipated by E. Beltrami in 1868 [41|. In addition, in 1928
F'. Klein realized the projective model in pseudo-Euclidean space.

These various interpretations showed that quite different ways are possible for con-
structing and using the same non-Fuclidean geometries in curved and flat spaces and
space-time. Thus it is necessary to choose the most simplest and descriptive forms for
studying and using the geometries and their applications in physical theories, what,
for example, the the tensor trigonometry gives by its clear tools. Due to this all, as
important applications, the tensor trigonometry interpretations of various motions in
non-Euclidean geometries and models of kinematics and dynamics in the theory of
relativity became possible and are exposed in Appendix to its exposed fundamentals.



APPENDIX

Trigonometric models of motions
in Special Theory of Relativity
and in non-Euclidean Geometries

Preface

In Appendix we consider a lot of concrete applications of the tensor trigonometry
in its so called elementary form (with single eigen principal angle v or ¢ and single
secondary angle 6). It is useful for theoretical analysis of the motions in pseudo-
and quasi-Euclidean spaces with ¢ = 1 and in embedded into them metric spaces of
constant radius (or Gaussian curvature) with non-Euclidean geometries. The main
idea of the last consists in fact, that non-Euclidean geometries and the tensor trigono-
metry of pseudo- and quasi-Euclidean spaces at parameters n and R exist in one-to-one
correspondence! Hence, results can be represented in the same trigonometric forms.
In Chapter 1A, for illustration of these opportunities, all the main postulates and
notions of the Special Theory of Relativity (STR) from its Einsteinian physical version
48] are represented in scalar hyperbolic trigonometric forms. Further we use original
geometric group approach of Poincaré in 1905 [47] and then of Minkowski in 1909 [49].
Stated due to this approach isotropy and homogeneity of the space-time of events
allow to use of the tensor trigonometry in most wide aspects, than only in its scalar
form. This was impossible before in the non-isotropic space-time of Lagrange. So, the
Einsteinian postulates including his definition of events simultaneity, as this was shown
here, are the trigonometric theorems in the Minkowskian pseudo-Euclidean space-time.
In the frame of trigonometric aspects, we give renewed and universal conception
of the covariant parallel angle for both these types of non-Euclidean geometries in
the hyperspaces of constant curvature, embedded respectively into quasi- and pseudo-
Euclidean spaces. Due to this conception, initial definitions of both types of non-
Euclidean geometries are realized through a choice of a parallel angle, whether spherical
or hyperbolic one, with corresponding to their nature two variants of behavior of
parallel lines. As it was demonstrated (the end of Ch. 1A), the classic Lobachevskian
parallel angle is strictly correct in the case of a spherical geometry, because it has a
spherical nature. The universal parallel angle (i. e., as the motion angle too!) is defined
in the universal base E; of the enveloping or tangent space. In STR the parallel angle is
defined also in the base F;, which corresponds to the frame of reference for immovable
Observer N7 in Minkowskian space-time. Then it is identical to the hyperbolic physical
motion angle v, defined in its scalar form only by scalar velocity v as v = artanh v/c.
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The basic parameters of motions in the tensor trigonometric versions of the non-
Euclidean geometries and STR are tensor angles of principal and secondary rotations in
elementary forms (313, 314), (362, 363) and (497). A principal hyperbolic tensor angle
[' is argument of rotational matrix-function roth I' as the tensor of motion in STR.
Also in STR the concomitant hyperbolic tensor of deformation in canonical matrix form
(364, 365) is useful in the universal base E\, as it expresses the Lorentzian seeming
to N1 contraction of geometric parameters of the moving objects. Tensor-hyperbolic
interpretations of the so-called Einsteinian dilation of time and Lorentzian contraction
of extent, and also of the two concomitant to them relativistic effects are realized as
rotational and deformational transformations of coordinates. (Chapters 2A+4A.)

One-to-one correspondence between physical characteristics of relativistic motion of
a material object (inertially and uninertially) in the Minkowskian space-time (P3*1)
and trigonometric notions are considered in details. We constructed different trigono-
metric models of collinear motions. They correspond to rectilinear physical movements.
The so called hyperbolic motion is exposed in these three trigonometric variants: on
hyperbola, catenary, and tractrix. As passing results are the identical primary hyper-
bolic and analogous spherical equations for a tractrix in parametric and explicit forms
with one parameter R. (In Chapter 10A we considered by 3D tensor trigonometric
way another uniform relativistic pseudoscrewed motion.) The consideration of hyper-
bolic motion was used for trigonometric representation of the Beltrami pseudosphere
only with one parameter R in the special quasi-Euclidean space (Q?*1). Furthermore,
the result is inferred: a hyperboloid I in (P>} is isometric with the Beltrami pseudo-
sphere in (Q*T1) with same R. At n > 2, these homeomorphic objects and their
n-dimensional geometries are isometric too. In addition, the hyperbolic relativistic
analog of the Ziolkovsky cosmic formula is obtained. As a concrete illustration, we
exposed the trigonometric description of a hypothetical cosmic travel with hyperbolic
reversible regime to the nearest Star. Its inference: these similar travels for contempo-
rary man (non-robot) are practically unreal in reasonable times. (Chapters 5A, 6A).

The trigonometric general form of Lorentzian 4 D-transformations is given. Besides,
the general law of summing two or multistep non-collinear principal motions (velocities)
in STR and non-Euclidean geometries is inferred in trigonometric tensor, vector and
scalar forms with the secondary orthospherical rotation angle. We represented the law
in its noncommutative biorthogonal form with Big and Small Pythagorean Theorems.
For Euclidean geometry, it is commutative. The equivalence of the orthospherical angle
and the Harriot—Lambert (Gauss—Bonnet) angular deviation in figures on surfaces of
constant curvature was established. We proposed an updated concept of the parallel
angle for both types of non-Euclidean geometries, and gave the solution of a pseudo-
Euclidean right triangle in a pseudoplane with connections of its complementary angles.

Besides, the trigonometric models for kinematics and dynamics of general physical
movements (with oscillating orthospherical rotations) of a material body in (P3*1) are
exposed with vector sine and scalar cosine projections into the space and the time.
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The main measureless notion of the tensor trigonometry in STR is a trigonometric
tensor of motion roth I', generated proportionally the relativistic dynamic tensors of
momentum and energy. So, the tensor of momentum produces the pseudo-Euclidean
interior right triangle from three momenta Fy = mgc, P = mc and p = muv with
pseudo-Pythagorean Theorem in (P3™1). The own momentum Py as a hypotenuse is
geometric invariant of Lorentzian transformations. The tensor of deformation defh '
maps geometric parameters of moving objects observed in the base Ej. (Chapter TA.)

With the use of spherical-hyperbolic analogies, a number of analogous notions,
formulae and theorems are given and inferred in their spherical variants in a basis
quasi-Euclidean space with index ¢ = 1 and in the embedded into it hyperspheroid of
radius R with the exterior variant of its spherical geometry. (Chapter 8A.)

In Chapter 9A, we discussed the question: does exist an opportunity for studying
relativistic motions under gravitation using both Minkowskian and pseudo-Riemannian
space-time in their roles? For a convincing resolution of this long-standing question,
first of all, it is necessary to analyze the accompanying problem: does gravitation affect
on the local speed of light or it only affect on the coordinate speed of light from the
point of view of an external Observer? As well-known, Einsteinian GTR (1913-1916), is
prevailing geometric theory of gravitation with full refuse the Minkowskian space-time,
and it postulates such a bond of the local speed of light with a potential as ¢\/—gua.
However over time, a rigorous analysis revealed that in GTR there are several essential
problems, as some dependence of its equations solutions on the coordinate conditions
and a violation of the Law of energy-momentum conservation (see in [59], [81], [85]).
Moreover, numerous attempts to combine GTR with Quantum Mechanics have not
yielded significant results. From where, some authors began to develop improvements
of GTR as Bimetric-kinds Theories of Gravitation (BMT) with metric tensors of (P3*1)
and (R3*1). First, BMT was outlined by Einstein’s close colleague Nathan Rosen [75].

We showed on the two extreme by sense GR-effects, that in BMT the curvilinear
pseudo-Riemannian space-time may be also interpreted as the observational one, where
these effects are fixed, however real motions have place locally in the Minkowskian
space-time. Then BMT-kinds conception divides events in a gravitational field on real
local ones and observable ones, for example, in a weak field. The observed events may
be identical to the real ones, and they may completely not correspond to them. The
dualism of BMT may be used in descriptions of relativistic motions in a gravitational
field, as local ones, in (P3*1) and, as observable ones, in (R*™) or in flat (P9T1).

In Chapter 10A, with the use of tensor trigonometry, we developed the differential
geometry of a world line with 4 vector-scalar parameters along it, completely defining
its local orientation and configuration at each point; revealed its Riemann and pseudo-
Riemann metric forms. They given the main physical characteristics of a moving
particle. We create also the 4D analogue in (P31) of the 3D theory by Frenet—Serret
with its representation in tensor trigonometry form in (Q*"!). A strict base for such
one-valued mathematical-physical theories is isotropy and homogeneity of their space.



Additional notations

B, — universal (original) base for canonical trigonometric matrix forms and realization
of concrete spherical-hyperbolic analogy (with immovable Observer),

r — (n+ 1) x 1-radius-vector of the element or the world point in (P"*1) or (Q"1),
y®) or ct®) and x*) € £"*) — orthoprojections of the elements in (P"*!) or (Q"*1),
E,(Cn) C E; — Cartesian subbase of the pseudo-Cartesian base E,

e, — unity n x 1-vector of directional cosines cosa;, j = 1,...,n (here in Ein) C Fy),

e, and eg — same vectors for 1st and 2nd motion at two-steps non-collinear motions,

= {cos oy}, e, = {cos aék}, k =1,2,3 — same vectors for a direct and inverse order
of a sum of the two motions in (P#H1) (P31 ... (P or (Q*F), ... (Q"H1).

(In (P'1) and (Q'*1) it is rotations on a quadrohyperbola and a circle — Figure 3).
t® — arrow of the k-th coordinate time and ordinate axis in the base By in (P31,

xg-k) — j-th coordinate axis of the subbase E,in) in the k-th Euclidean space &, () :

of = 7 (m) — current or instantaneous arrow of the proper time under a binary hyper-

bolic angle I' (inside internal cone) to the initial frame axis 67(1), as ordinate axis of

E( ) and with a chronometer of proper time 7 in E(( )))

ZCA(T;; or ™ — current or instantancous special abscissa axis in the subbase E of
the base E(m) under a binary hyperbolic angle I" (inside external cone) to the mutual
special frame abscissa axis 7 or y = 21 € &3 in the initial subbase Ef‘g) c b

Note. Greek symbols as 7 and x are used here for the proper time and proper extent.

(The axes ¢t and z(™ are symmetrical off the invariant asymptotic conic hypersurface!

—

All the axes 3(1), ?, (™) 7 are situated in the current or instantaneous pseudoplane
of the binary hyperbolic angle I' with respect to the base Ep in (P*™!) and with its
vector of directional cosines e, = (cosa;), j = 1,2, 3 in the subbase E{S) C F1.)

1 — hyperbolic angular velocity of v, w, — orthospherical angular velocity of e,,

c = c-1— tangent 4 x 1-vector of a 4-velocity of absolute matter movement or of the
material point M along the world line in (P31} (4-velocity of Poincaré),

i — time-like unity 4 x 1-vector in (P31) and the tangent to a world line,
j — space-like unity 4 x 1-vector in (P*™1) and the pseudonormal to a world line,

u = R-iand v = R -j — radius-vectors for a hyperboloid II with p = ¢R and
a hyperboloid I with p = R, where i = (sinh~y - e,, cosh~), j = (cosh~y - e,, sinh~),
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v =dx/dt =v-e, = c-tanhvy - e, — coordinate velocity of physical movement,

v =dx/dT = v* - e, = c¢-sinh~ - e, — proper velocity of physical movement,
s=s5-e, =c-coth v-e, — coordinate supervelocity at Lorentzian contraction,

s* =s"-e, =c-csch vy-e, — proper supervelocity of moving along a tractrix,

w = g/v, w* = g/v* — coordinate and proper angular velocity of physical movement;

Py =moc=myc-1i= Fy-i—- own 4 X I-momentum of a particle M on a world line,
P = mc = P, - coshy — scalar cosine projection of Py onto 3(1) (total momentum),
p = mv = Py-sinhy-e, — 3x l-vector sine projection of Py into £ (real momentum),
Ey = Pyc = myc? — own Einstein energy for a material point M on a world line,

E = Pc = mc® — total Einstein energy for a moving material point M in Ei;

" and v — tensor and scalar angles of the principal hyperbolic rotation in (P"1),
® and ¢ — tensor and scalar angles of the principal spherical rotation in (Q"1),

© and 6 — tensor and scalar angles of the orthospherical rotation in the plane (e,, es)
either in £3M or in £3?) depending on the two variants of two-step motion,

e or € — angle between 1-st and 2-nd motions (or velocities),
e, = (eg —cose-e,)/sine — unity vector of the orthogonal increment of the motion,

F = F - ps=mpg — 4 x 1 inner force acting on material point M in (P3H1),
g =g ps — 4 x 1 inner acceleration of material point M in (P3+1),
(In the base Em, in fact, F and g are 3 x 1-vectors, directed along es in 83(’”).)

_ L
g =-cosh~y g-cose, §= g-sine — 3 X 1 proper tangential and normal 3-accelerations,

¢ — dimension of embedding the curve into the basis space (P3*1) or (Q**1),

— 1
k =k + k — 4 x 1-vector of a pseudocurvature of a world line in (P31) proportional
to the inner acceleration g in E,,, with its tangential and normal projections in £3(1),

K = g/c* — 4-pseudocurvature of a world line with orthoprojections K, and K,;

p — unity 4 x 1-vector of a pseudonormal, ps and p, are current and principal ones,
t — 4 x 1-vector of a torsion of a world line in (P3+1)

T — 4-torsion of a world line;

p, and p, — unity 4 x 1-vectors of sine and cosine binormals,

y — 4 x 1-vector of an orthoprecession of a world line in (P3T1),

Y — 4-orthoprecession of a world line,

h — unity 4 x 1-vector of the pseudoscrew,

II(a) - contravariant Lobachevsky parallel angle inferred in the universal base E,

P(a) = « — covariant parallel angle: spherical ¢ as motion angle in spherical geometry
and in (Q""1): hyperbolic 7y as motion angle in hyperbolic geometry and in (P"1).



Chapter 1A.
Space-time of Lagrange and space-time of Minkowski
as mathematical abstractions and physical reality

At first, consider the conditional trigonometric kinematic model of a material point M
physical movement in the 4-dimensional binary Lagrangian space-time (£3™1). Choose
its universal base E; = I as an original unity frame system. In this base, all the four

coordinate axes x, xa, 3, t) are defined as if Euclidean orthonormal ones. The
three space axes Ti, Tz, T3 form the Cartesian space-like subbase E®). The time-

arrow t(M) is the directed affine time-like ordinate azis. The axes xr1, Ta, T3 stay
orthonormal under as if orthospherical rotations of the original base Ey=1 , they
form a right-handed triple in E®). Hence, 3-dimensional Euclidean trigonometry with
dimensionless spherical functions is applicable in (£3). By definition, the base Ey=1
corresponds to Observer N immobility! If the material point M moves with the vector
v_e>locity v = v-e, = const, then its proper base E, = VEl, where its new time-arrow
t (M) have the particular slopes, with respect to the three space coordinates axes of
Ef’). The ratios of the three space coordinates and the time ordinate are characterized
by the tangent vector tan v (as a world-line slope) identical to the vector velocity v

of the material point M (if frame center O corresponds to zero, x = Ax, t = At > 0):
tanv =tan v-e, =x/t=v=v-e, tany;=z;/t=v;, j=1,2,3. (14)

Admissible transformations in linear (£3™1) form the group (Vg) of the homogeneous
Galilean transformations. It is the mathematical source of the Galilean Principle
of relativity. The transformation Vi is continuous as det Vi = +1, this condition
guarantees preserving base orientation. In Cartesian-affine bases Ej, the space-time
(L3711 is represented as the direct sum of an Euclidean space and an affine time-arrow:

(L = (€ e TH = (€% e TN = CONST, (At >0) (24)
(€% = CONST ", (34)

Seems, there is paradox: const’ + variable=const, but it is not valid for a direct sum!
There holds analogy with binary spaces of Ch. 11 (¢ = 1), but (2A) is not an
orthogonal sum! All time-arrows form the complete set of affine axes ( ¢') consisting

of time-like arrows with angular slopes to t(!) ranging in [0;47/2]. The invariant
Euclidean space (£?) consists of space-like elements. All elements are real numbers.
The space-time properties are preserved under Galilean transformations, because ones
in general (£3T1) are reduced to following exactly three pure types:

1) automorphic orthospherical rotations rot © of the space (£3),

2) special parallel (or middle) rotations f(tan v) of ?, with respect to the space (£3),
3) linear space (£3) and t translations p due to this space-time homogeneity.
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The general linear transformation Vg of a Cartesian-affine base Ej is the following;:

Ve Eo E
R a Ry ag o R-Ry Rag+a
[ o 1 ] . [ o 1 ] = [ 0 1 , R e <T0t @3><3>- (414)

For the matrices of the bases, their first three columns determine the constant space (£3),
the fourth column determines the variable time-arrow ? If ag = 0, then E, = Ey,)
(the bases are universal), and in particular, if Ry = I, then Ey = E;. In this case,
the inverse matrix V;;! (of the same structure) maps a binary Cartesian-affine base E
into its simplest unity form, i. e., the original universal base E. The inverse matrix
also realizes passive modal transformation of a linear element from E) into an admissi-
ble binary base E. A linear element of (£3*!) is represented in E as the radius-vector:

X
r-x@t—[t].

Thus homogeneous Galilean transformations in their trigonometric form are the
non-commutative products of parallel and orthospherical rotations in the polar forms:

Vo = F(O343,tan v) f(tan v) rot ©
t Osy3 t I35 t t Os343 0
" 0/3 ’ a?u} = [ ?6/3 al{ly]'[m 0/3 ’ 1 ] = rot O-f[(tan v)g], (5A)

where det Vg = +1, and f(tan v) is the 4 x 4-matrix of principal parallel rotations,
fl(tan v)g| =rot (—O) - f(tan v) - rot ©, but(!) (tan v)g = rot (—Os.3) - tan v.

An inverse and passive homogeneous Galilean transformation is represented as

1 rot (—Os3x3) 1ot (—BOs3y3) - (—tan v)
Vo' = [ 0 1 ] -
rot (—O) f[tan (—v)]
= S B AR = e (vlad rot (<), (04)

Formula (5A) is the Euclidean-affine analog of polar representations (474) and (475) in
sect. 11.3. On the other hand, transformation of the base Fy is similar to (480), (481):

E=Vg-E = f(tanv)-rot © - E, = rot © - f[(tan v)e] - 1. (TA)

From the physical point of view, the subbase E®) moves, with respect to the sub-
base E?), at the velocity (1A). Inverse matrix (6A) transforms passively the coordi-
nates of a world point r € (£3%1) as follows:

rot (—BOsy3) - (x) —tan v - t)

r=V;"-rY = F 10, tan v) - rV = ) . (84)
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If ©=Z7in (5A)-(8A), then we deal with pure parallel rotations in their conven-
tional trigonometric and physical forms as the Galilean transformations of coordinates:

—x _t A =xU) v .t
X =X an v X v -,
t =t } (94)

_>
In (£31), the scalar time is invariant too and may be counted on the original axis t!)

and t*) parallel to invariant (£3). Due to this fact, so called parallel rotation f(tan v)
of the time-arrow (as the ordinate) is geometrically intermediate between spherical
and hyperbolic ones! Note, that f(tan v) is expressed above as a 4 X 4-matrix with
the variable 3 x 1-vector element tan v. The latter is the tangent of the angle v.
Multistep parallel rotations lead to the classical law of tangents tan v or velocities v
commutative geometric summation in the projective Buclidean vectorial space {{E%)}:

f(tan V13> = f(tan Vlg)f(tan V23) = f(tan V23)f(tan 1/12) = f(tan vig-+tan V23) —

— f(tan v) = f(tan V Hf (tan vy,) Ztan Vij), (v = 5) (10A)

The set (tan v) is the commutative group in the projective vectorial space of velocities,
i. e., "tangents". The set of parallel rotations (f(tan v)) is the kinematic commutative
subgroup of the homogeneous Galilean group (V). Its another subgroup is the non-
commutative group of orthospherical rotations. Note, that rot © is expressed above
as a 4 x 4-matrix with the variable 3 x 3-matrix element rot O3y3. The group (V)
consisting of these two subgroups is the subgroup of the general Galilean group.

The Lagrangian space-time is not isotropic (it is enough for this, that its space
and time coordinates have different physical dimensions), but the space-time is homo-
geneous due to equivalence of all its point elements. In particular, any centralized
4 x 1-vector element in E; may be chosen as the new origin of a Cartesian-affine base
admissible, and the admissibility does not depend on this choice. Parallel translations
in (£31) form the commutative translating subgroup of the general Galilean group.

The vector structure of (£>™1) is direct sum (2A) of the two independent subspaces
the isotropic unoriented Euclidean space and the oriented affine time-arrow directed
always from past to future. This determines affine nature of principal transformations
and independence of space and time in (2A).

The Lagrangian space-time has a lot of applications in non-relativistic physics.
However, as long ago as at the end of XIX century, Maxwell’s electromagnetic wave
equation were proved to change under changing Galilean inertial frame of reference.
Thus Lorentz suggested in 1892 special transformations having no this essential defect
(they were inferred formerly, in 1877, by famous theorist V. Voigt according to his light
elasticity theory). In 1904, Lorentz, taking into account the Poincaré physical principle
of relativity (valid for all physical phenomena), showed that these transformations
follow from form-invariance of the electromagnetic wave equation [46]. The latter,
according to classical Maxwell’s theory, explains the nature and spreading of light.
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Further translate description of movements off (£3™!) into Minkowskian space-
time (P3T1). In the beginning of the 20-th century the revolutionary transformation
of space and time theory into its more perfect, relativistic variant took place. From
the mathematical point of view, the following quite new postulates were introduced.

Postulate 1: By nature, space-time is homogeneous and isotropic (the latter property
is valid due to velocity-like scale factor ”¢” used for time-arrow ordinates).

Postulate 2: By nature, space-time is a binary complex-valued quasi-Euclidean space
with index g = 1, oriented by time-arrow ordinates i - ct from past to future.

The new conception of space-time as STR with these two postulates has no any more
defects of the classical, non-relativistic space-time. Mainly, it realized the opportunity
to transfer off the non-isotropic Euclidean-affine space-time (£31) into the isotropic
binary either quasi- or pseudo- Euclidean space-time with its quadratic metric! Then,
in the new space-time, we may use the opportunities of scalar, vectorial and tensor
trigonometries for clear description and analysis of different types relativistic movement
in brief clear forms. According to Postulate 1, formulae (1A) are transformed into

tan v — tan pp = v/c,
tan ¢, = sin ¢ = tanh v = v/c.

} (t — ct) (11A)

Here 7 is a hyperbolic angle of principal motion, ¢p is its visual analog in F) (sect. 6.4);
tan ¢ = sin ¢ = tanh v express concrete spherical-hyperbolic analogies (355), (331),
they are valid only n the universal bases E7, too. Due to Postulate 2, there hold:

} (t —ict) (124)

tan (—p) = v/ic — tanh (—ip) = v/c,
(1) ¢ — i, tan iy =iv/c; (2) —ip — v, tanh v =v/c.

Relations ¢ — iy (1) and —ip — v (2) correspond to process (323) and process (322) of
abstract spherical-hyperbolic analogy in quasi-Cartesian and pseudo-Cartesian bases
with the common reflector tensor I* of their spaces (see Ch. 6). Under further logical
development, the Euclidean vectorial subspace of tangents or velocities was reduced
into the hyperbolic tangent model or the Kleinian model inside Cayley oval (sect.12.1).

With Poincaré mathematical approach [47], STR was created with his principle of
relativity in the Galilean frames of reference and the introduction of the new complex-
valued isotropic and homogeneous space-time (sect.10.3). As a result, the Galilean
transformations are replaced by Lorentzian ones, named so by Poincaré. What’s more,
he discovered their group nature, which opened up opportunities for multi-step using.

With Einsteinian physical approach [48], STR was created with the two main steps.
At first, two Postulates — the principle of relativity and the principle of constancy of
the speed of light, both in the Galilean frames of reference, were used. And in fact for
introducing namely the quadratic metric of space-time, the definition of simultaneity
was formulated and used. As a result, he came to the Lorentzian transformations too.
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The Principle of relativity is traditionally applied only in its physical sense, although
there exists its mathematical prototype, see in sect. 12.3. Any physical space-time
(here (£3T1) and (P3*1)) is only a certain mathematical abstraction, and its admissible
coordinates may be used for describing objective laws of matter movement. Adequate
interpretation of these laws in the coordinates maps the "reality" of the space-time.

On the whole, Minkowskian space-time (P3™1) is isotropic. However its vectorial
structure taking into account admissible directions to the light) cone contains three
isotropic geometric parts with respect to their pseudo-Euclidean metric. They are:
(1) the external conic cavity consisting of space-like elements with an Euclidean mea-
sure, (2) the internal conic cavity consisting of time-like elements with the anti-
FEuclidean (imaginary) measure, (3) the degenerated light conic dividing surface with
the zero measure, it separates these external and internal cavities. Therefore rotational
and deformational linear transformations in the space-time may be represented as 4 x 4
tensor trigonometric functions of 4 x 4 tensor angles I' and © (Chs. 6 and 10-12).

Scalar trigonometric functions of iy in their pseudospherical form were first applied
by H. Poincaré for representing Lorentzian transformations in the 2-dimensional form.
Then H. Minkowski used the real-valued scalar functions of v in the 2-dimensional
hyperbolic form in (P11} for the same purpose. The authors used scalar trigonometry
in a pseudo-plane for representing hyperbolic motions with 2 x 2 rotational matrices.

Tensor trigonometric functions of I', i. e., in their hyperbolic form in (P3*1) (they
are partly described in Chs. 11 and 12) give us the pure trigonometric 4-dimensional
tensor forms for kinematics and dynamics of STR — see in Chs. 5A, 7TA and 10A. The
original two FEinstein’s postulates used up to now in the pure physical version of STR
have trigonometric prototypes due to physical-mathematical isomorphism, — sect. 12.3.

Pseudo-Euclidean trigonometric rotations correspond to homogeneous continuous
Lorentzian transformations. Hyperbolic rotations with the pseudo-Euclidean invariant
sinh? v — cosh?y = 42, cosh~y > 1, interpret clearly the Einsteinian dilation of time.
Trigonometric hyperbolic deformations with the cross quasi-Euclidean invariant (in El)
sech®y +tanh?y = 1, sechy < 1, interpret the Lorentzian contraction of extent. If the
two phenomena are considered in the pseudoplane corresponding to the tensor angle I,
a pseudo-Euclidean right triangle may be solved completely (sect. 6.4). The special
mathematical principle of relativity for geometry of (P3™1) (see sect. 12.3) is in one-to-
one correspondence with the Poincaré physical Principle of relativity. The Poincaré-
Einstein Law of mutual dependence of the space and the time and their relativity
may be explained with the fact that the relativistic Euclidean space and time-arrow
are hyperbolically orthogonal complements of each other, they change always together
under hyperbolic rotations, and both do not change under orthospherical rotations:

(P = (£ ® K = CONST. (13A)

This space-time is the united indivisible 4-dimensional continuum. As a whole set, it
is an absolute, consisting of these two variable together relative summands of index k.
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What’s more, the scaling coefficient ”¢”, introduced by H. Poincaré for the time
ordinates, is equal to the light velocity in the cosmic vacuum. This small, but great
time modification led to identity of transformations in such isotropic space-time with
Lorentzian transformations developed for covariancy of the Maxwell electromagnetic
wave equation in the inertial systems [46, 47]. Later P. Dirac generalized the result
in his relativistic covariant form of the Schrodinger quantum wave equation [55]. The
fundamental Law of Energy and Momentum Conservation due to E. Noether Theorem
are inferred in STR strictly from homogeneity and isotropy of this basis space-time.

Tensor trigonometric language (with hyperbolic and orthospherical functions) may
be used for explaining all effects of STR connected with the time and Euclidean space.

Main Einstein’s postulates on maximality of matter physical velocity due to v < ¢
and constancy of the light velocity ¢ (only as scalar value) in all Galilean inertial frames
of reference directly follows from properties of the hyperbolic tangent function module

lv/c]| = [[tanh ~[| <1, (14A4)
and from these properties of the hyperbolic angle for physical velocity
+oo+ v =47+ 00 = +o0, (15A)

valid in any pseudo-Cartesian base E of (P3*!) with relatively immobile Observer.
Second rule (15A) implies that the light velocity does not depend on source movement.
However, the instantaneous proper velocity v* of a material object, from the point of
view of Observer moving with it, changes due to ||[v*|| < oo, as v* = ¢ - sinh ~!

In Ch. 7A, we use a Rule of summing multistep motions with polar decomposition
from Ch. 11 for inferring the relativistic non-commutative laws of summing velocities in
STR and segments in hyperbolic geometries in the most general forms. Due to similar
opportunities, we consider relativistic motions with their kinematics and dynamics in
Galilean and non-Galilean local frames of reference (Chs. 5A, 6A, 7TA, 10A).

The most difficult problem is similar considerations taking into account gravitation.
The historically first and up to now prevailing geometric-field conception is based on
the well-known Einsteinian GTR [51| with curved by gravitation pseudo-Riemannian
space-time. Note also the alternative BMT conception (Bimetric Theory of Gravita-
tion), which is based on the nature of gravitation as action of a tensor physical field in
the basis Minkowskian space-time with conservating energy-impulse tensor of matter
and field as a source of this field. Surprisingly, historically, the first version of BMT [75]
was proposed by Nathan Rosen, an assistant to A. Einstein at Princeton University
and later his close colleague! This shows how Albert Einstein was loyal to alternative
points of view in science and even to his GTR. This is an example of the true and not
just in words, attitude to the freedom of scientific thought. So later and up to now in a
number of monographs, their authors quite convincingly show that all the well-known
general relativistic effects are interpreted in the frame of BMT-kind theories, but with
the elimination of some significant contradictions in GTR (see in discussional Ch. 9A).
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Further, describe trigonometric approach to representation of physical relativistic

movements in its simplest form. Choose the right universal, i. e., inertial base E, ={I}
with immovable Observer N;. Other right universal bases 1, are linked as follows:

By, =rot © - Ey = {rot O}, (16A)
where rot’ © - I* - rot © = [* =rot © - [* - rot’ © according to (470), and

I* =

0
0
) (17A)

o O O
o O = O
o = O O

—1

In the base E; and all universal bases, coordinate axes are originally quasi-Euclidean
and pseudo-Euclidean orthonormal. Hence, the concrete spherical-hyperbolic analogy
of Ch. 6 may be used, and this is important from theoretical point of view. Bases that
are not universal ones are only pseudo-Euclidean orthonormal:

E-I* E=I*=\I* E) - (VI* E), (184)

where v/I% is the arithmetic root of type (443). The latter gives a variant without I*.
A new base, according to polar representations (480), (481), is the result of a unique
combination of a hyperbolic rotation (in E;) and orthospherical one (in E\), or in the
reverse order, where the matrices are compatible with the reflector tensor I+:

E=rothT -rot © - E; = {rot O}z, - Ep. (19A)
Suppose that a new pseudo-Cartesian base is the result of a pure hyperbolic rotation
Ey, =roth T - Ey = {roth T'}. (20A)

Then the new coordinate axes in Eyj, are, according to (363), completely spherically
non-orthogonal to each other, and their scales in the Euclidean metric are distorted
(this holds for at least two of the axes, one of them is the time-arrow). Pure hyperbolic

base rotation (20A) has the physical sense of uniform rectilinear movement of ES;) with

its Ny, relatively of Ef”) with its Nq at the velocity v = ¢-tanh . Hyperbolic rotation
is elementary, it is performed in the rotation eigen pseudoplane (P1T1) c (P3*1)
determined here by the time-arrow ™ and the vector v = ¢ - tanh v in (£3)1),

In the simplest case of 2 x 2-dimensional matrix (324), we have in the pseudoplane

cosh vy sinh 7y - cos

E; = {roth T}y - E; = , cosa==+1. (21A)

sinh 7y - cos cosh vy

It is a hyperbolic rotation of the axes (1) and ¢t at the angle 7 to the bisectrix of the
1-st quadrant if cosa = +1 and to the bisectrix of the 2-nd quadrant if cosa = —1).
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Consider in details the physical uniform rectilinear movement of a material point M.
At the moment ¢ = 0 the point passes through the origin O of the frame of reference E},
which here is the common origin for all centralized bases (E}). Then the world line
of M is a straight line inside the invariant light cone [49]. The light cone is the locus
of all central light rays proceeding from O. A certain pseudo-Cartesian base E, where
M is immobile, has its time-arrow 3 coinciding with the straight world line of M
mapped in the original base E;. (In general, all the new coordinate axes are determined
by columns of the matrix for a new base.) This new time-arrow 3 is completely
determined in F; by the hyperbolic angle v with 3(1) and the fixed directional cosines
of the vector tanh v € (£3)™) or the point M velocity v = v-e, = c¢-tanh v = const.
Also it is completely determined by the fourth column of rotational matrix roth I’
in (20A) with its canonical structure (363) expressed in the initial base F.

A world line may be, of course, arbitrary curvilinear one (as geometric invariant),
but its slope must be less than the slope of the light cone, i. e., of rays of light relatively
to the time-arrow o (). We represent world lines in a universal base £ = {I} only for
its geometric visuality and comparison with other world lines, as well as all the other
pseudo-Cartesian bases E are expressed also with respect to E\! With these arguments,
the base E; is defined initially as if Cartesian one too! Such approach was used before
in Ch. 12 for representing the two Minkowskian Hyperboloids with the same purpose.
(An universal base F| is the relative notion defined by inertial Observer Ny.) Laws of
movements discussed in Chs. 5A, 7TA, 8A and 10A are interpreted as a rule also in E;.

In trigonometric kinematics of STR, the angles v and I' of motion tensor in (20A)
for transformations of coordinates always have the sign +. The sign — for the angles is
possible only in mental motions to past with the use of antipodal hyperbolic geometry
(sect. 12.1.) This is equivalent to the principle of determinism for material phenomena.
These facts distinguish to a some extent hyperbolic kinematics of STR and the laws
of hyperbolic motions in the Lobachevsky—Bolyai geometry. The same time-arrow c
(and the same world straight lines) in the two cavities of the light cone are determined
with the same matrices roth I' corresponding, from the physical point of view, to the
same velocity vector and, from the geometrical point of view, to the same motion:

rothT' = F(v,e,) = F(—7, —€,). (22A4)

The last expression here is valid only in antipodal hyperbolic geometry. Another time-
arrow that is symmetric to original one with respect to ¢f (M (and the parallel to it
world straight line) is determined with the inverse matrix. It has the physical sense of
an additively opposite velocity vector and the corresponding to it geometric sense:

roth ' T' = F(v, —e,) = roth (—T) = F(—v,e,). (23A)

And here the last expression is valid only in antipodal hyperbolic geometry. In (22A)
and (23A), the angle ~ is formally positive for directions of material points movements
along the time arrow to future, it is formally negative for mental motions to past.
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Formulae (20A), (21A) imply that due to hyperbolic rotations the coordinate veloc-
ity of physical movement v along (! is expressed trigonometrically from this relation:
v Ar  sinh~y-cosa

T oA by tanh~y - cosa, (cosa = =+1). (24A)

Generally, for (P3*1) the vector of coordinate velocity v in (£2)(V) is determined by its
absolute value ||v|| and the directional cosines cos«;j, 7 = 1,2, 3; its three Euclidean
projections onto the axes have also physical and trigonometric forms:
Uy o Al’j
c ¢ At
where —1 < cosa; < +1 and cos® o + cos? as + cos
For describing the physical uniform rectilinear movement at velocity v, according

=tanhvy-cosqj, j=1,2,3, (v={vj} =v-e, =c-tanh ), (254)

2 2

043:1.

to scalar pseudo-Euclidean trigonometry (sect. 6.4), in the pseudoplane of rotation
(P*1) the new coordinate axes z and cf in the base £} = (z(V), 07(1)> are hyper-
bolically rotated, as in (21A), at the angle v = artanh (v/c) to the bisectrix of the
1-st quadrant, i. e., to the light cone. (Recall, that the positive spherical rotation at
angle ¢ is realized in the right bases E}, as the counter-clockwise angle!) The concrete
spherical-hyperbolic analogy between v and ¢ in the universal base E) are here either
sine-tangent (they are very important further) or visual tangent-tangent (sect. 6.4):

dzW /(detV) = v/e = tanhy = sing = tan g in E1, (v > o(y) > or(¥)).

There is no infinitesimal distinction between the angles ¢, pg,vif v — 0 (v < ¢). If
we analyze in Er (with respect to immovable Observer) one-step physical movements,
then spherical geometry and hyperbolic one are equally applicable. But if we deal
with combined non-collinear principal movements, for example, with respect to moving
Observer, as well as multistep or integral movements, then only hyperbolic geometry
should be applied. This holds for motions in spherical and hyperbolic geometries too!

So, the spherical parallel angle of N. Lobachevsky I1(a) [14, p. 186; 69] up to now is
the fundament of hyperbolic non-Euclidean geometry. However, from the point of view
of an enveloping space (P"1) in its interpretation on a hyperboloid II the angular
argument may have a certain geometric sense only in the universal bases Ej, and only
for one-step motions. On the contrary, the hyperbolic angular argument v = a/R is
consistent in any pseudo-Cartesian bases (with {I%}), see in sect. 6.4, ch. 12. Further,

II(a) =7/2 — () = &(y) = m/2 — arcsin(tanh v) = 2 arctan[exp(—7)],
©,7v: sinp =tanhy < tang =sinh~y (but sinll(a) = sech ), (26A)
&,v: siné =tanhv = v =Incothy/2, dv = —dvy/sinh~y, d¢ = —dy.

And we have the two alternative covariant parallel angles for both types geometry:
¢ = a/R — is the covariant parallel angle in spherical type non-Euclidean geometries,
v = a/R —is the covariant parallel angle in hyperbolic type non-Euclidean geometries.
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Both parallel angles are correct for the principal motions in their geometries, because
they have the same nature and change covariantly to the motions directions! But the
countervariant angle I1(a) changes contrary to them and is only spherical. It takes
place, because the parallel angle I1(a) is the complement to the principal motion angle
¢ in the spherical case or the angle ¢(7) in the hyperbolic case. Choice of II(a) is
reduced to concrete countervariant analogy of parallel and motion angles (sect. 6.4).
In order to get absolute (not depending on the 5-th Euclid’s postulate) geometry,
the spherical or hyperbolic nature of the parallel angle o should not be fixed! Initially
put « = £P(a) (if o # 0) as the angle between abstract and Euclidean parallels in the
universal base Ej. (The angle a is complementary to /2 for II(a)). Only after this
step, we come to the dilemma: what nature of the principal angle o should be chosen?
If P(a) > 0 and o = P(a) is chosen as a spherical angle, then non-Euclidean geometry
of spherical type is obtained, and its parallels are intersected due to G. Saccheri [32].
If Pla) < 0 and @« = —P(a) is chosen as a hyperbolic angle, then non-Euclidean
geometry of hyperbolic type is obtained, and its parallels converge into oo on the side
of a due to N. Lobachevsky [37, 38]. (P(a) = 0 corresponds to Euclidean geometry.)
Moreover, if in the universal base E; a geodesic motion is realized from the center C of a
hyperboloid IT along a hyperbola or a hyperspheroid along a circle — Ch. 12, Figure 4,
then its principal angle changes covariantly to the motion direction as follows:
—P,(a) =7€[0---£00), +P,(a) =¢ € [0---£7/2] —see descriptively in Ch. 12.
Conclude this chapter with the following essential remark. The initial mathematical
approach of H. Poincaré in 1905 [47] to constructing Theory of Relativity is logically
quite perfect, contrary to the initial physical approach of A. Einstein based on his two
postulates (see also in [61, p. 42-44]). Similarly, only the extrema |tanh |, = 1
in all frames of reference and the mathematical principle of relativity (sect. 12.3)
are not sufficient for constructing pseudo-Euclidean trigonometry (with ¢ = 1). These
two mathematical statements are equivalent to the both Einstein’s postulates and lead
logically only to constructing an infinite set of "trigonometries" and their quasiphysical
isomorphisms with pseudo-Holderian metrics of powers p (non-quadratic if p # 2):

|da|? = |dz1|P + |dxa|? + |das|” — |dy|?, 1 <p<oo.

However, A. Einstein proposed the graceful physical manner for clear definition of
simultaneity of events with the use of two light rays. This aziomatic definition of
simultaneity introduced implicitly the quadratic pseudo-Euclidean metric (p = 2) in
the space-time of STR. But the Einsteinian definition is only a beautiful theorem of
Minkowskian pseudo-Euclidean geometry, see more in Ch. 4A. As it is well-known,
H. Minkowski in 1909 renovated the foundation of STR with the use of pseudo-
Euclidean space-time and geometry with the index ¢ = 1, i. e., factually he regenerated
the initial mathematical approach of H. Poincaré. In the Minkowskian space-time the
notion of events simultaneity, with respect to the given frame of reference, is defined
geometrically very simply and clearly — see in Ch. 4A and at Figure 1A, Ch. 3A.



Chapter 2A

The tensor trigonometric model of
Lorentzian homogeneous principal transformations

Let a particle M moves absolutely in the space-time (P3*1) uniformly and rectilinearly
along its straight world line passing through the center O. Then, according to (21A),
its 4 coordinates in the original base E; and in the base E tied with M are expressed
in the simplest trigonometric form by the following passive linear transformation in
the hyperbolic angle I™:

roth (—I") r{E} r{E}
cosh 0 0 —sinhy-cosa xgl) coshy - x( ) —sinh~y - cosa - etV
0 10 0 R M _
0 01 0 20| e 7
—sinhy-cosa 0 0 cosh 7y et cosh - et —sinh vy - cosa - 2V

Represent the hyperbolic transformation in the 4-dimensional system {t = 0,x = 0}:

\

(1) _ : et
21 = coshy - 2" —sinhy - cosa - et = 41 taﬂilezh f;OSQ ct |
(1) _ (1)
— et g , o _c tanh vy - cosa - @y
ct = cosh~y - ct sinh~y-cosa -z’ = Sy -

This is the initial trigonometric form of Poincaré-Minkowski (in fact 2-dimensional)
of the Lorentz homogeneous (linear) transformations for space and time in Ey and E.
The multiplier cos @ = £1 determines two directions of the sine and tangent vectors.
If (24A) are taken into account, they may be expressed in the physical form of [46,47]:

xgl) _ -t Q) O D — (v/c) - 2

T = , To=1Ty', X3=x3°, cCl=
V1—0v%/c? V1—v%/c?

Take advantage of the hyperbolic rotational matrix with general canonical struc-

ture (363) in the base Ej, then we obtain the general trigonometric linear transform-
ations (pure hyperbolic) of the four coordinates of M as the three scalar space-
orthoprojections (at ¢ = 1,2,3) and the time-orthoprojection

r; = cosa; - [coshy - S —sinh~y - ctM] + [ml(-l) — cos ;- 5],
ct = cosh~y-ct!) —sinhy- S, (28A)
where: S = cosa - :cgl) + cos g - xgl) + cos s - xél),

and their vectorial-scalar form with an arbitrary direction of sine and tangent vectors

x = [coshy - eq€l, - x") —sinhy - e, - ctW] + (I — enel,) - x =
H
— [cosh - eq€l, - x(1) —sinhy - e, - ctV] + eae;a cx(, (29A)

¢t =coshy-ct® —sinh~y-e, - x.
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In its general form, the vector of the directional cosines e, = {cos «;} determines the

direction of the sine and tangent vectors in E{S) of E; as well as of the velocity, and:

— — 2 —
e.e, =ee, =vv =vW/|Vv|=vW/||v|], I-—e.e,=e.€, =vV

are the orthoprojectors in Ef?’) (see in sect. 2.5) into (im v) and (im v)* in (£3).

Transformations equivalent to (29A) were derived by G. Herglotz [62; 53, p. 27| as

%
B eaea/ . X(l) — V- t(l) —)l (1) t _ Ct(l) — (V/C)/ . X(l) .

X = Xy + x(l)—xv(l) = €.€n "XV,
| ) V1= [[v][?/e V1= [[v][?/e

He decomposed x(!) in (£3) as the relativistic and non-relativistic projections onto v
(the Principle of Herglotz). They are turned into the form (29A) with v/c = tanh~y.

The clear interpretation of these general trigonometric and physical transformations
follows from their comparison with (27A). When the base E; is hyperbolically rotated
in the pseudoplane (v, ct(1)>, then only the time projection and the relativistic space

projection e e,/'x!) are subjected to the modal transformation. The space-projection
e e, x orthogonal to v is invariant under Lorentzian and Galilean transformations.
In the projective non-Euclidean vectorial tangent subspace of radius R = 1 there hold:
|[tanh ~|| = tanh~ = ||v||/c = v/tanh® 4, + tanh? v, + tanh®~3 (v > 0), and

tanh v = tanhvy-e, = v/c — tanhy; = cos ;- tanhy = v; /¢, (i =1,2,3), (304)

where 7; are the partial angles with their values in the Euclidean orthoprojections
tanh v; = cos «; - tanh ~ of the vector tanh ~ in the subbase E{g) . The same for sine
is sinh y; = cosq; - sinhy = cosh v - tanh ;. But the projective vectorial sine space
is Euclidean one, because for it R — oco. In both these especial vectorial spaces (of
tangents and sines), the Pythagorean Theorem for moduli of the projections is inferred.
(By multiplier ¢, they are transformed in the velocities spaces — see in Ch. 3A).

In these transformations of a material or a world point coordinates as a rule two
kinds of bases are used: F), = {I} and E = roth T'- E; = {roth T'}. The first base is
universal one (16A). In STR, the universal base By = {I} is also a relative notion.
However it is tied to the immovable inertial Observer, say N; in the subbase Efg).
Canonical trigonometric matrix forms are expressed initially in terms of the base E!
The base determines a relation between Observer N7 and other pseudo-Cartesian base
Ek =T - El with Observer Nj. The following two pure variants are possible.

(1) 17, - Ty, = 1. Then Fi € (rot ©), it is another universal base, but for Nyj.

(2) Top = T3 Then Eyo, € (roth I'), it is a certain base for inertially moving Noy.

In variant (1), the subbase E,?) is immovable with respect to Ny, it is the result
of orthospherical rotating E{?’) at the angle ©1;. In variant (2), the subbase E,(f) is
moving at the velocity v = ¢ - tanh v with respect to N;. Any general homogeneous
Lorentzian transformation of bases in (P3*!) may by represented as the product of

the two pure types transformation (1) and (2) due to the polar decomposition (19A).
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Lorentzian transformations are applied actively to pseudo-Cartesian bases. Ones
in their passive (inverse) form, as in (27A), are applied to a material or a world
point coordinates. Lorentzian transformations, in that number, in their space and
time projections are used as instantaneous with changes of space-time coordinates
differences by differentials — see more in Chs. 5A-7A and 10A.

The special physical-mathematical principle of relativity (sect. 12.3) takes place for
them too. It consists here in form-invariance of expressions for transformations of coor-
dinates in any pseudo-Cartesian bases for a moving uniformly and rectilinearly material
point or a world point on a straight world line. Of course, it is the simplest case.

Due to homogeneity and isotropy of the Minkowskian space-time, all Lorentzian
transformations may be expressed in the clear trigonometric forms. However, if we
deal with a moving non-point geometric object, then, in addition, the quite another
trigonometric type of relativistic transformations may be used. It determines rela-
tivistic contraction of the object with geometric parameters in the direction of its
physical movement. Generally, in scalar and tensor variants of a trigonometry, projec-
tive characteristics of two kinds, either sine—cosine or tangent—secant, are evaluated.
Their kind depends on a problem being solved. So, in tensor trigonometry of the
space-time, the rotational as deformational elementary trigonometric matrix-functions
are used. Their canonical forms with respect to the base E; were given by formulae
(362), (363) and (364), (365), for example, generally in the fourth-block forms:

roth I’ defh T’
— — . —_—
coshvy - ey,e, +e.e,’ | sinhy-e, sech v - e e, +eq,e, | —tanh~y - e, (314)
sinh~y - e/, cosh y +tanh~y - € sech ~

Rotational hyperbolic matrix (31A) and orthospherical matrix (497) from the sect. 12.2
in these elementary forms are the two pure types of the homogeneous Lorentz trans-
formations in their canonical forms with respect to the universal base F;. All their
compositions in pseudo-Cartesian bases admissible with reflector tensor (17A) form
the group of continuous homogeneous Lorentz transformations. Such transformations
may be reduced to their polar forms as products of these two matrices of pure types.
All orthospherical rotations form their proper subgroup of the Lorentz group. (In STR
and in non-Euclidean hyperbolic geometry, these two pure types of rotations are used
only in elementary forms with ¢ = 1, and, more clearly, as (362), (363), (497).

The term "Lorentz transformations group" was introduced by H. Poincaré in his
pioneer papers on relativity theory [47]. The rotational homogeneous transformations
play the essential role in his previously suggested Physical Principle of Relativity as
development of classical Galilean one.

In two next chapters 3A and 4A, we give trigonometric interpretations (sine—cosine
and tangent—secant) of four space-time relativistic effects of STR. They take place in
the internal and external cavities of the light cone with respect to the original base E.



Chapter 3A

Einsteinian dilation of time
as a consequence of the time-arrow hyperbolic rotation

A world line in (P*™1) is connected at each point M with the instantaneous light cone
with its center — a world point M, where two internal cavities of the cone diverge as
these cone of past and cone of future. Any physical movement is directed along the
proper time-arrow from past to future. Hence, it is performed inside the light cone of
future, where a slope of a world line at any point satisfies inequalities 0 < |tanh | < 1
— Figure 1A(1). In (P3*1) all physical movements are represented by world lines in
homogeneous coordinates [47, 49] according to Poincaré and Minkowski. Further the
straight lines represent uniform rectilinear physical movements, because the relativistic
effects of STR mentioned in Chs. 1A, 2A need in differentiation of 1-st order with linear
part as 1-st differentials of increments of space-time coordinates along a world line!
The material point representing a real lengthy object is the object inertia center
(the barycenter), i. e., as a particle. A material point M (see Figure 1A) in (P3*1) is
physically immovable with respect to a certain frame of reference Es and is physically
moving with respect to E;. The straight world line of the particle M in (P*1) with
respect to Ej is its time-arrow parallel to 3(2) (the light cone inclination does not
depend on the base chosen, as it is invariant). For the movement, the bases E, and B,
are connected by the hyperbolic rotation EQ = roth I'1s - El. From the point of view
of Observer Ny, the particle M is moving in <€3>(1) at velocity v19 = ¢ - tanh~5. In a
neighborhood of M, a certain process may take place. By the clock of Observer N,,
the process takes time interval At(®) determined by segment M'M" of the world line
parallel to c?(z) with taking into account the scale in the time-arrow. It is, according
to STR, the proper time At = At®) of the process, as it is counted by a relatively
immovable clock. Proper time in any moving object is its absolute characteristic, or a
pseudo-Euclidean metric invariant inside the cone of future. With respect to its rest
base E,, it is identical to coordinate time At . With respect to Ej, coordinate time
of the process counted by Observer N; is determined by projection of the segment
M'M" into ¢tV with taking into account the scale, it is equal to At(M) [53, p. 109).
Coordinate time At() of the process in moving object is its relative characteristic [48).
For example, with respect to Fj, this time is evaluated with the use of passive rotational
transformation as well as one in the hyperbolic angle I'15 of El into E~2:

0 sinh~yyo - cosay - Acr A:c§ )
i ) . 1)
Ar(Y) = roth Tys - Ar® = roth Ia) - 0 = s%nh Y12+ Cosaz - A = Ay , (324)
0 sinhyy5 - cosag - Act Amél)
Act cosh vy - Act ActD)

where Acer = Act®, and from the matrices fourth rows we obtain:
ActV) = cosh Y19 - At — Act = Act(l)/ cosh 19 < ActW, (334)
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Figure 1A. Trigonometric interpretations of the four relativistic effects inside and outside the light cone in

coordinates {x, ct} of the metric space-time according to the Poincaré and Einstein different approaches.

(1). Einstein’s dilation of time of a moving object with its interpretation in the pseudo-
Euclidean interior right triangle ABC'; coordinate and proper velocities:

g?> =b> —a®? = A’cr = const ~ 1 = cosh?y — sinh?~,

b=Act) =coshy-g>g=ct? — Act® = Acr = ActV / coshy < Act™),

a =sinhv-¢=tanh~y-b=Az() = Ay,

v =AzW /At = Axy/AtY) = ¢ - tanhy, v* = Ax/AT = c-sinhy — v* > v.

v<c and v <0v* < o0.

(2). Lorentz’s contraction of a moving rod extent with its interpretation in the pseudo-
Euclidean exterior right triangle A’B’C"; supervelocity of two moving rods contacts:

b = g> 4+ a® = [2 = const ~ 1 = sech?y + tanh? v = cos? () + sin’ (7),

g=l=sechy-b<b=1Ily — [ =sechy-ly=cosp(y)-l<l,

a =tanhvy-b=tanh~y-ly = Act® #£0, w=1/At®) =c-cothy = c?/v > c.
(3). The Einsteinian approach to creation of STR on the basis of his definition of
simultaneity (Ch. 4A) with validation of the same relativistic effects in E; and Ej.

In STR relativistic effect (33A) is called Einsteinian dilation of time [53, p. 30, 48].
The segment Act of the straight world line, i. e., of the process time in M, is expressed
in the coordinates of its base By = {2(?, 3(2)}. Geometrically this segment of the
world line is a linear tensor element as the time-like oriented vector in (P31).
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Its quadratic pseudo-Euclidean imaginary invariant in the general four-dimensional
form of coordinates with respect to any pseudo-Cartesian base F is

—(Acr)? = —(Act)* + (Ax1)* + (Axg)? + (Ax3)* = const, (34A)

where At > 0, A7 > 0. The invariant can be interpreted as radius +iR = iAct of a
Minkowskian hyperboloid 11, Ar(® is its certain radius-vector (see in Ch. 12). Since
Act = const, invariant (34A) can be reduced, say in the base E}, to its sine-cosine
form-invariant trigonometric expression varied by the radius of a unity hyperboloid II:

(i) = —1 = — cosh® y + (sinh? 7| + sinh®~} + sinh® 7}) =
— — cosh®y + ||sinh v||* = — cosh? y + sinh? 7, (35A)

where v; (at j = 1,2,3) are the particular hyperbolic angles with their values in
the Euclidean orthoprojections sinh ’yg. = cos «; - sinhy of the space-like sine vector
sinh 7 in the base E;. Formula (35A) gives trigonometric quadratic invariant —1
under Lorentzian transformations of an unit time-like linear element Ai.

Invariant scalar proper time is expressed in any pseudo-Cartesian base E as

A7 = At/ coshy = min(At*)). (36A)

When one deals with a curvilinear world line, the similar rotational transformation
is instantaneous, and (32A) is applied to its arc differential as a linear element:

0 [ d:z:(ll) ]
) 0 dzV
dr'V) = {roth T}™dr™ = {roth T} . 0 = y %1) (374)
T3
der(™) det@)

Here the linear element dr(™ is expressed also in coordinates of the instantaneous
base E,, = {x(m),?(m)}. In STR the instantaneous bases, on the differential level,
are always inertial, but only from the point of view of inertial Observer, say N in Ej.
This has place, because the axes c#™) and (™ are instantaneous tangent and pseudo-
normal to a world line at a point M. Hence, the differential form similar to (36A)
is

dr™ = dtW / coshy = dA\"™ /(ic) = min(dt™). (38A4)

Integrating (38A), one obtains A7 = AM/(ic), where A\ is the pseudo-Euclidean
length of a world line segment [53, p. 110]. Formulae (36A), (38A) express in the clear
trigonometric form the relativistic effect of Einsteinian dilation of time in a moving
object with respect to immovable Observer, for example, of some process time in
the object [48]. The effect may be easily interpreted as a consequence of the hyperbolic
rotation of ct(m)] Formally, this effect of time dilation was first established by V. Voight
in 1887 [57| (in his light elasticity theory) and independently by H. Lorentz in 1892.
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This segment of a world line Ar(® in E\, according to (32A), has else the space-
like orthoprojection a = Ay into (£3)) — Figure 1A. (But such space projection of
Ar® into (€3>(2) is zero.) It is the non-relativistic space trajectory of the object M
corresponding to a world line segment Ar(). It can be expressed in terms of coordinate
time as well as Finsteinian proper time with the two different definitions of velocity:

Ax = \/A%ED + A%S) + A%él) — tanh y Actt) = v- AtV = sinhy Aer = v*- AT,
The proper velocity v* is defined in addition to a coordinate velocity v as a concomitant
relativistic effect. It is measured in proper distance dy = dz") by proper time dr:

v; = c-sinhvj = c-cosa; - sinhy > v; = c-tanhy; (j =1,2,3). } (394)
The four vectors v, v*, tanh-y, sinh « are collinear. The hyperbolic angles v; and ’y;.
in (30A) and (35A) are related as follows:

(vj = c-tanhy; = v-cos aj, vj = c-sinhyj = v*-cos ;) — sinh~} = cosh 7-tanh ;.

v* =c-sinhy =dyx/dr =wv-coshy =dx/dr > v =c-tanh~;

In the pseudoplane of hyperbolic rotation, the given problem is reduced to solving an
"interior hyperbolically right pseudo-Euclidean triangle" (see in sect. 6.4), where Act
is similar to the hypotenuse g, and Ay, Act!) are similar to the legs a, b.

In products (32A), (37A), the hyperbolic rotational matrix is formally truncated,
only its last row is used, because the original linear element Ar(? is parallel to its
2) and all its points in F» have zero abscissa. The whole matrix is used
if the original element is on another time-arrow 3(3) under an additional angle ~yo3
from the time-arrow ¢t @, Tt is valid for two- and multistep motions (see in Ch. 7A).

Another important theorem of STR and Minkowskian Geometry is the following.

Let M" and M" be two causally-connected world points in (P3™Y). Then the straight-
line segment M'M" inside the light cone of future has the mazimal pseudo-Euclidean
length (proper time) among all continuous world lines in Ey connecting M' and M":

time-arrow 3(

ty th
cly — ¢ty = ct\ij = Act > Act’' = /dct/ coshy(t) = / det’ > 0,
131 t)
where t is the time of relatively immovable Observer, ¢’ is the time in a moving object.
Such continuous world line has the minimal length A = 0 if the points M’ and M" are
connected by light segments, and only two light segments are enough. The inequality
(divided by c) is the descriptive trigonometric illustration to the well-known relativistic
"twins paradox", as its left part is so called earth time t, and its right part is time ¢’
counted by astronauts. The notion "proper velocity" as v* = c¢-sinhy > v gives the
simplest its interpretation from (39A). Similar effects of STR, with real difference of
time in different frames of reference, are possible only under action of the two great
basis Poincaré Relativity Principle and Mach Principle. Moreover, in Ch. 5A we shall
prove, that for men (non-robots) the flights even to nearest stars are Utopia.



Chapter 4A

Lorentzian seeming contraction of moving object extent
as a consequence of the moving Euclidean subspace
hyperbolic deformation

The Lorentzian seeming contraction of extent, as opposed to dilation of space and time
coordinates in a moving system with the coefficient cosh™' (v) — see Figure 1A (2), (3),
is interpreted correctly on the basis of Einsteinian physical definition of simultaneity.
The latter is a geometric theorem in (P3*1), but only due to its quadratic metric!

In the external cavity of the light cone in (P3*1) — see at Figure 1A(2), one usually
considers some sets of world points belonging on the whole to a certain Euclidean space
(€3®) mapping in the base Ej with its own time coordinate t*). In the simplest
practical variant, the set consists of two world points as some events with a space-like
interval between them. In another variant, important for subject of this Chapter, the
set consists of points of a concrete geometric object immovable in a certain Euclidean
space (£%)) and moving with its projective map in a certain base E; from point of
view of Observer N;. Of course, in the base E’j all the geometric object points are
simultaneous, as they have the same time coordinate on its own time-arrow g(j ).

From the other hand, all world points of a given geometric object belong to their
world lines in (P3*1). If the object is immovable with respect to the base (£3)\) and it
is in uniform rectilinear movement with respect to the base E;, then the world lines of
all its points are parallel to the time-arrow 3@. Observer N; fixes the moving object
points in his own (£2)@ at a certain value of time on his own time-arrow o although
simultaneously, but with the object sizes distortion along the moving direction. This
space-like phenomenon is defined as a improper world fixation of the world points or
of the moving object (as a set of world points fixed in (£3)®)).

(£3)0) and A0 are hyperbolically orthogonal in (P3™1) iff the object is physically
immovable just in (5?’}("). Then ¢ = j and the world fixation of the object is proper.
It corresponds to true sizes of the object as immovable one. This graphical way for
constructing fixations defines simultaneity of the world points set in a certain base.

The Einstein’s definition of simultaneity is a graceful geometric theorem in (P3*1).
In the 2-, 3- and 4-dimensional cases, it is expressed as follows.

Theorem 1. If a triangle ABC' (see Figure 1A) is formed by a space-like segment AB
and two light segments AC and BC' (i. e., isotropic zero legs) coming from the opposite
directions, then its median and height passing through the point C' are identical.

Corollary. If ABC is such a light triangle in a certain pseudoplane, then its median
(a height) and its base (a hypotenuse) are the time-arrow t®) and the space axis z(*).
Theorem 2. In the cone obtained with any elliptic cut of a light cone, the median
passing through its apex C' and 2- or 3-dimensional base are hyperbolically orthogonal
to each other, hence its height and median passing through the point C' are identical.



198 APPENDIX

The theorems, on the base of Einstein’s physical definition of simultaneity, motivate
the quadratic metric in his physical version of STR! Simultaneity of events as a world
points fixation is a relative notion too. It is defined with respect to a certain Euclidean
space (£%)¥) with a time-arrow ct®) of the pseudo-Cartesian base Ej in (P3+1).

This is illustrated clearly at Figure 1A(2). Here a rod as a geometric object is
immovable on the axis xs (i. e., j = 2), and it is moving physically along the axis x4
(i. e., 2 = 1) at velocity +v (tanh ~ = ||v||/c). This rod points world lines are parallel
to the time-arrow ¢t ). That is why, Observer N; fixes this rod points on its axis z1 as
their projections in parallel to the time-arrow ¢f ). From mathematical point of view,
the improper fixation is a cross projection onto x; parallel to g(j) — see definition
of a cross projection as tensor trigonometric deformation in sect. 5.10. But here we
have the tensor deformation of the hyperbolic type, i. e., in terms of hyperbolic secant-
tangent transformation. Due to this, the moving rod contraction seems to Observer N;.

In general, an improper world fixation, with respect to a certain pseudo-Cartesian
base Ej, is defined here as a graphically simultaneous cut of a geometric object world
trajectory in parallel to (£3)() at a certain moment of time t®. If the object is
physically immovable in (£3)U), then its world trajectory in (P3*1) is parallel to the
time-arrow cf ). Therefore definition of a world fixation of an object in the base E;
is reduced to its projecting into (€3>(i) parallel to 3(3‘)7 i. e., to a space projection in
the cross base E” — {a:,(j), 07(3')} (sect. 5.10). Single cross projecting is expressed
trigonometrically as hyperbolic deformation in the pseudoplane of rotation. The pseu-
doplane at cross projecting has some properties of a quasi-Euclidean plane, but only
of the universal base Fj, as then the cross quasi-EBuclidean invariant under trigono-
metric deformations is valid in this pseudoplane, see sect. 5.10 and 12.2. For a given
geometric object, the volume of its fixation is maximal iff the fixation is proper:

V =0 /sech v = max(v*?) = const. (40A)

If a k-dimensional (k < n) geometric object is moving rectilinearly and uniformly,
then exactly four variants of its world trajectory are possible:
1) a line if £ = 0, the object is a particle as a world point;
2) a band if k = 1, the object is a rod as a directed segment (a vector);
3) a 3-dimensional band if k£ = 2, the object is a triangle or a parallelogram;
4) a 4-dimensional band if k = 3, the object is a tetrahedron or a parallelepiped.
We consider only simplest objects, they are represented by 4 x k-lineors, see sect. 5.1.
The set of all world fixations for a given object is, from geometrical point of view,
equivalent to the set of all space-like cuts of its world trajectory. So, relatively im-
movable Observer N fixes a rod simultaneously as its projection into (£3)() parallel
to ot @ (see Figure 1A). A world fixation, as well as a world trajectory, is a tensor
notion, their valency is 1. World fixations of objects pointed out above are expressed
as either 4 x 1-vectors, or 4 X 2-lineors, or 4 x 3-lineors. If an object is immovable in
(£3)U) | then its proper world fixation is defined with respect to Ej.
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In the base Ej, these one-, two-, and three-dimensional immovable geometric objects
reduced to a current world point (the barycenter of a material body) are expressed
initially as the following space-like 4 X k-lineors in the Minkowskian linear space-time:

Az Az Azl Azl) Aal) Aflja)

W0 | AT | g | Al Axl) | o | Al Aaf) Aa) (41A)
add | ) ) [T Al aal) el |
0 0 0 0 0 0

With respect to the cross base Ej;, we take out only Euclidean images in (£3)0) of
the lineors as their proper fixations, because they are immovable with respect to Ej:

0 — ol A= Ay AY = AL, (124

If the coordinates of these tensors are subjected to deformational transformation
from Ej ; into another cross base F; j» then one-time pseudo-Euclidean quasi-invariant
holds (i. e., for the one-time transformation). The invariant is expressed as follows:

[a)) - al) = [a)) . al) = ||a| |2 = I3 = const > 0, (43A)
[A(j)]’ . A(j) — [A(iaj)]’ . A(ivj) — |A‘2 = Const, (4414)

where |A] is the k& x k-matrix Euclidean module of the 4 x k-lineor A (sect. 9.4). This
is similar to the Euclidean invariant due to one-time spherical-hyperbolic analogy (341)
with respect to the universal base E; for Observer N; fixed the Lorentzian contraction:

Ej = roth FZJEZ — Ei,j = defh Fzy Giis defh Fzy =rot (I)(FZJ) = defh_lf‘ji. (45A)

Express with the passive modal transformation the new coordinates of lineors (41A)
with initial equalities (42A) in terms of both the modal matrices:

Pk
. ) , (4.5)
all) = defh T;;-aY¥) = rot ®;;-al) = Aa:%i )| (46A)
Az
ActU)
Al aal)
Al.(zhj) AQE(LJ)
Aiw defh Lij - A4><2 = rot ®;; - A4><2 Am%&j) Ax%iz,j) , (47A)
31 32
Act(lj’l) Acté‘“) |
[ A:):(li ; Ax(lzzjz Aa:(l ;
Azl Ag Azt
AU = defh Ty - AV, = rot @, - AV, = 21 22 23 484
4x3 f J 4%3 J 4x3 Aa:é 7) Axgzéj) A.Z'g 7) ( )

i Actlj D Act;20) Act3“
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Thus we have two equivalent trigonometric definitions of a general world fixation with
one-time cross projecting, and respectively two kinds of the modal matrices in (45A):
hyperbolic deformational one and spherical rotational one. In the spherical rotational
variant, the angle I' should be transformed into its analog ®(I") by the analogy. The
second variant is used for visual graphical interpretation of the Lorentz contraction.
We choose mainly the first variant with angle I';; connected simply with velocity v.
For example, express by passive modal transformation (46A) the new coordinates of
the rod in terms of original ones from (41A), (42A) with the use of canonical structure
(364) for the hyperbolic deformational modal matrix:

[ Axgi) | [ A:Uij) —cosay -cose - ly- (1 —sech ) |
(i) Aa:g:) _ Ax;j:) —cosay-cose-lp- (1 —sechy) | _
Ax:(;) Axéj) —cosag - cose -y - (1 —sech 7)
i Actl) | i cose - lp - tanh ~y |

| eq-[1—cose-(1—sech )]l
N cose - tanhy - [y ’ (494)

where in the rod fixation, the first three rows determine its new Cartesian coordinates
in the base Ei, the fourth row determines its non-zero time-like projection onto 30)
as the additional time-like effect (explanation in details will be lower);

lp = ||a|| is the Euclidean length of the rod in its rest state in the subbase E~j(.3),

¢ is the angle in the same subbase EJ(-?’) between the rod and the antivelocity vector
vji = (—eq - v;;)¥) with the unity vector of directional cosines (formally these cosines
are equal to ones of v;; in EZ§3)). And there holds

cosoq-Aazgj)%—cosag-Aa:gj)Jrcos C¥3'Al'éj) — ¢/ -a¥) = cose-ly = ||vv'-a||. (50A)

Note one more relativistic effect: the hyperbolic angle between the velocity and antive-
locity is non-zero and equal to ;. If the velocity and the axis z; are parallel, then
cosa; = 1 = cose, cosay = cosaz = 0, and the new rod coordinates are

[ Axgi) | [ 0 +sech - Aa:gj)
. (i) N2 .
Gj) — | Dry | _ | BT +0 Apl) _
a'" = L = : , xy’ =cose-lp=1y). (blA
Aa::(;) Axéj) +0 (A, 0=l (514)
i Actl) ] | 0+ tanh~y - A.rgj) |

Here the non-relativistic and relativistic parts are pointed out as the summands from
the left and from the right respectively. More generally, if in (49A) also the rod and
the velocity are formally coaxial (cose = 1) in Ej(g) , then there holds

(ij) _ | €a- sech v - [
a [ tanh ~ - lo : (52A)
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The Cartesian coordinates in (51A, 52A) express the relativistic effect of so-called
Lorentzian contraction of extent |46; 53, p. 109], which realizes coaxially to velocity:

l(%]) — l(l) — sech f)/w . lO =\/1 - (’U/C)2 . lo < lo. (5314)

Other coordinates are normal to the velocity, they do not change. The original and new
four coordinates of the rod in (49A) and special cases (51A) satisfy (43A), i. e., they
form quasi-Euclidean invariant, this follows from (45A). The sum of all three space
coordinates squares is the squared Euclidean length module of the rod contracted.
In this most general case, for the Lorentzian contracted oriented rod, there holds:

165) — (@) — HAX(Z')H = lo\/0082 o sechQ%-j +sine =

= lo\/l — cos? e - tanh®v;; = lpy/1 — cos? e - (v/c)? < Iy, (54A)

Apply the Herglotz Principle and evaluate its relativistic and non-relativistic sum-
mands. The non-relativistic Cartesian part of a fixation (that is normal to the velocity
vector) is the Euclidean invariant:

. , () — :
al) — al) _ose.gy. | & | = | AXT T eacose-l | (55A)
muv O 0
Subtracting (49A) and (55A) gives the relativistic part:
. (4)
(ij) _ | €a-cose- sechy-ly | | Ax )

Apply the Pythagorean Theorem to its Cartesian part and obtain the relativistic part
| cos e -sech 7 - lp| for the Euclidean length of a moving rod. From (55A) and (50A) the
non-relativistic part |sine-ly| is evaluated too. This is the algebraic way for explaining
structure of (54A), another way is graphical. The Euclidean length of a moving rod is,
due to (54A), the orthogonal sum in (£2)(® of non-relativistic projection sine - [y and
relativistic projection cose - sech v -ly. The first summand is normal projection of the
rod relatively to the antivelocity vj;. It is invariant under cross projecting (hyperbolic
deformation). That is why, this part of the rod fixation is spherically orthogonal to
both the vectors v;; in (£2)) and v;; in (£3)VY). The second summand (relativistic
projection) is obtained from parallel projection of the rod with its cross projecting into
(3@ parallel to 070), i. e., under condition in (52A) onto velocity v;;.

Squared quasi-Euclidean lengths of relativistic fixations (52A) and (56A) for the
rod, due to (43A) and (45A), are invariants under one-time hyperbolic deformation,
More exactly, they are space-like quadratic cross quasi-Euclidean tnvariants:

(92 = || AxED )2 + A%tV = [109)2 4 A%tV = 12 = const, (57A)
[l(j) 2 = \\Ax(i’j)|\fel + A2t = [l(i’j) fel + A2t = l% cos’e = const.  (58A)

rel
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The trigonometric secant-tangent form of invariant (58A) is
(sech®y] + sech®yy + sech®y4) + tanh® y = ||sech®y|| + tanh®y = 1, (59A4)

where 7, is the hyperbolic angle between vector —v;; in the subbase EJ@ and the

axis zj in the subbase Ei(?’) and sech ) = cosay - sech . This is an invariant for
a unit space-like linear element. The proper length of a rod (in the rest state) is a

quasi-Euclidean metric invariant in all other cross bases Ly, in particular, in FEj;:

1(0:9)

l — max (1)), (60A)

O pu—
\/1 — cos? ¢ - tanh® y;;

This follows from (54A). The Lorentzian contraction as the relativistic effect has coor-
dinate nature, i. e., it does not lead to any mechanical stretch. Formally, contraction
of moving objects as in (53A) was first established by G. Fitzgerald in 1892 [58].

The set of all world fixations of a moving rod is semiopen, as it does not contain ex-
tremal cuts of its world trajectory by the hypersurface of the light cone, see Figure 1A.
These extremal cuts for a rod have zero Euclidean length of the relativistic space cross
projection, ones for objects of rank greater than 1 have zero Euclidean norms of order
1 and 2 for their relativistic space cross projection and order 3 for their space volume
fixation. These cuts correspond to objects as if moving at the velocity c.

Furthermore, this rod, in addition, has the time-like projection in the same cross
base Ez-j, this follows from (56A). Projecting is performed into the time-arrow 3@,
thus it is expressed in the base Ej. This effect has the following relativistic explanation.
Observer N; can see the analogous rod as immovable on the axis xﬁ“ and moving at
the same velocity v;; in Ej, with seeming Euclidean length (54A). In the general case,
when the two identical rods meet, their two left ends and two right ends considered
separately meet, according to (56A), with the following time lag:

Act®™) = Act) = cos ¢ -y - tanh ;5 # 0. (61A)

It is the relativistic effect of non-synchronous meeting of two identical immovable and
moving coazial rods paired points. Contact of the points pairs of meeting rods (if e = 0)

is spreading at the left to the right along the axis xgj ) at supervelocity w greater than c:

s = lo/AtY) = ¢/ tanhy,;; = ¢ - cothy;; = ¢ - coshvy; = /v > c. (62A)

(See connections of these complementary hyperbolic angles v and v in (360), sect. 6.4.)
During this accelerated movement the coordinate supervelocity decreases from oo to ¢
(for the angle ) and increases from ¢ to oo (for the complementary angle v). However,
in the classic mechanics, the pairs of points meet simultaneously.

Note, that the set (w - e,) forms the hyperbolic cotangent vector space that is the
cotangent models outside the trigonometric circle (the Cayley’s oval) of radius 1 or ¢
for supervelocity, where the motion angles v is on a hyperboloid I (see Ch. 12, 6A, 7TA).
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In products (46A)—(48A) the hyperbolic deformational matrix is formally truncated,
only three first rows are used (compare with rotational matrices in products (32A),
(37A) in Ch. 3A, because the original objects (lineors) in forms (41A) are parallel to
their proper Euclidean space (£3)0)

In the common pseudoplane of the hyperbolic rotation roth I';; in the base E; and
the hyperbolic deformation defh I';; in the cross base Ez-j at Figure 1A, this problem
is reduced to solving the exterior right triangles: either pseudo-Fuclidean one ABC
(sect. 6.4), where () is similar to hypotenuse AB = ¢ and [y, Act) are similar to
legs a, b; or quasi-Euclidean one A’B'D’ (Figure 1A(2)), where otherwise a = A'D’
is similar to hypotenuse as ly, g = A’B’ is similar to leg [) as contracted rod length,
b= B'D' = Act'); i =1, j = 2). Then Lorentzian contraction is expressed formally
in the quasiplane by the spherical rotation rot ®(I';;) in (45A) in the universal base E;,
and hyperbolic cross projections are determined due to the Pythagorean theorem.

In a cross base Eij, for two vectors (rods) applied in one world point M, there holds

[l = o) - e, (Bro € [0 7).

Here the algebraic formula for the cosine of the angle between two vectorial fixations
in (€30 is given. Apply (54A) to this expression. The result is the trigonometric
formula for the cosine of the angle between two moving vectors (rods) applied in M:

cos By’ = [a)"”] - a7 /|y

CcOs 5@ — cosep - cosey - tanh® vy
V1 —cos2e; - tanh®~ - /1 — cos? e, - tanh® ~

—1 < cos /3&) = < +1, (63A)

where Bg) and B{Q are the scalar angle between the vectors measured by Observers
N; and N;. Two the initial vectors with the antivelocity vector form a triple in (£3)0)
Due to the Hadamard Inequality, for their unit vectors Gram determinant, there holds

0 < det{[elegeg]/ . [816263]} = 3%23 < 1. (6414)
And from here the triple trigonometric inequality follows:
2 COS (x19-COS (x13-COS (x93 < cos? oy +cos? a13+0082 93 < 142 cos aryg-Cos ary3-cos (va3.

In our case, we have a3 = €1, o3 = €9, ags = P12. These inequalities and
condition tanh?~ < 1 infer (63A) as inequality too. If the initial angle between the
vectors is ﬁf;) = m/2 — cos 59} = 0, then the new angle (’]) is either acute
(COS€1 coses < 0), or obtuse (COS€1 coseg > (), or zero (COS€1 - coseg = 0).

If 612 0, then ey =2 and 51 = 0. If both the vectors (and the angle between
them) are orthogonal to the antivelocity vector, then the relativistic effect of the angle

changing does not take place: cose; = coses =0 — ﬂfi’j ) = 5{? If one of these two
vectors is collinear to the antivelocity vector, then |cos ﬁlgl decreases, and the acute

angle increases, the obtuse angle decreases (e = 0 — 512 = g9):

1 — tan? :
o < €os 5}9 (65A)

1 — cos? ey - tanh” ~y

0 < cos /3&) = Cos /3{%’ : \/
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Relativistic area of the parallelogram on two the vectors is

S&J) _ lgi’j) ) léiaj) . sin 6%]) _

_ 59
sin 313

The diagonals of the moving parallelogram are subjected to Lorentzian contraction

: \/sin2 Bg) — (cos? €1 + cos? g9 — 2 cos Bg) - cOSE] - COSEy) - tanh? . (66A)

unless they are orthogonal to the velocity. In general, for the length of the diagonals,
there holds:

[L(i’j)]% g = [L(j)]iz — [l%j) -cose; léj) - COS 52]2 - tanh? . (67A)

)

The volume of a parallelepiped (as well as of other body) decreases proportionally
to the secant of the hyperbolic angle 7 of motion - see in (40A). With the use of (54A),
(64A) and (40A) the sine norm of a moving 3-dimensional lineor angle is evaluated:

(4)

§lhd) Sig3 - sech
2 V1 —cos?e; - tanh® v - /1 — cos? ey - tanh?~ - /1 — cos? g5 - tanh? fy-’
si5h € (0:1). (684)

Inequalities 0 < s(iz"g);) < 1 may be inferred by another way, with the use of formulae

(63A) and (64A), because we have:
[s%é)]Q =1+2-cos ﬁg’j) - COS B%’j) - COS ﬁéé’j) — cos? Bg’j) — cos’ B%’j) — cos® Bég’j).

The essential distinction between Lorentzian contraction of extent and Einsteinian
dilation of time consists in the following. For multistep motions, the latter may be
always expressed through multiplication of rotational matrices of all these particular
motions with evaluating its summarized motive tensor angle (see in Chs. 5A and TA).
However, Lorentzian contraction, for multistep motions, is not expressed similarly
through multiplication of all these particular deformations, because their hyperbolic
tensor angles are not summable. But it may be expressed through the deformational
matrix-function of the tensor angle in the rotational matrix-function obtained after
multiplication of particular rotational matrices and following polar decomposition.

Moreover, due to (45A), the geometric result of the Lorentzian contraction is visually
similar to the geometric object spherical rotation at the angle ®(I") with the following
spherical cosine projecting. Also, from the point of view of the tensor trigonometry, the
equivalent spherical matrix rot ®(I';;) = defh I';; mathematically clear may interpret
the relativistic effect "Terrell-Penrose visual rotation" under the Lorentzian contraction
of moving geometric objects (of course, in the base E) of an immovable Observer).

We have an important peculiarity: the Lorentzian seeming contraction is a typical
artefact, i. e., it is a really observational but seeming to N7 space-like phenomenon
evaluated in a certain universal base E;. When the object returns to the rest state, its
geometric sizes and angles are preserved. Internal mechanical stretches in a material
object according only to any inertial movement are impossible.



Chapter 5A

Trigonometric models of two-, multistep, and integral
collinear motions in STR and in hyperbolic geometries

Consider trigonometric interpretations of rectilinear physical movements summation.
They are described mathematically (Ch. 2A) by hyperbolic rotational matrix-functions
of compatible tensor angles (in their elementary form). According to Rule 2 (sect. 5.7),
compatible rotational matrices commute, in their multiplications the tensor argument
angles of motive type form an algebraic sum. Hence, in this Chapter, we use mainly the
scalar form for these motion angles and connected with them trigonometric functions
and velocities. The latters may be subjected also to operations of integration (into
some distances) and differentiation (into some accelerations), and what’s more, these
operations are realized inside of a certain pseudoplane of these compatible hyperbolic
type motions! Some examples of similar physical movements are exposed at Figure 2A.
By this reason, the relativistic Einstein—Poincaré Law of two velocities summation
(as well as hyperbolic tangents summation) for collinear summands has the following
trigonometric interpretation as compatible rotations in the hyperbolic angles I jj:

roth I'13 = roth I'1s - roth I'y3 = roth (F12 + Fgg) =

} (cosa =+1,v>0) (69A)
= COS CY(13) * Y13 = COS 05(12) * Y12 + cos 04(23) * Y23,

tanh [cos ay3) - 713] = tanh [cos aig) - Y12 + €OS Qa3 - V23] =

V12 + V23
1 + U12U23/62’
V1oUegz > 0 ‘013| < ‘U12 ‘|—U23|, V1pv23 < 0 4> ‘Ul?)‘ > |U12 +U23"

= v13 = ¢ - tanh [artanh vy5/c + artanh vy3/c] = (7T0A)

Hyperbolic form of this law was first derived by Arnold Sommerfeld with geometric
interpretation as if on a sphere of imaginary radius i [53, p. 111; 63|, i. e., in fact (!) on
a Minkowskian hyperboloid II (see sect. 12.1). This is based on the rule for summation
of tangents of trigonometrically compatible hyperbolic angles. The relativistic law of
summing several collinear velocities is expressed also in the simplest hyperbolic form:

cosq -y = ZCOS awy - Ye), (cosa==E1,7>0) (7T1A)
t=1
v = c-tanh (cosa -7) = c- tanh Z artanh v;/c. (72A)

t=1
The term "collinear" has here and further rather conventional character, it means
merely that all these summarized particular velocities vectors v; are directed in their
common vectorial 3-dimensional Euclidean space coaxially with a set constant vector
e, = (cosq;) = const with cosa;, i = 1,2,3. Hence, the particular velocity v; can
have only one of two values of vectors of directional cosines +e,, 1. e., in these contrary
directions. In (69A)—(72A), this condition corresponds to values cos a = £1.
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An integral collinear motion as a curve world line in (P3*1) is projected hyperbolically
into some Euclidean subspace (£3) as a rectilinear physical movement. More in details,
such motion is realized in some only one pseudoplane (P*1) with its specific directional
vector e,, but physically the motion is projected hyperbolically as a straight line into
any its space axis, for example, z(!) = y in parallel to 07(1). Hence, speaking strictly,
"rectilinear movement" is a physical term, which has rather conventional character too
in (P3t1). (In the Lagrangian space-time, a collinear motion is projected always into
its Euclidean subspace as single one for all the bases in parallel to any ct.)

Continuous summation of collinear motion angle differentials dy = dy™ is accomp-
lished with integrating either along instantaneous axis 2! as differentials dy = dv™ /c
of its inclination to the Euclidean subspace (£2)(! or along instantaneous tangent to a
world line as differentials d of its inclination to the time-arrow AW, Note, that these
1-st differentials dy and dv(™, as always, only are linear parts of curve increments A~y
and Av(™ (and in the current point M there holds: v(™ = 0).

The space axis M) collinear with +e, and the time arrow 3(1) determine the
constant pseudoplane (P'+1) with this two-dimensional universal base. Such base E;
corresponds to the rest state of inertial Observer Ny of STR. In the base E;, we have the
concrete spherical-hyperbolic analogy (26A) between hyperbolic and spherical motion
angles for very important applications. Further, we shall describe two-step, multistep
and integral collinear motions mainly in the universal base E\ — see at Figure 2A.

In the trigonometric version of STR, the characteristic hyperbolic angle of motion ~y
has relative nature as well as the time-arrow and the space. Here this angle is counted
in the base Ej off 07(1) unless another condition is accepted. So, for a straight world
line, the relative velocity between Observers N; and N, determines the hyperbolic
tangent of the angle of motion 7;; from two opposite points of view — Figure 2A(1):

V12 Az Az - sech 9 —Az®

tanh v, — 2 — - — — —tanhvy. (734
W TS T A ™) T A(ct®) sech e A(ct®) anhigor (734)

The same takes place also if a material object is moving rectilinearly with accelera-

tion or deceleration along directions e, with its current instantaneous base F,,. For
each point M of its world line, the instantaneous pseudo-Cartesian base is associated
with M, it takes into account translation of the coordinates origin into the point M:

E, =rothT -E = Fi(v,e,) - E. (7T4A)

The current tangent tanh~ determines the coordinate velocity of physical movement,
it may be expressed by two ways: from the points of view of Observers N; and N,,:
v dx dz - sech v Fdz™
tanhy = - = = =
¢ dct®) d(ct®)-sechy  d(er)
These formulae correspond to the Lorentzian dilations of space and time in moving
systems of reference with the coefficient sech y(v) in the base F; (see the end of Ch. 12).
Further similar Greek notations y = (1), er = ¢t® stand for the proper coordinates.

= Ftanh(F7). (75A)
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Figure 2A. The world lines of a material point M for simplest kinds of rectilinear physical movement:
uniform one (1,2), uniformly accelerated one (3,4) in the universal, proper, and compressed bases.
(Two dotted curves with their arrows are non-relativistic tangent kinematical parabolae.)

Here the proper (true) distance x in (%)) is the segment of (1) axis, it is immovable
in the universal base E;. The proper time differential der here is the differential of
pseudo-Euclidean length of a world line arc, i. e., along the world line. The proper
time is counted with the clock of the moving obJect in the current subbase E( )
For the moving object, its curvilinear world line is identical to its proper-time-arrow
ey

t
f d(ct'™) = &# (), see Figure 2A(3). A pseudo-normal and a tangent to a curvilinear

World line at point M form instantaneous directed axes 2™ and 7 ) of the base F,,
In (73A), (75A), the relative velocity vy in E; of Observer N, with respect to N;
is evaluated with the use of its coordinate time t(!) and its proper distance =z = y.
Similarly, the relative velocity vey in Es of Observers Ny with respect to Ny is evaluated
with the use of its decreased proper time t?) (dt® = sech 41 dt'M) and its moving
coordinate distance (V) (dx(l) = sech 91 dsc(Q)) — the latter is formally analogous to
Einstein’s dilation of time. Hence, the notion v is, in fact, the coordinate velocity.
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The proper velocity of physical movement (39A) is defined with the use of proper
coordinates, i. e., proper time d(c7) in a moving Euclidean subspace in E,, and im-
movable proper distance dy = dz") in F. It is expressed by the hyperbolic sine:

v* dz dx v

— = = = coshy - tanhy = sinhy > —. 76 A

¢ dett™)  d(er) K K 7o (764)
The proper velocity of a light is infinite as d(ct) = 0. Therefore the law of proper
relativistic velocities summation for collinear summands has the following hyperbolic
sine interpretation, though hyperbolic angles are summed as before, see in (70A):

vj3 = ¢ - sinh[cos 13) - Y13] = ¢ - sinh|cos Q(12) " Y12 + COS ((23) - Yo3] =
= ¢ - [cos ay19) - sinh 19 - cosh 23 + cOs a3 - sinh a3 - cosh y1a], =

= Uiy = Uiy -/ 1+ (033/0)? + 035 - 1+ (v /),

VigV23 > 0 > [vis] > U]y + v

Furthermore, there holds: v* = v/y/1 — (v/c)? — 1/c* = 1/v* —1/(v*)% The
latter is equivalent to the trigonometric identity: 1 = coth®y — csch®~y. It is invariant
of cotangent-cosecant rotational matrix at complementary angle Y! (Ch. 12). The
directed cosines of vectors v* and sin 7 are equal to those of v and tan ~, as they are
obtained from the same vector differential dx in the numerator of their derivatives.

Let the frame of reference with Observer N, moves also rectilinearly, but non-
uniformly. Then N,, has the instantaneous coordinate velocity with respect to Ny as

(774)

(m) dg(™ B sech -y - dz™) B dx) (m)

T T T sechv-dt — dt -

However, the infinitesimal instantaneous coordinate velocity-derivative of NV,,, in E,,,,

: : : . ~ . (m)
with respect to a certain previous current origine M of E,, is expressed as de =M™

(and exactly in M it is always zero, even for the non-uniform movement). This inner
velocity v™ has another sense. For the world trajectory passing through the point M,
consider a neighborhood of M and introduce in it two hyperbolic angles: v = ~ is
a general motion angle in E~1, and Y™ — 0 is a additional infinitesimal motion angle
in the base E,, determined by the inner acceleration or deceleration of movement in
the neighborhood of M. For differentials of the two coordinate velocities with respect
to Fy and E,, in the neighborhood of M, their trigonometric forms are expressed as

d (dfﬁ—(l)> =d (d—X> = dtanh~vy = sech2’y dr, \
d(ct(l)) d(ct(l))

dx'™) dx““) (m) _ o)
d(-de™ ) — g (dr) _ ganh M) = gy = g,
(d(ct(m))> (d(w) e

where 7™ — 0 is counted in the base E,, from the current point M, but the angle ~
is counted in the base Fj from the origin O along the same world line.

\ (78A)
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The angle 7 is counted from the axes 2" and M of the base E; up to the axes z(™
and ¢ of the base E,, applied to the point M. So, for a curve world line segment, the
infinitesimal angle 4™ is counted in the current point M from the time-arrow ¢f (the
tangent) as a time-like angle or from the axis (™ (the pseudo-normal) as a space-like
angle in two opposite directions to the light cone between them. There holds 4™ — 0
in a neighborhood of the point M as ’UE\?) = 0. (For a straight world line segment,
angles dvy and v are zero.) For collinear motion in its pseudoplane, d is expressed
also in the same instantaneous base E,,, i. e., M) = 4™ = d~. At the point M,
the inner 3-acceleration in E,, (but it is expressed as 4-acceleration in E1) is

2z dy™ d(tanh ~(™) d(tanh d) dry

dr? dr ¢ dr ¢ dr ¢ dr g™(r). (194)

From here, for collinear motions, the fundamental trigonometric formulae follow as

dQXE\Zn) =dvy-d(er) = do™ . dr, do'™ = ¢ d~, d:rzg\}n) =0, dz™ = ¢ dr; (80A)

in (P31 Px™ = Pxm.e, = dy-d(cT)-eq, dxg&n) =0, e, = + const, d(ct) # 0.

d(ct) = d\ is 1-st differential of the pseudo-Euclidean length of a world line segment;
dr is space-like or time like. It is counted from M along the current (™ or tangent.
Formulae (80A) connect three differential parameters of curvilinear collinear motion.
So, we obtain the inner velocity and acceleration as v™ = c¢-4(™ and g™ = dv™ /dr.

We use the trigonometric opportunities in the Minkowskian space-time (P3*1) for
clear descriptions of relativistic motions, in particular, collinear ones, with their kine-
matics and dynamics in uninertial (or accelerated) frames of reference, but from the
point of view of any inertial (Galilean) frame of reference F;. That is why in STR the
base E,, may be considered in E; as instantaneously inertial [53]. At a moment of the
time 7, an inner 3-force F acted on M, with caused by it the inner 3-acceleration ¢
and 3-velocity v(™ = ¢(™dr, are directed in E,, along the 2(™-axis. Hence, in the
base E,, these three instantaneous characteristics are always collinear ones. According
to the 2-nd Newton’s Law of mechanics and relation (79A), and with the instantaneous

radius of the hyperbolic pseudo-curvature R = 1/K along a world line, there holds:

g(7) o 7 Caen e D (1) = g=c’/R. (814)
|F|p = my - |g|p is the same for Observers in inertial bases. (If F is a force of inertia,

then |F|p is the number showed at the scale of a dynamometer in ET(,:Z’)) The rest own

mass my # 0 of a material point (object) M does not depend on the own frame of
reference. The absolute value of inner acceleration determined by (79A) and (81A) is
an invariant (strongly at constant temperature my = const). In E,,, it does not depend
on v (or the velocity of movement) contrary to corresponding relative characteristics.
Due to this, exactly g(7) is considered in STR as the basic inner 3- or 4-acceleration.
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If acceleration g is tangent to velocity v or v*, then the world line, with v and g,
stays in the same pseudoplane (the motion is coplanar one). The constant and pure
tangent to v acceleration g determines rectilinear uniformly accelerated or decelerated
physical movement. The absolute motion is described in a certain pseudoplane along
a time-like hyperbola with the radius of pseudo-curvature R = d\/dy = 1/K (see it
in sect. 6.4). For such hyperbolic motion, formula (79A) is modified as follows

A2 (m) doy(™)

d d = =
_ —gmy2= T Y T~ const = d®x™ =R (dv)?
[d(cT)]2 C2d7') g"/e d(er)  dA const = @x (@)’

where dy # 0, d(ct) = d\ = R dy is the hyperbolic arc with its radius-vector of
pseudo-normal radiated out of the hyperbola center O. The kinematical hyperbola,
for example, is mapped on a Minkowskian hyperboloid I and is going out its point C4
(see sect. 12.1 at Figure 4). The simplest kind of relativistic accelerated movement
was first analyzed by H. Minkowski [53, p. 111]; then M. Born and A. Sommerfeld
[64; 63]. There are two more types of tangent acceleration, in addition to (79A). The
proper 3-acceleration in E = (x, ¢f), with taking into account (76A) and (80A), is

= d>y  dv* dsinh
g(T):W: dr - dr

It is greater than inner acceleration in (79A), as the differentials d?z(™ is decreased

= c-cosh~y - ;ﬁ = coshvy-g(7) > g(1). (82A)
T

proper differential dy due to relativistic dilation as result of rotation of the axis (™.
Contrary, the coordinate 3-acceleration in Ey due to (78A) is very less than inner one:
— dv d*x _ dtanh~y dry dry

g (M) — ¢ - sech?y - = C sech®y - i

T T (@m0

= g0(Y) = glr())/ cosh®y| = {Flr()"] < glr()V] < Flr() )}, (834)

The last formula for tangential acceleration 5(1) (t) (here in clear trigonometric form) is
well-known in STR. In kinematics, the parameters ct(!) and er are used as arguments
of motion functions. The parameters are synchronous in the universal base Ej if they
are fixed with clocks of Ny and N, simultaneously. Simultaneity is defined (Ch. 4A)
by the differential and integral forms derived from projecting time in parallel to (£3)(1):

ct™M
d(cr) = sech 7 d(ctV) < d(etV), cT = / sech v d(ctW) < et (84A)
0

d(ct™M) = cosh d(er) > d(er), V) = /cosh7 d(et) > cr. (85A)
0

They are obtained with cut parallel to the axis () = y. Here 7 is, according to
(84A), the pseudo-Euclidean length of a world line counted from the base E; origin.
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If motion is integral (and the vectors v and g in the velocity 3D-space are collinear
as before), then the angle v and the velocity v and v* vary continuously. In particular,
for the hyperbolic motion (as uniformly accelerated or decelerated one) determined
above, there holds g(7) = g = const. Then, due to (79A) and (84A), we have

dy=g-dr/c = d(cr) = Rd’y,

vy=g¢g-T/c = cT ﬁ-%

} (g = const); (86A)

dsinhy =g - dt /c = R dsinh~y = d(ct'V
sinhy=g-tW/c = ) =R-sinh~y.

) } (g = {const). (87A)

Trigonometric parameters in (86A) and (87A) are instantaneous, and from there we
have the relation used for its synchronized consideration: ¢ /7 = sinh~/y! They
allow one to express simultaneously the velocity and distance functions for hyperbolic
(uniformly accelerated) motion in terms of two-types time arguments:

d(cT):d(Ct}(l”): A de®) \
sy it e \/ 1+ [et)/R] b (384)

or— T -~ = (c%/g) - arsinh [g - (1 /c] R - arsinh [ct(l)/}:%} b

d(ct™) = cosh~y - d(cr) = cosh(g - 7/c) d(cr) = Cosh(m'/}:z) d(er),
(89A)

ctV) = (c?/g) - sinhy = (c?/g) - sinh(g - 7/c) = Sth(CT/R)

In the hyperbolic motion, from (86A) and (87A), very useful relation t) /7 = sinh v/~
is acted. For this motion as the physical movement, coordinate and proper velocities
(see above) are functions in coordinate time (they are expressed synchronically in E\,
in terms of proper time t00):

L)
v =, (tY) = ¢ tanhy = J
\/1 + [g-tM/c
=v,(1) =c-tanh(g-7/c) < g-7 < g-tW, (90A)
v =v(1) = ¢-sinhy = ¢-sinh(g-7/c) = vf(tY) =g - tY > g 7. (91A4)

These inequalities may be also interpreted by the trigonometric way as analogs of
tanhy < v < sinh~y < cosh .
The proper distance as a function in time ") counted with the clock of Ny is

+@)

X = Xt(t(l)) = /vt(t(l))dt(l) = ﬁ-(cosh v—1) = R <\/1 + [Ct(l)/}:{r _ 1) . (924)
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Functional relation y and ¢t(Y) may be expressed in the parametric and invariant forms

D) =R s — —o
ct = R:Sth77 — (X + R)2 _ (Ct(l))2 — R . (9314)
X+ R = R-cosh~,

This corresponds generally to equation of a kinematical hyperbola in a pseudoplane
and its sine-cosine time-like invariant sinh? v — |coshy|?> = i? describing movement

in the base B = {x, m }. Three more forms for the invariant R (with x, ct, cT) are

+(1)
= X S =T const, (94A)
coshy—1 sinhy »
it may be derived from (92A) as well as from (93A) taking into account (86A), (87A).

In Minkowskian geometry, this equation determines a circle of radius R = ¢?/g in

=l

(P31, its affine interpretation is a hyperbola. The trajectory has constant hyperbolic

curvature K = 1/R. Thus we deal with hyperbolic movement in STR, it is the simplest
type of collinear integral movement. A kinematical hyperbola is the intermediate form
between the Newtonian kinematical parabola in t(Y and an isotropic straight line of

the light ray y = ¢t — R going out of the point O, see Figure 2A(3):
VR < y=x(tV) < G- (tV)2)2. (95A)
The inequality is interpreted with (87A, 92A) as sinhy—1 < coshy—1 < (sinh®~)/2.

The proper distance measured with the clock of N, and velocity v} is the catenary:

T T — 7
X = X-(7) = [vi(T)dr = ¢ [sinh~(7)dT = R [ sinh~y dy =
0 0 0

(96A)

= R [cosh(ct/R) —1] = R - (coshy — 1) = R - [sec p(7) — 1].

Due to (94A) one may infer, that R = 1 reduces (93A) and (96A) to these unique
trigonometric objects as unity hyperbola and unity catenary. All hyperbolae (93A) and
all catenaries (96A) are homothetic to these unity objects with coefficient R, however
the first in pseudo-Euclidean metric, the second in Euclidean metric, i. e., in their basis
spaces. This relate also to hyperboloids I, IT and catenoids I, II — see more in Ch. 6A.

Formula (96A) is the equation of a hyperbolic cosine curve (catenary) in the both
proper quasi-Cartesian coordinates of space and time E = (y, ﬁ), see Figure 2A(4).
The straight-line axis &7 is obtained from the hyperbolic world line ?(7) in F, with
its rectification by spherical orthogonalization with respect to the proper Euclidean
subspace (£3) = (£3)(V i, e., to the axis y = (V). It is formally realized with trans-
formation of instantaneous motion angles with the use of concrete spherical-hyperbolic
sine-tangent analogy (sect. 6.2): sin(y) = tanh~y = v/c, tan p(v) = sinhy = v*/c,
This means that, in the special quasi-Cartesian base E = (X, ?), the spherical tangent
of the world line inclination angle and the hyperbolic sine are equivalent in E and F.
Then (86A) and (87A) give differentials and lengths of the world line in £ and E.
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This can be interpreted as passage into the uninertial time-like quasi-Euclidean
space-time, which is direct spherically orthogonal sum of the proper Euclidean space
(53>(1) and the rectified proper-time-arrow 07, obtained with the sine-tangent analogy
for slopes of any world lines at their transitions from the universal base By = {x, cf}
with inertial Ny into the quasi-Cartesian base E = {x, ?} with uninertial Ny,

(@3N = (€3 B &7, where (£3) = CONST, & = Const. (974)
and where rot © are admitted. The analogy for slopes of world lines in F; and E is
dx = c¢-tanhy d(ct) = c-sinhvy d(cT) = ¢-tanyp d(cT) — sinhy = tany >
< dx/d(ct) = tanh~y, dy/d(cT) = tan p(7y) <> dp = sechy dv, dy = sec p dp.

In these two instantaneous bases, we have the pseudo-Euclidean measure in (P311)
and the Euclidean measure in (Q3)* with hyperbolic and spherical motion angles

[d(cr)* = ld(ct(7))]* = [dx()]* = [d(ct)] = {d(cT[p(MD} + {dxlp(]}"

The principal motion angles T'" and ®(I'), with respect to E; and E, are connected
through both velocities as tanhy = sing(y) = v/c <> tanp(y) = sinhy = v*/c
taking into account (76A). The Special quasi-Fuclidean space has the same reflector
tensor {I*} with admissible orthospherical transformations rot © and an exchange

of &7 and m The principal rotations roth I' and rot ®(I') in both these bases are
connected by the same analogy as indicated above — see more in sect. 6.4 and Ch. 6A.
The Euclidean length of the original world line 7 as the new ordinate ¢# in the base
E corresponds to the proper time of N,,; the Euclidean length of this curvilinear in

general world line c¢t™M(y) in this base corresponds to the coordinate time of Nj.

In addition to (93A), we obtain in (Q*)¥, due to (94A), the equation for a catenary,
invariant only to Lorentzian transformations of its pro-hyperbola with same rot ©:

—=2

R

2

" [ranha(e) 7
L lale) o - - _
{ (%) (et = Ry). (98A)

R+ x

_R - [sech®y(¢p) + tanh? y(p)] = R - (cos? @ + sin® ),

Uniform rectilinear movement is described by a straight line with visual inclination
v = @(y) = const identical to the angle in an usual quasi-Euclidean space. Uniformly
accelerated movement is described by hyperbolic cosine curve catenary (96A).

The focal hyperbolic angle of inclination for these space-like hyperbola and catenary
(see at Figure 2A, (3) and (4)) is vy = w = arsinh 1 &~ 0.881 defined by the concrete
sine-tangent analogy. It is the especial hyperbolic angle introduced in sect. 6.4 for
applications in different geometries with principal hyperbolic angles, in particular, as
the hyperbolic analog of spherical angle and number 7/4! We used it already some
times and shall use further for more descriptive trigonometric considerations.
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In the base E, the proper distance for the catenary y = R - (coshy — 1) tends to
parabola f(cr) = g7%/2 = §72/2 from above (at 7 — o0) due to (coshy—1) ~ ~%/2.
The catenary lies under the kinematical parabola in 7 and under the catenary focal
tangent to it (with inclination spherical angle 7/4), but it lies above the tangent circle
(informatively up to x = E) in the special quasiplane (Q*1)?¥ see at Figure 2A (4):

gT*/2 < X, cr — kR <x, xX=x-(7) <R—\/(}:%)2—(CT)2 if er < |}:%\

These inequalities are interpreted as follows: 72/2 < coshy—1 < 1—+/1 —~2 (y < 1).

In a pseudo-Cartesian base and in quasi-Cartesian one, both these world lines of
hyperbolic motion lie at different sides of the two kinematical parabolae, see at Figure
2A (3) and (4). If the angle of motion 7 is equal to yp = w (and ¢(yr) = 7/4), then
the coordinate velocity v achieves value vp = ¢ - tanh w = ¢/+/2 (for the hyperbola),
and the proper velocity v* achieves value v, = ¢ -sinh w = ¢ (for the catenary).
Furthermore, v* > ¢ if v > w and ¢(v) > 7/4. Proper velocity of light is infinite.
The maximal proper velocity for material objects is v* — oo! (This is velocity of
austronauts by their a clock — see further.) The coordinates of the focal point F' in

these bases are expressed in terms of the hyperbolic characteristic radius R = g/c*:

XF:(\/§—1)R%O.41§; ct;p:ﬁ, CTF:w§%0.881§, (but CTZE&t’}/Zl);
kR=crp—xr = k=w+1—V2~0.467, as vy =w and p(w) = /4 at F.

Hyperbolic motion has the inner constant parameters: pseudo-curvature ?R =1 /E
and hyperbolic angular velocity as its main kinematical characteristic (in rad/sec):

e =" = ¢/R=ckn=". (994)

It expresses also the hyperbolic rotation of tangent ¢ with pseudonormal p at moving
instantaneous point M for collinear motion in its pseudoplane. The curve is hyperbola
at hyperbolic motion, then its pseudonormal is radiated from center O (Figure 2A(3)).

The classical principle of correspondence in its trigonometric interpretation means
that the kinematical hyperbola, catenary, and parabola have the same tangent circle of
radius R at their zero point Oy, see Figure 2A(3,4). This is equivalent to the fact that
these three curves have at point O; the same derivatives of the 1-st (they are zero)
and the 2-nd order. Consequently, the two kinematical parabolae of ¢ and of 7 (first is
classical one) approximating the hyperbola and catenary in a neighborhood of Oy (in
non-relativistic region) has the same " characteristic radius" (i. e., these hyperbola and
catenary with the two approximating parabolae have the same radius of curvature) in
the own different coordinates, this follows from the approximating relations:

[ (9-72)/2 < x = (2/g)-{cosh [g-7(t) fd =1} < (g-))/2 ] = (9-#2)/2, ifv/c— 0.

Another simplest uniform pseudoscrewed motion will be considered in Ch. 10A.
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Trigonometric representations are valid for dynamical relativistic characteristics too.
For rectilinear physical progressive movement of mass M, we define scalar, vector, and
tensor trigonometric expressions of the characteristics from the point of view of inertial
Observer N in the original base E’l and in Em. Differential relations of simultaneity
(84A) and (85A) will be used. The moving material body is reduced to its barycenter
as a material point M. According to the 2-nd Newtonian Law, in (P3*1) there holds

dv™  dlmgv™]  dp™ g(7) dry
F = FT = = . = = s . — = . — =
(7) = mog(T) = my e e I moc . moc I
B coshy dy  d(mgc-sinhy)  d[(coshy-my) - (tanh~y-c)]
ST T T e dtm -
* 1 m
_ d(mgv) _ d(mv) _ dp) _ dp(™ — ().
dtV) dat dat) - dr

(In general, the inner acceleration g and proportional to it differential dy may be
decomposed into parallel and normal projections to velocity v, see Chs. TA and 10A).

Formulae of the first row hold only in an instantaneous pseudo-Cartesian base where
mg = const is the own mass. Hence, the form of the 2-nd Newtonian Law is covariant!
Then the same inner force F' in El and Em is determined with the use of simultaneity
at the world point of mass M in both these bases of (P31}, (The force of inertia |F|
is the number showed as if at the scale of a dynamometer in ES’)) Capacity of the
inner force action, according to Newtonian mechanics, is represented in the base E; as

coshy dy d(coshy -moc?)  d(mc?) dE
dt@ dt@ T @ T g
First, both these STR equations were obtained in physical forms by H. Poincaré [47].
These expressions allow to evaluate instantaneous dynamical characteristics in Ej,

N:F'U:mocQ' -tanh'y:

and Elz the own 4-momentum Py = myc, the total momentum P = mc = coshy - P,
the real 3-momentum p = mv = myv* = sinh v - myc = sinh v - F); the own
energy By = moc?, the total energy E = mc® = cosh~y - Ey, the real kinetic energy
AE = E — Ey = (coshy — 1) - Ey =~ (tanh®v/2) - Ey = mgv?/2, the useful sine energy
part e = pc = mvc = myv*c = sinhy - Ey. The tige)—like total momentum is increased
as a cosine orthoprojection onto the time-arrow ct!), the space-like real momentum is
a sine orthoprojection into the Euclidean subspace (£3)() (from a world line).

For the total momentum we obtain P = mc = 1/ P2 + p? = \/(mgc)? + (mv)? ~
~ Py +mo(v*)?/(2¢) = Py +mgv?/(2¢) = (mc)* = (mge)? + (mv)*.

However P is non-invariant in (P31) and depends on velocity. Invariant is Py given by
the pseudo-Euclidean Absolute Pythagorean Theorem for 3 momenta (see in Ch. 10A),
here for the same right triangle of 3 momenta with hypotenuse Py = mgc in (P311):

Py-i=P-ij+p-j= (iP)? = (iP)* + p* — for tensor I~ in correct form (17A).
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From here Poincaré-Einstein relativistic formula for mass-energy follows [83], [50]:

E = Pc=mc* =\/E2+¢e2 = /E; + (pc)? =~ Ey +mo(v*)?/2 =~ Ey + mov?/2.

(With such mechanical way, relation E = mc* was inferred by G. Lewis in 1908 [68].)
The former approximate values in these formulae for m, P and E are upper bounds
for the characteristics, second ones are lower bounds, this follows from inequalities:
1+sinh?(y/2) > coshy > 14tanh?(vy/2). Last expression is cosine time-like Hamilton

function of v as B = \/E2 + (pc)2 = /E; + (Ey - ||sinh v|])2 = Cosh”y FEy. Both
these pseudo-Euclidean invariants in (P3*1) are PO moc > 0, By = E? — (pc)?.

In addition, we express trigonometrically the phase velocity of the de Broglie wave
as wp = E/p = cothy-c = ¢?/v and its real velocity as vg = dF/dp = tanhy-c = v.
Trigonometrically, the total and real momenta as defining dynamical characteristics
may be represented in the space-time (P31} as scalar cosine and 3 x 1-vectorial sine
projections of the united in STR 4 x 1-momentum P, of a material point M:

. sinh ~ sinh v - e, P
Po=F-da=mo-ca=F- { cosh ~y ] = [ cosh ~y ] B [E/c] '
It is preserved under F = 0 <+ Py = Const. The scalar value Py = myc = Ey/c is
pseudo-Euclidean invariant for the body or material point M. As vectorial differential
characteristic, it has the 1-st order of differentiation along a world line. In Chapter 10A,
we consider trigonometrically characteristics of absolute movement of M along its
world line in (P3+1), with respect to the base Ej, up to the superior 5-th order.
These trigonometric forms of the dynamical characteristics are obtained from Laws
of the Newtonian mechanics and the relativistic Law of summing physical velocities
for collinear two-step motions (v or v in E; and dv or dy in E,,). The hyperbolic
angles of motion are bivalent 4 x 4-tensors I' and dI' in F; and E,,. The former is a
main argument of the hyperbolic tensor of motion acting in space-time (P3™1) — see

about it also in Chs. 6. It is a pseudobiorthogonal tensor. In the original base E\, its
definition and canonical forms due to (324), (348) and (362), (363) are following:

{roth (£I')}341)x(3+1) = cosh' £ sinhI' = F(7, e,)

S >
coshvy-e,-e,/+e,-e,/ |xsinhy-e,
+sinh~y - € cosh

%
(roth T') : rothl - IT -rothl' = I* (e, = e.e,) (100A)

(0% «

I35+ (coshy — 1) - eqel, | £sinhvy-e,
+sinh~y - € cosh '

[0}

It is splitted projectivelgz in 3 x 3-tensor orthoprojection into (53>(1), scalar cosine

orthoprojection onto ¢t(!) and two mutually transposed sine vector oblique projections.
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Suppose that a material object M is moving progressively with respect to Ej in
(P3*1) at instantaneous velocity v = v - e, = ¢-tanh v = c- tanh~ - e, or proper
velocity v¥ = v* - e, = ¢-sinh v = ¢ -sinh~ - e, in the subspace (£3)1). On its
arbitrary 4D-world line in the same base E;, we obtain some more general kinematical
parameters: V* = ¢-sinh I as a tensor of proper velocity and Ty, = c-roth I as a tensor
of absolute 4 x 4-velocity. For its right column as the 4 x 1-velocity ¢ = ci of Poincaré
the pseudo-Euclidean module is ic. (Recall, that at v = w we have v* = ¢, v = ¢/v/2.)

The dynamical tensor characteristics are proportional to the tensor of motion (100A)
as theiwr dimensionless trigonometric prototype, with using two coefficients: ¢ and my.
Mainly, these following instantaneous dynamical tensors of momentum—energy 7p and
of energy-momentum 7T are defined in the original base E; as:

Tp =By -roth T = myc-roth T, Tg= Byc-roth ' = Ey-roth ' = moc® - roth T.

If we suppose, that ¢ = const, then Ty ~ Tp). Of course, all these three tensors
are compatible with metrical reflector tensor of the Minkowskian space-time (P31).
Moreover, they are pseudo-Euclidean orthogonal and preserve their symmetric form
under orthospherical transformation of Ei, i. e., in (Ey,). Non-symmetrical tensors
after two-step or multistep motions may be represented in their polar form (19A) —
see initially in sect. 11.3, and for the (3 + 1) x (3 + 1)-tensors further in Ch. TA.
For example, consider the tensor Tp. Its canonical tensor form is preserved under
F =0 <> Tp = CONST. In the base Ei, from (100A) it has this physical form:

Tr — P-ey-e,/+FP-e,-e)/| p | _ |mc-e, e +mpc-e,-e, mv | (1014)

p’ E/c mv’ me

The (3+1) x (3+1)-tensor is splitted projectively in the 3 x 3-tensor orthoprojection

{[cosh 7-€q4 - €4'+€q - €4/]- Py} into (£3)(Y) | the scalar cosine projection P = Py-cosh

onto the time-arrow ctM), and two mutually transposed sine 3 x 1- and 1 x 3-vectorial
oblique projections p = Py - sinhvy - e, = mov* = mv and p’. In all admissible
pseudo-Cartesian bases, the values Py = moc and Ey = moc? for a massive material
point are the pseudo-Euclidean scalar invariants, but Py = mgc and right column Py
in (101A) are such geometric invariants in space-time (P3*1) similar to a world line.

In its turn, the Lorentzian contraction of moving objects extent in the direction
of movement, fixed also by Observer in the universal base E), has coordinate nature.
[t is described in 3-dimensional variant by the trigonometric (3 + 1) x (3 + 1)-tensor
of hyperbolic deformation (Ch. 4A). Due to Lorentzian seeming decreasing of moving
body volume, its coordinate density seems to increase. There is no pressing force acting
on the body in the direction of movement. Inner physical force is absolute characteristic
in (81A), its scalar value is the same in all inertial bases, not only in Ej.

In this trigonometric interpretation of STR, all the relativistic transformations
of physical values may be determined more clearly and briefly with the use of these
trigonometric tensors and further operations of mathematical analysis over them.
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Note (!), that in our applications of tensor trigonometry to the relativistic physics,
we rested for the Minkowskian space-time (P3™1) its negative signature ¢ = 1, i. e.,
with the real-valued Euclidean space (£3) and the imaginary time-arrow ict, as this was
introduced by Poincaré in 1905 [47], and respectively in trigonometric tensor of motion
(100A) and proportional to it physical tensor of momentum—energy. However, some
physicists use the space-time with p = 1,¢ = 3 from the imaginary anti-Euclidean
space (i€%) and the real-valued time-arrow cf (?), contrary to (17A), though our
geometric 3D-space of Nature is the real-valued notion!

* * *

We use (79A), (81A) and (86A) for deducing the relativistic analog of Ziolkovsky formula, in particular,
for a photon rocket moving due to reactive force of the light [66].

dmg(r) - dmo(7)

F= mO(T) : g(T) =u dr mO(T)

=g(r)dr =cdy(t) =

= mo(7) = mo exp[—(c/u) - ¥(7)] = mo exp{—(c/u) - arsinh [v"(7)/c]},

where mgo and m are the initial and current mass of the rocket in the base Em, and u is the fuel outflow
velocity, v(7) = arsinh [v*(7)/c]. We deal with the hyperbolic motion! For a hypothetical photon rocket (as
theoretically ideal variant), there holds u = ¢, and

mo(7) = mo exp|—(7)] = mg exp{—arsinh [v*(7)/c]} = mgexp{—artanh [v(t)/c]}.

Compare the values of the own mass in terms of the coordinate and proper velocities of the rocket obtained
by the Ziolkovsky formula and its relativistic variant above:

mg exp(—v*/u) < mgexp[—arsinh (v*/c)] = mg exp[—artanh (v/c)] < mgexp(—v/u),

and this is equivalent to the trigonometric inequalities sinh vy > v > tanh~.

Consider trigonometric computations for data of the reverse hyperbolic movement of a rocket, see at
Figure 3A. This example illustrates, in particular, the twins parador. Similar examples were first analyzed
by P. Langevin [65]|. For the free flight, we have:

X = L/2 =R- (COSh’Yma:c - ]-)7 COSh'Ymax = X/R+ 1, (R = 02/9);

T = 4(0/9)7ma937 ) = 4(0/9) sinh Yimaq;

*

Umaz = € - tanh Ypae, Upaz = C - SINh Vg

mO(T)/mO = eXp[4(—C/U)’YmaJ;]-

Suppose that a hypothetical photon rocket flies to the nearest star Proxima Centauri and returns
to the Earth. Then the ideal parameters (by taken time) of the flight are:

e the fuel outflow velocity u = ¢ for a photon rocket (as the theoretical maximum),

e the constant inner acceleration g = 10 m/sec?, (as on the Earth),

e the one-way distance L = 2y ~ 40.3 - 105m = 4.26 light years.

Computations give the following results:

X ~20.15-10% m, R~9-10"° m, ¢~ 305 days;

cosh Vimaz &~ 3.239, sinh e =~ 3.081, tanhv,4. ~ 0.951, Y =~ 1.8437;
Umaz = 0.951¢, Ve = 3.061¢;

2L = 4x =~ 8.52 light years, tM ~ 3.70 - 10°® sec ~ 11.7 years,
T~ 2.21-10% sec = 7,01 years < 2L ~ 8, 52 light years ("
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This is the concrete example for trigonometric interpretation of the twins paradox:
we have for the 1-st twin-astronaut 7 =~ 7 years and for the 2-nd twin on the Earth
t(M) ~ 11.7 years. Time on the Earth of light spreading there and back with velocity ¢
(2L =~ 8.52 light years) is greater than proper time of the flight for this twin-astronaut!
Relative decreasing of the own mass due to only expenditure of fuel, according to the
relativistic formula, is mg(7)/mg = exp(—4Ymaz) = 1/1600!!!

A photon rocket with terrestrial acceleration reaches the proper velocity ¢ for period
less than one year, and further the velocity increases up to 3¢, but at the end of the
trip the own mass of the rocket becomes insignificantly small (mq/1600). That is why,
such cosmic flights to stars with return of astronauts onto Earth by STR laws are
impossible for contemporary men (no for robots) as well as empty projects based on
GTR (throuh "wormholes-tunnels" in the Universe etc.)!

- ¢
years 341 . . years
. WP to Proxima Centauri (nearest star) ;

there and back

in photon rocket

g =10 m/sec’ = = const

I
=1

K :

0 < 0

Figure 3A. Reverse hyperbolic movement of a material body in pseudo-Cartesian (at the left) and
quasi-Cartesian (at the right) coordinates under constant proper force causing proper acceleration.

However, the paradoxical inequality 7 ~ 7,01 years < 2L ~ 8,52 light years (got-
ten due to the concrete initial parameters of the flight) shows, that astronauts during
such reverse cosmic flight as if outstrip the light!!! Indeed, a radio-signal sent by the
astronauts at the moment of their departure from the Earth to the Star theoretically
after its reflection of the Star must return to the Earth in 2L = 4y = 8, 52 light years.
But the astronauts return onto the Earth in 7 &~ 7 years < 2L by their same clock!
This unusual paradox of STR, may be interpreted as follows.
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In the instantaneous space (£2)(™) connected with the rocket and in the space (£3)(1),
light spreads at usual coordinate velocity ¢ = dz\™ /dr = dx/d(ct")). However, from
the point of view of the astronauts by their clock in the rocket, relative of them velocity
of light in (€M is dy/dr = dx™ /d(ct'™) = coshy - ¢ > v* = sinh~ - ¢, i. e., the
astronauts do not outstrﬂhe light in (€31 (It is caused by the reason, that the

space (53>(m) and time ¢t™ with respect to ones in the base E; are rotated at the
hyperbolic angle v = arsinh (v*/c) = artanh (v/c) with dilation of time and space in
the rocket (Ch. 3A). Consequently, the radio-signal returns to people of the Earth in
t) = 2 ~ 8.52 years, they will meet the astronauts on the Earth in t() ~ 11.7 years.
This paradox is interpreted also by tensor trigonometry. In general, similar kinematic
effects of STR, with real difference of time in different frames of reference, are possible
only under action of two the great basis Principles of Nature. They are the Principle

of Relativity by Poincaré and the Mach Principle (see in sect. 12.3 and in Ch. 9A).
* * *

In conclusion, define in parallel instantaneous parameters of distortions inside of
(P c (P31 and (QUYHT ¢ (@31 for a world line of a nonuniform rectilinear
movement. Due to this simplest nonuniformity, the lines are distorted, but stay in
the same pseudo- or quasiplane. At a point M of a certain world line, this distortion
is determined up to 2-nd order by parameters of instantaneous specific tangent curves
to it: a tangent hyperbola and a tangent circle in (P1!) (a tangent catenary and
a tangent circle in (Q'1)}). Hence, these tangent curves may be called identical to
the world line in a neighborhood of the point M of the 2-nd order, with the same
derivatives up to 2-nd order as if with real hyperbolic and visual spherical curvatures.
We take advantage of the fact, that all world lines are reqular curves, i. e., any inner
physical acceleration cannot be infinite! In a pseudoplane (P11, the radius-vector
of hyperbolic curvature of the tangent hyperbola and the world line at point M is
directed along the pseudonormal vector p (along the 2(™-axis) out the center O of the
tangent hyperbola (see at Figure 2A(3)). In a quasiplane (Q'1)%, the radius-vector of
spherical curvature of the tangent catenary and the world line at M is directed along
the quasinormal vector q (along the z(™-axis) to the center O of the tangent circle
(Figure 2A(4)). The tangent vector i is pseudoorthogonal to P or quasiorthogonal
to q. All three these vectors are unity in pseudo-Euclidean or Euclidean metrics.

Any nonuniform rectilinear physical movement of a particle M has in the base Fj its
characteristic motion angle v with the constant vector of directional cosines. Consider
its world line in (P3+1) and fix coordinates of the world line points with respect to E).
A%seudoplane containing the curvilinear world line ?(7) contains m time-arrow

¢

ct™) and the space axis () = y of this universal base F;. The axes ct!) and Yy, the
tangent i and the pseudonormal vector p have the same vector of directional cosines
e, = const. In the base F, the proper axis x forms the space-like angle v with P,
the time-arrow c? forms such time-like angle with i.
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As a result of differentiation along the world lines, the curvilinear lines in (P1)
and in <Q1+1>$ have at the point M the following hyperbolic and spherical curvatures:

1/}:% = j—z, d\=d(ct); 1/T= C;_f? dl = d(ct) — 1/7 = sech?y - (1/}:3), (102A4)

as d(ct) = coshy d(er), dvy(p) = coshy dp — see in Ch. 6 (sect 6.2 and 6.4). Then
basic parameters of distortion for the tangent hyperbola to the world line x(ct) are
evaluated with respect to the universal base Fy in (P11) as follows (e, = const):

d 2 \
1/§: d‘d’” B d artanh Wé)‘ B dc(lcic)g _ | P |
(ct) — \/d(ct)? — dy? Iy \? 32 7 d(er)?
[1 B (d(ct)) e (103A4)
In Cr: xc=x —coshvy-e, .E, ct. = ct — Sinhy.ﬁ; tanh ~ = dC(lé)
— d*z'™ = dy - d(cT) — see in (80A) ! }

After transformation v — ¢(7y) of the universal base E}, we obtain the following.
In the new base E = {x, ?} of the quasiplane, the rectilinear time-arrow cf forms the
angle ¢ with the tangent i, the proper axis y forms the angle ¢ with the quasinormal q.
Basic parameters of distortion for the tangent catenary and circle to the world line
x(c7) are evaluated with respect to the universal base F in (Q'1)¥ as follows:

\

o g d arctan alcr)
1/R = cosh®~ - (1/7) = cosh?~ - 22 = cosh® - ‘Il _
/ v (1/7) Y qeh) T e
‘ d?x d?y
___ld(er)” 17— do__ d(cr)” _ ‘ dx"
X dX 2’ d(Ct) dX 2 3/2 d(Ct)2 ’ \ (104A>
1
(i) (i)
In Cp: Xczx—coshfy-ea-}:%, CTCZCT—’}/'E;
InC,: x. =x+cosp-e, T, cT,=cT—sinp-T;
sinhy = % =tanp(y) — d?z™ =dp - d(ct) —see in (80A) !

If angles v and ¢ are independent, then the similar connection of three differentials is
mapped according to abstract spherical-hyperbolic analogy (322): ¢ <> —ip <> 7.
Similarly, in the enveloping space (P"*1) or (Q"1) for n-dimensional hyperbolic
or spherical non-Euclidean geometry, with respect to the current base EZ,LXZ = {i,p}
or E2*2 = {i, G} in the osculating pseudoplane (P'*1) or quasiplane (Q'*!), the
instantaneous parameters of tangent hyperbolae or tangent circles to curves may be
evaluated at its current point M analogously with formulae (102A)-(104A).



Chapter 6A

Isomorphic mapping of a pseudo-Euclidean space into time-
and space-like quasi-Euclidean ones, Beltrami pseudosphere

Space itself, without matter moving including material fields, has no physical sense.
[t (as well as its geometry) is an abstract mathematical model, used for adequate and
convenient description, according to Poincaré, of general laws of matter movement in
coordinate forms. In Ch. 5A, with this approach, we introduced the uninertial tzme-
like Special quasi-Euclidean space (Q*T1) (97A), with respect to the base E; of (P3+1).
Its Buclidean subspace (£3)(!) is the same as original one in the base E. In it, ortho-
spherical rotations are rot ©. The world line as proper time-arrow ¢#(v) is transformed
in a new base E = {y, ¢t} of the uninertial in general space-time (Q3™)¥ into a new
rectilinear (rectified) ordinate axis, as it is permanently orthogonalized, with respect
to (£3)() = CONST. As a consequence of this fact, for each variant of the world line
7 (v) of Ny, in the base Ey of (P3+1), in the base E of <Q3+1%i there exists a map of the
original rectilinear time-arrow 3 into the new world line ¢t () but of Ny, see Figure
2A(1)-(4). Coordinates of points of this new world line in the new base E = {x, 7}
fix proper time ¢ and proper distance y for Observer NV,,. Synchronism of events for
Ny and N,, is parallelism to the common subspace (£3)(1) (see this in Ch. 4A).

The time-like (Q3*1)¥ is synthesized from the external conic cavity with an exchange
of ¢f and ¢f. The additional space-like (Q>™1)© is synthesized from the internal conic
cavity with an exchange of (£3)(1) and (£3)®). Further we are interested in similar
transformations of (P3*1) into the Special spaces with hyperboloids I and I1. Note, that
each motion has its invariant in all these three spaces vector of directional cosines e,

In 1-st variant, the hyperboloid I as a locus of time-like curves as hyperbolae +¢7 ()
expressed in the base Ej is transformed into a cylinder expressed in the new base E;
its generating lines are these rectified hyperbolae as new time axes +c. A similar
circular set of axes 07 expressed in the base El is transformed with the direction
outside the central axis Zfinto a catenoid I as a locus in (Q**1)¥ of new time-like
curves as catenaries :I:c?(gp) expressed in the base F (at ¢t < ¢r). The two cavities of
the internal light cone with the space-like hyperboloid II are concentrated into the new
centralized proper time axis cf. A catenoid I is a minimal hypersurface Fr(Ry) in the
quasi-Euclidean space (Q3*1)?. It has cylindrical topology (as a hyperboloid I) and is
obtained with revolving one time-like catenary 4 ct(y) around the new time axis as
ordinate ¢f. The Euclidean length of the world line 3(@) in (@31 is the coordinate
time ct of Observer Ny due to (98A). The proper time c7 is measured by Fuclidean
way along the ordinate &#. Transformation (P3+1) — (Q3) as it can be seen for
transformation of hyperbolae into catenaries, consists in replacing pseudo-Euclidean
measure for time by Euclidean one in the space-time (Q3*')? and only with respect
to any universal base. The catenoid I is the result of dilating the hyperboloid I time
axis, with the current local coeflicient k = dr/dt = sechy due to (38A), Ch. 3A.
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In 2-nd variant, we change in axes and curves y — ¢t = const and ¢ — A in (96A)
for realizing the space-like hyperbolae and catenaries! Then by analogy the two-sheet
hyperboloid 1T as a twain locus of space-like curves as hyperbolae A(7y) expressed
in the base F) is transformed into a twain circular set of these rectified hyperbolae A
expressed in the new base E and radiated from their two centers Oy (Figure 4) as new
space ares A in the Euclidean subspace (£3)?). A similar twain circular set of axes
expressed in the base E) is transformed with the direction to the ordinate axis + ¢
into a two-sheet catenoid II as a twain locus in space-like (Q""1) of new space-like
curves as catenaries x(¢) expressed in the base E (at x <+ A). The single cavity of the
external light cone with the time-like hyperboloid I is concentrated into the Euclidean
subspace (£3)). A catenoid 11 is a two-sheet sag hypersurface Fir(Ryp) in the quasi-
Euclidean space (Q*T1)< . Its two sheets have also Euclidean topology (as two sheets
of a hyperboloid II) and are obtained with revolving two space-like catenaries x(¢)
around the ordinate axis 3 The catenoid II is the result of dilating the two-sheet
hyperboloid II circular space axes, with local coefficient k = d\/dx = sech~.

There exists a one-to-one correspondence between points of the hyperboloid I (II)
in (P"1) and the catenoid I (II) in (Q"™)¥ ((Q"+1)*). The hyperboloid I in (P>+1)
may be mapped isometrically on a certain hypersurface in the special enveloping quasi-
Euclidean space. In order to do it, perform special compressing the catenoid I along
x and c7 with the following transformation of the space in the space-like (Q%)T.

The involute of catenary 07(07) (ct = Rvy(p)) is a tractriz @(CTR). The Euclidean
length of a catenary is equal to ¢t = Rsinh~ till the point M, see (87A); the length is
the same here for the tangent to the catenary at M (it is rectified 3) This tangent
M M’ is the normal radius of curvature of the tractrix, see Figure 2A(4). This normal
or tangent is the vector-distance 3 between these curves as the same world line in
different bases. Revolving a double time-like catenary around the axis cth produces a
catenoid I. Revolving together with a double space-like tractrix produces a tractricoid I
inside this catenoid I. A double tractrix is a continuous complete line with its especial
quasi-Cartesian base Er = {xr, c?ﬁ} in the Especial quasi-Euclidean space {Q?{rl)i.

These hypersurfaces of revolution: a hyperboloid I, a cylinder, a catenoid I, and
a tractricoid I — are homeomorphic and isomorphic, all they have the determining
parameter R. Among them the hyperboloid I and the tractricoid I as the pseudosphere
of Beltrami have the equal and constant negative Gaussian (if n = 2) curvature.
Generally, for curvilinear surfaces, their isomorphism (or homeomorphism) and their
equal and constant Gaussian curvature are sufficient for their isometry on the whole,
what is in accordance and inferred with the classic Minding Theorem [40; 16, p. 533|.
Thus, in addition to results obtained in sect. 12.1, we conclude the following:

Main Inference. The cylindrical non-Euclidean geometry on a hyperboloid I in (P?*1)
is isometric to the geometry on a real-valued Beltrami pseudosphere in <Q§{F1>i with
the same parameter R and Gaussian curvature Kg = —1/R?* = —1/(R1 Ry) = const.
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The analogous but n-dimensional isometry, with the constant negative curvature, is valid for the n-
dimensional hyperboloid I and hypertractricoid in their enveloped spaces (P"*!) and (Q;™)! as isometry
of their n-dimensional hyperbolic geometry with concomitant (n — 1)-dimensional orthospherical geometry.
Of course, this geometry is invariant to this orthospherical rotations. The central circular zone as equator of
the hyperboloid I and of the double hyperpseudosphere (at v = 0) corresponds to the conventional infinite
border of the whole cylindrical tangent projective space (Ch. 12). Figures cannot pass through the equator of
a pseudosphere under regular motions, but they pass it as broken under 180°, but its metric and topological
properties are preserved. However, figures on the hyperboloid I pass freely through this its equator (without
the broken) as also conventional border in its cylindrical tangent projective model. The infinitely far border
for its flat cotangent model is an infinite ring. Further we explain how the tractrix coordinates are connected
in consequent bases under transformations a hyperbola — a catenary — a tractrix.

The time asymptotic ordinate axis cth of generating tractrices for the pseudo-
sphere is the axis of its proper revolution. It is parallel to ? see at Figure 2A(4).
At begmmng, the tractrix is interpreted in its trigonometric compressed coordinates
Er = {xr,cth} in (@317 with respect to the bases £y and E. The tractrix abscissa
axes Yg have a space interval on y from the value 0 up to R between O; and O,

e, [xr| < Rin Ep = {xg,cr}. Thus the abscissa axes have the vector of direc-
tional cosines e, as for the hyperbola and the catenary. The bases E and Eg have
the Common center Oy, it is the zero point of these connected catenary a}(m') and

tractrix [ R(CTR) The point Oy is a cusp for the complete tractrix, hence it belongs to
the curve. It is the mapping of a zero point C7 of the initial hyperbola ¢t in E; of the
space-time (P31 (Figure 4). Under STR ¢7 > 0 and, in the upper and lower parts of
the complete tractrix, we have v > 0 and v < 0, g=const>0, dvy > 0; at the point Oy

= 0,x = xg = 0,¢7 = ¢t = 0. Taking into account (86A), (87A), (94A), in
(@3N the tractrix radius of curvature is ct = R-sinh+, 7 = Ry and its compressed
two coordinates are bonded with ones of these hyperbola and catenary in E; and E as

Xr =sinp(vy)ct — x =tanh~y-ct — xy =sech v-x =k - x , (105.4)
ctp = ¢ — cos p(7y)et = e — sech 7y - ¢t = (1 — tanhy/7v)er = ko - cT.

Here (y = 0 — xg = 0, ¢ = 0.) The coefficients of compression monotonically
change from 1 to 0 (k) and from 0 to 1 (k) as the world point M is moving from
the point O7 to O. They influence on coordinates mappings Y — xg, ¢cT — ¢Tr and
transform the original curves into the complete continuous tractriz xg(ctg). Due to
formulae (86A) and (87A) for hyperbolic motion, two equations (105A) may be also
represented in the pure trigonometric form (with its constant parameter R) as the
functions of the principal angle v or with the use of sine-tangent analogy (sect. 6.2)
as the functions of the angle ¢(y). Further we reduce relations (105A) to equations in
the base Er = {xz, 07}%} in (Q%+1>1z'n the canonical parametric and explicit forms.
Note, that similar hyperbolic equations for a tractrix were be given, for example, in the directory [The
CRC Concise Encyclopedia of Mathematics by Eric W. Weisstein. — A CRC Press Company. — Boca Raton
— London — New York — Washington: 2003, p. 349] till issue of my book [17] in 2004. But in it and later by
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other authors such equations were interpreted notrightly — in a usual Euclidean space with Cartesian bases.

Xr=R-s=R(1l —sechvy)=R(1—sech ct/R) = f(R7),
¢t = R-h = R(y — tanhv) = R(¢t/R — tanh ¢7/R),

Lp=2xz"]. (1064)

Corollary 1. Condition R = 1 come to unity tractriz as unique trigonometric object.
All tractrices xg(cTr) are homothetic to each other with coefficient R (off unity one)
as well as such homothetic curves as equilateral hyperbolae, catenaries, circles, etc.
The length of a tractrix arc is expressed by Pythagorean Theorem in <Q3§+1>$ with to
its radius of curvature R; = ¢t = R-sinhy = R-tan ¢(y), or by the way z(™ in (80A):

(dLR)* == (dxr)*+(detg)® = (Rtanhy dy)* = (Rtanp dp)” = (Ridyp)”, (¢ = (7)),
dLr = Ridp = Rtan ¢ do = Rtanh~ dy = de'™ = dy/ cosh~, (dp = sech v dv),
Lr=R-L=R-Incoshy=R-Insec ¢ = 2™ < ¢r = Ry < ¢t = R -sinh~.

If v — 0, then Lp — gt%/2, where g = F/my = ¢?/R is the inner acceleration in E,,.

d dh

dXr
d(cTR)

= sinh v = cschy = tan{(v) = cot (7).

The velocity in the base Ep = {xr, cTh}, according to (106A), is formally related to
the proper supervelocity (the coordinate supervelocity s was defined in (62A), Ch. 4A:

2 2

s*:dX—R:c-cschvzc—, s:c——>32—(s*)2:cz<—>coth2fy—csch27:1.
dTr V¥ v

It is the cotangent-cosecant invariant with respect to {I*} of complementary rotation

rot T at the angle T (Chs. 6, 12, TA)! The supervelocity s* decreases from oo up to 0.

If it is expressed through the angle v, then s* = ¢ - sinh v increases from 0 up to oo!
The explicit and parametric equations of a unity tractrix four branches (as for four

branches of quadrohyperbola — Ch. 6) in the base Er = {xr, ¢/} are the following.

e direct hyperbolic equations of unity tractrix with the different arguments (y > 0):
+h = +h(y) =y —tanhy = £h(2) = arsech(z) — V1 — 22 =
_ / . . . (107A)
= +hlr(¢)] = W () = 1() — sin = artanh(sin ) — sin
where z =1 —d =sech v,see (106A), 0 < 2 <1; zgr = R - z is radius of revolving!
L =1Incoshy = —Insechy = —Incos p(7); if v — 0, then £ — 7*/2.
e parametric hyperbolic equations of a unity tractrix with the parameter v or ¢(7):

z =1—d = sechy = cos ¢,

< <
+h =~ — tanhy = y(p) — sin ¢, } 0<p(y) <m/2. (108A4)

A tractrix was applied first by Ferdinand Minding in 1838 [40] as a generating line for
constructing a pseudosphere as the surface with constant negative Gaussian curvature.
(In addition, one may use so called s- and u-shape tractrices as pure regular curves!)
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Compare them with parametric equations of spherical unity cycloid:

2 = CcoS g,
+h = (p — sin ),

Lr=R-L=4R[l— cos(p/2)].

Corollary 2. A tractriz is the hyperbolic analog of a spherical cycloid with one cycle.
All cycloids f(Ry) are homothetic. If R = 1 the cycloid is unique trigonometric object.
At the focus of the tractrix, related to v = w = arsinh 1 =~ 0.881, we have

d
2p =V2/2~0.707, hp =w—V2/2~0.174, Lp =1n2/2; (—S) =1, wp=c.
F

} 2r=R-z= f(Ryp), hp=R-h;

dh

In addition, at Figure 2(4) we have k = dp —hp = 1 —sech yp+~vp —tanh yp ~ 0.467.
From (106A), (105A) and (87A), the useful limit formulae may be easily inferred:

lim xp = lim (c7 — ¢7g) = R, (Lr—ctr) = R(1 —1n2), where cT > Ly > c7p,

lim
y—00 Y—»00 y—00
This tractrix in process of uniformly accelerated movement, due to description in
ERp = {Xr, 07}%}, asymptotically tends to the axis ¢7h. If F is the focus of a hyperbola
or a tractrix, then c7r(p)+xp(r) = kKR = ¢Tp — XF, as in F' these catenary and tractrix
have p(w) = 7/4, it can be seen at Figure 2A(4). With the use of (360) and (106A),
in addition to (93A) and (98A), we obtain in (Q%™)¥ the equation for a tractrix,
wnwvartant only to Lorentzian transformations of its pro-hyperbola with same rot ©:

(R—xr)*+ (Ry — ctp)? = R*> = R* - (sech®y + tanh*y) = R? - (tanh®v 4 sech®v) =

= R?- [cos” () + sin’ p(7)] = R* - [sin® §(v) + cos”£(v)], (xr| < R).

The secondary revolving orthospherical rotations rot © (in (£™) are common in the
chain: hyperboloid I - catenoid I — tractroid I (Figure 2A)! In the local bases E,, from
sine-tangent analogy along these identical world lines, there hold: dy = sech v dv <
dy = sec p dp <> d§ = sech v dv <+ dv = sec & d§. The quasi-Euclidean space (Q%JA)i
has admissible rot © and not-admissible rot ®(I"), with the same unity metric tensor.

The Beltrami pseudosphere (tractricoid I) with parameter R is obtained by revolving
its generating tractriz with local radius zzr = R -sechry around its asymptotic axis cTh.
All pseudospheres are homothetic with coefficient R (off unity one) in the enveloping
Especial quasi-Euclidean space <Q§{r1>i (as hyperboloids I, II, catenoids I, II, and
so one). The two principal radii of curvature, along the generating tractrix R; and
normally to it Ry (Figure 2A(4)), are expressed trigonometrically as follows

Ry =—R;=—R-sinhy=—R-tanp(y) = —R - cot £ <0, (109.4)
Ry = R/sinh~y = zp/tanhy = R/ tan o(v) = zr/sinp = zr/ cos &.
In focus F' we have —Rjp = Rop = R, p(w) = w/4. Radius R; along the tractrix
L = ug is a length of the normal till the catenary, and zgr = R-sechy = R/ cosh 7 is
radius of orthogonal arc dar = Rda = zgdp = Rdy/ cosh vy and radius of revolution,
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Here £(v) = /2 — () is the complementary angle to ¢ between the normal and the
vector-radius of revolving zp, in accordance with the Meusnier Theorem [16, p. 526].
Besides, ¢(7), £(v) are covariant and contravariant (Lobachevskian) parallel angles
of a spherical nature (see sect. 6.4 and in the end of Ch. 1A), and also in the quasi-
Euclidean geometry! The Gaussian curvature Kg = 1/(R1Ry) = —1/R?* = const
determines locally according to the Beltrami Theorem [41] on the pseudosphere the
metric of the Lobachevsky—Bolyai geometry. Since a pseudosphere is determined in the
enveloping quasi-Euclidean space (Q*1)¥ (produced from (P**1)), we have for it the
Euclidean measure dl and two Lambert angular ones — along tractrices ¢() and ortho-
spherical arcs o ("parallel circles"). Multiplying by v/—K = 1/R = const gives the
measures in the Euclidean metric. Only one tractrix at each point may be independent
as geodesic in admissible angular sector. Tractrices from different points are parallel
lines in term of Lobachevsky, since all they converge uniformly as asymptotes.

Let’s express the all pseudosphere (at n = 2) in the 3D especial quasi-Cartesian
coordinates {z,y, z} from (106A), but now as a surface of revolution in them. Thus,
below we translate the two-steps motion on the pseudosphere in its polar coordinates
with the use of the angle a of orthospherical rotation and with orthogonal projecting
under the principal angle ¢(v). Simultaneity, we calculate easily the 1-st two-steps
metrical normal form on the pseudosphere in these two consequent variants d\gp = dlp:

d(sr/R)? = tanh? v dy?+sech?y dy? = dL?(y)+dp(v)? = dL%(7y)+cosh?y da? = dL%(p)+sec? p(v) da?.

Note, the hyperbolic variant is an original prototype of dsp. On an n-pseudosphere, we can represent two-
and multi-steps motions only as isomorphic maps of the original sequential motions on a hyperboloid I in its
pseudo-Cartesian bases of the pseudo-Euclidean space (P"*1) into isomorphic motions on this pseudosphere
in its especial quasi-Cartesian coordinates of the especial quasi-Euclidean space <Q”+1)¢. It is caused by the
fact, that the last space has the orthospherical group (rot ©), the set (rot ®(I")) with (rot ©) is not a group
here with the same unity reflector tensor I*. So, if we rotate this especial base of the pseudosphere at any
principal spherical angle by rot ®(I"), then, in this new base, it is no longer a surface of constant curvature!
For clarity, we must divide such hypersurfaces of constant curvature as perfect at R = const and imperfect.

With this trigonometric approach, we obtain easyly these 1-st two-steps metrical fqrms (at n =2): in 3D
quasi-Cartesian base Ej for a hyperspheroid (g = 0); in 3D pseudo-Cartesian base E; for a hyperboloid II

(70 = 0) and for a hyperboloid I (79 = 0). See descriptively these three main geometric objects (at R = 1)
of the quasi-Fuclidean and pseudo-Euclidean tensor trigonometries in their sections at Figure-4, in Ch. 12.

2
(d(Ir/R)J? = d? = dp? + sin? g; do® = (dip) o) = de? 2¢& do® — i A
Rr/R)]" = dy, = dp; +sin” p; da” = (dp, Q—i— dop | = dE&; + cos® & da” — hyperspheroid (199A).
E

—\2 12
[d(Ag/R)]? = dyf) = dv? +sinh?y; da? = (dyp)P + <dvp) — two-sheets hyperboloid II (146A).
E

2
T[d(Ar/R)]? = Fdy2 = dy? — cosh®; da® = (dTp)i - (dj’;p) ~ one-sheet hyperboloid I (149A).

E
A pseudosphere corresponds by isometry to hyperboloid I, a hyperspheroid by analogy (322) to hyperbolid II
with IT. Differentials along hyperbolae are accompanied by da with projecting under the principal angle.
These orthospherical parts are situated in the Euclidean subspace normally (Euclidean or pseudo-Euclidean)
to first principal ones. They are caused by rotation of the directional vector e, of the principal motion (see
in Chs. 7A, 8A and in details in Ch. 10A). The relations are represented here and generally in Ch. 10A
by the Absolute non-FEuclidean Pythagorean Theorems in scalar, vector and tensor forms, with the enveloping
quasi-Euclidean or pseudo-Euclidean spaces, or only in scalar forms for internal non-Euclidean geometries.
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Trigonometric models of two-step, multistep, and integral
non-collinear motions in STR and in hyperbolic geometries

We continue studying both two-step and general multistep principal motions (roth I').
They are analyzed with more wide using the tensor trigonometry in two directions:
1) The relativistic motions-rotations in (P**!) = (£2) ® I/ = CONST, what corre-
spond to the physical plane movements in STR with coplanar vectors of directional
cosines; and on the embedding into (P*™!) 2D Minkowskian hyperboloid II (n = 2)
or, that is equivalent, on the Lobachevsky—Bolyai hyperbolic plane at R = const.

2) The geometric motions-rotations in (P"*) = (£")Ky = CONST, what correspond
at n = 3 to the physical space movements in STR; and on the nDD Minkowskian
hyperboloids (n > 3) or, that is equivalent, in the Lobachevsky—Bolyai hyperbolic
spaces at R = const. See before in Chs. 11, 12, 2A and 5A.

These operations are admitted in (P"*) = (£") K 3/ = CONST with right bases:
1) rotations of the two types, as principal hyperbolic roth I' and orthospherical rot ©;
2) parallel translations preserving the space structure with reflector tensor I*.

Hyperbolic and orthospherical rotations have their real canonical forms in F = {I}.
That is why, in polar and summing formulae they are given initially in Ej, but really
they may be translated from E; into the bases of action Ej, due to the Rule of multistep
transformations (Ch. 11). Hyperbolic tensor of motion (100A), on the basis of its pro-
tensor (324), is defined due to relations (348) by (roth T') : rothD'-I*-rothl’ = I*. The
orthospherical tensor has in (P3™1) and ( %3+1> canonical form (497). Their structures

c

in (P"1) or space-time (P31) = (£3 X ct) correspond to the metric reflector tensor:

{rothl'}4x4 = coshT' +sinh T’ rot © It
COSh’Yi c€q - ea/ +eq - ea/ Sinh’}/i c € {’I"Ot @}3><3 0 I3><3 0 PR . ’
sinh ¥i .e; COSh’yi ..... o 1| o 1 (eae; — eaea). (1]_014)

The orthospherical rotation-motion in the angle © as a rule is secondary for principal
angle. The hyperbolic motion tensorroth T with e, in E as well as in another universal
base Ey, = rot ©- F| (with rot'©s,3-e,) has canonical form (362) — see in Ch. 6. The
time-arrows 3(’“) are used as the frame axes for counting the hyperbolic angle v. At
first, we consider two-step hyperbolic rotations realized as if in (P?™1) = CONST -
see above, in order to infer the general law of summing two-step motions (velocities) in
tensor, vectorial, and scalar forms. The new pseudo-Cartesian base can be represented
in £y = {I} by two ways: with ordering (485) of matrices and in the polar forms (491)

Eg = roth F12 -roth F23 . El = (roth Flg - roth F23 . ’I“Oth_IFlQ)EQ - roth Flg . El —

= roth F13 -rot @13 : El = (roth F13 -rot @13 . TOthilrlg)Elh -roth F13 . El = (11114)

/ ~ z ~ ~
=rot @13 - roth '3 'E1 = (T’Ot 613 - roth F13 'TOt/@lg)Elu -rot @13 . E1 = T13 . El.
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First pairs of matrices in each three rows of (111A) are given initially in the base
E, = {I} in their canonical forms. Further, the second matrix from these pairs is
being translated in each row in the indicated base of its real action Ej. This relates
to the two-step motion in the first row and to both these polar representations of the
summary matrix 73 in the second and third rows with right and contrary ordering
hyperbolic and orthospherical rotations, according to general formulae (485)—(488) and
(491) from Ch. 11. For example, in the first variant of polar decomposition, rot ©3

has the center of its application in the final point of the rotation roth I';3.

Corollary. Generally, two-step noncollinear hyperbolic motions roth I';; in (P or
on the hyperboloid II can be represented as hyperbolic one and orthospherical rotation.
Hyperbolic rotations are executed in (P"1) relatively of the frame axis ¢t. Ortho-
spherical rotations are executed in (€3) for an object or a base around the axis en.

In accordance with (352), the bases (Fy,) = (rot © - E) are universal too (in STR,
they are called the rest bases). Due to (111A), there holds

/
roth T1i3=rot (—O13) - roth I';3-rot ©13 = rot'©13-roth I'i3-rot O13. (112A)

For f‘13, the vector of directional cosines in (363) is shifted with respect to that of I'y3
to backwards at ©13. Moreover, in (P31}, for hyperbolic two-step rotations, the angle
of secondary orthospherical shifting is realized contrary to the direction of summing
principal angles, i. e., 13 < 0 due to (499), see in sect 12.2 and below:

e, = {rot (—©13)}3x3-€, (under rulee > 0 — 13 < 0!) = cosbi3 =€ -e,. (1134)

In accordance with (474), (475) and by (111A) and (325), there holds

roth Flg =VITT" = \/’)“Oth F12 -roth (2F23) - roth Flg = \/’l“Oth (2F13), (114A)

A
rot @13 = roth F12 -roth F23 - roth F31: roth Fgl - roth F12 - roth F23. (115A)

Formula (115A) represents rot O3 as the angular defect ©;3 of the closed cycle of
motions roth I';; in the hyperbolic triangle 123. It is executed from the first point
1 to the final point 3 in the bases of particular rotations along of the triangle legs!
If rotations roth I';; are collinear, then the triangle degenerates into the segment ;3.

Further, we shall often use the operation of permutation of particular motions with
change of their order into contrary one (for some more simple calculations). In the
original universal base By = {I}, permutation in (111A) of two motions (velocities)
leads to a new pseudo-Cartesian base E} = {T"}:

Eé = roth I's3 - roth I'15 - El =T El =

/ . _
= roth T'13 -rot (—O13) - By = rot (—O3) - roth I'y3 - Ey. (116A)
Thus there are two points of view at matrix (112A): as in (111A) and as in (116A)!
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In addition to (114A) and (115A), if matrices in ) are ordered inversely, then

ya Z
roth Ti3= VT1T'"T = \/TOth I'ys - roth (2F12) -roth T'ys = \/TOth (2 Flg), (11714)

/
rot (—@13) = roth F13 -roth F32 - roth F21 = roth F32 -roth Fgl - roth F13. (118A)

Formula (118A) represents rot (—©) for the inverse closed cycle (115A) of roth I'y;.

In STR, the angle ©13 of the orthospherical shift has the pure relativistic nature.
In fact, with respect to the original base E\, we have the following relativistic effect:
a nonpoint object is seen by Observer N; spherically turned backwards in the plane of
noncollinear velocities vy, Vo3, 1. €., contrary to direction of their summation into vys.
Similar effect of orthospherical shift of the final subbase F®) with its nonpoint objects
takes place in external hyperbolic and spherical geometries as additional result for
noncollinear summing principal motions. It is connected (see further) with deviation
in these geometries of angles sum in a figure constructed from geodesic lines.

The orthospherical scalar angular shift § was discussed first by E. Borel in 1913 [54],
as consequence of Lorentzian transformations non-commutativity. In 1926 L. Thomas
gave his famous relativistic interpretation 70| of the experimental correcting coefficient
1/2 to the electron spin precession based on this orthospherical shifting. This scientific
event was one of first convincing and obvious affirmations of STR, as the experimental
coefficient 1/2 had no other interpretation! Later in 1928 the Thomas precession got
more general and final interpretation in the relativistic-invariant (in the Minkowskian
space-time) quantum wave equation of Paul Dirac [55].

The angles I'13 and Iélg differ only by their vectors of directional cosines. Due to
(491) or (112A), the scalar summary hyperbolic angle does not depend on ordering of
summands (direct or inverse). The case when the directional cosines of motions are
either equal or additively opposite to each other, corresponds to collinear motions.

Let e, = {cosay, k = 1,2,3} be the vector of directional cosines for I'15, sinh 7,,,
tanh ~;2, and vy in the Cartesian subbase Ef); ez = {cos B, k = 1,2,3} be the
vector of directional cosines for I's3, sinh 7,5, tanh 723, and vo3 in the Cartesian
subbase Ef’) Define the conditional characteristic, the angle € between e, and eg as
if they are in the same subspace (£3) by the following formal value of its cosine:

/

cos By COS (1
cose = | cosfly | - | cosay | = eje, = e eg, 0<l|e| < (119A4).
cos (33 COS Qi3

Here cos? oy + cos? ai + cos? aig = cos? 31 + cos? By + cos? B3 = 1. If the partial cosines
are pairly equal, then cose = 1. If they are pairly additively opposite, then cose = —1.
Thus, in these cases, vi2 and vog are conventionally collinear, with the same or opposite
directions. If cose = 0, then vy and va3 are conventionally orthogonal. In general,
they form the conventional angle £ (as vis and va3 is in different Euclidean spaces).
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We have invariant R = 1 for any types of rotations related to the hyperboloid radius.

Further, evaluate the final hyperbolic matrix roth I'y3 with the use of (114A), in that
number, the eigen angle ;3 in the base E) and directional cosines cos o, k=1,2,3,
of roth I'i3 in the Cartesian subbase Ef?’). For two-step motions in the inverse order,

/
the scalar angle of summary motion roth TIy3 is the same 713 according to (112A).

/
The directional cosines of roth T'i3 are cos ék, k=1,2,3. By (113A), we obtain

/

/
COs 01 CcOS 01
/
cosbis= | cosgy | - | COSOy | = e% e, = cosfi3 = e, - e, (120A),
Z COS 03
COS 03

where sinf3 < 0, if € > 0. Recall (sect. 12.2), that in (P3*1) (and in (Q31)) this
follows from a Rule for the sign of 613 in result of summation of non-collinear principal
motions yi12 and 793, where ¢ is the external angle between them. The angles 6 and
e act in the same Euclidean plane (£?) = (e,, es) orthogonal to the frame axis ry
as (499) in sect. 12.2 of the orthospherical rotation in (£3) (F60 «» 4¢). For 6, the
Euclidean Lambert measure is used, as these angles take place in Euclidean subspaces!

Note for further trigonometric transformations, that the two variants (direct and
inverse) of two-step motion are connected by substitution of partial angles:

Y12 <7 Y23, Q. < ﬁk, (but ’}/13:COHSt). (121A)

In (111A), block-to-block multiplication of matrices with structure (363) is unwieldy.
It may merely illustrate further the General Law of summing principal motions. We
use for two-step motions more simple way. At first evaluate matrix product in (114A)

B = {TOth F12 -roth (2F23)} = {blj}

For tensor trigonometric analysis of two-step hyperbolic motions and plane relativistic
movements in STR it is enough to use 3 x 3-matrices. For generality we use 4 x 4- and
(n+1) x (n+1)-matrices! Only fourth row of B is used in further computations. The
matrices roth I' may be used in any of canonical forms (362), (363). Then we obtain:

by = [sinh 19 - cosh(2793) - cos e + cosh 15 - sinh(2793)] - cos f1+

+sinh 9 - (cosay — cose - cos f),

byo = [sinh 19 - cosh(27s3) - cos e + cosh 15 - sinh(2793)] - cos fo+
+ sinh 7y - (cosay — cose - cos fy),

by = [sinhy1s - cosh(2793) - cose + cosh 715 - sinh(27,3)] - cos f3+
+ sinh 79 - (cosaz — cose - cos f3),

byy = sinh 19 - sinh(2993) - cos € + cosh 719 - cosh(2793).
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At the beginning, we evaluate the diagonal corner element sy of the symmetric
matrix S = roth? '3 = roth (2I'13) multiplying the 4-th row of B and the 4-th
column of roth I'is:

S4q = cosh(2y13) = 2cosh®yy3 — 1 =

= cosh(2712) - cosh(2793) + cos £ - sinh (2712) - sinh (2793) — 2 sin? e - sinh? 719 - sinh? 793 =
— 2(cosh 19 - cosh a3 + cose - sinh ;5 - sinh y93)? — 1.

From here we obtain directly the first metric commutative scalar formula of the
non-Fuclidean Lobachevsky—Bolyai geometry for the cosine of the summary angle ~;3:

cosh 13 = cosh 19 - cosh 93 + cos € - sinh 15 - sinh 93 =

= cosh 719 - cosh 93 — cos(m — ¢) - sinh 15 - sinh Y93 =
= cosh Y12 - cosh Y23 — COS A123 - sinh Y12 - sinh Y23. (12214)

In non-Euclidean geometry, Ajo3 = m — € is the internal angle of the triangle between
legs 12 and 23; and, in STR, ¢ is the external angle adjacent to Aj93. For any relativistic
physical movements in (P**1) there holds ;; > 0, because the angles correspond to
inequality Act > 0 (for motions to future). In particular, these hyperbolic angles are
represented by segments on the unity Minkowskian hyperboloid II, and its tangents
lead to velocities. For the motions angles and the segments, the lengths by Lambert
measure 7y follow to the Rule of a parallelogram similar to one in Euclidean geometry:

1712 — 23] < Mg < Y12+ Y3, (e € [057)). (123A)

For the angles of motion or their trigonometric projections in Euclidean subspaces,
their directional cosines range is [—1;+1]. Due to unequalities v > 0 and (123A),
distance in hyperbolic geometry by the measure v is a norm. (For spherical arcs in
any subspace (£3) C (P3T1)| corresponding measure of length stays spherical as r¢.)

Note, that scalar cosine formula of the type (122A) was historically first one for
describing legs of pseudo-spherical triangles as if on the hypothetic sphere of imaginary
radius ¢R based on the analogy with spherical triangle on the real sphere of radius R.
Franz Taurinus was the first geometer (1825), who considered with results so called
"logarithmic—spherical" non-Euclidean geometry with relation between three legs of a
hypothetic triangle in relation (122A) [36]. Hence, by the fact, (122A) would be called
cosine formula of Taurinus! Here it expresses the leg a;3 through the legs a;s and aos.

Due to (122A) and the following scalar trigonometric formulae, the scalar value
of summary motion y13 or summary velocity viz does not depend on the summands
ordering. However, due to (111A), the complete law of summation of two or more
particular motions or velocities for nonpoint vector and lineor objects or for an initial
base must include the secondary orthospherical rotation too. Only the vectorial and
more tensor similar trigonometric formulae may give the complete law of summation
in its general form. This in details will be discussed later.
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The scalar sine is evaluated trigonometrically with (122A), in that number, in two
commutative variants as the ums of squares provided that v19 <> o3:

sinh? Y13 = sinh? Y12 + sinh? Vo3 + sinh? Y12 - sinh? Yoz - (1 + cos? )+
+2 sinh 19 - cosh 19 - sinh 93 - cosh y93 - cose =
= (sinh 15 cosh 93 + cos e - sinh o3 - cosh 712)2 + (sine - sinh 723)2 =
= (sinh 793 cosh 12 + cos € - sinh 715 - cosh 723)2 + (sine - sinh 712)2. (124A)

The scalar tangent is evaluated trigonometrically with the use of (122A) and (124A)
also commutatively as the sums of squares provided that vi5 <> a3:

tanh?® ;3 =

| tanhyip + cose - tanh g 2 sin € - tanh 93 - sech 19 2 B
~ |1+ cose - tanh yps - tanh yo3 1 +cose - tanh s - tanhyes |

B [ tanh va3 + cos e - tanh Y19 T [ sin € - tanh ;5 - sech 93 ]2 (1254

1 + cose - tanh ;5 - tanh 793 1 + cose - tanh ;5 - tanh 93

From (125A), with tanh~s = v1a/c, tanhvss = wva3/c, tanhy;3 = vi3/c and after
reducing the Poincaré-Einstein relativistic Law of two coordinate velocities summation
follows, for example, in [53, p. 34]. Below it is given in the trigonometric tangent form

\/tanh2 Y12 + tanh? Y23 + 2 cos € - tanh y1o - tanh yo3 — sin? ¢ - tanh? Y12 - tanh? Y23

tanh Y13 = (126A)

1+ cose - tanh 7y - tanh a3

One more scalar commutative variant of two velocities summation is expressed from
(122A) in terms of relativistic factors [53, p. 35|, or in the trigonometric secant form

sechys - sechysos

sechyy3 = \/1 — tanh?y;3 = (127A)

1 + cose - tanh yo - tanh Y3

Formulae (122A), (124A) and (125A) give the scalar interpretations for the sum
of two hyperbolic segments if n > 2 in terms of different functions. The case of
cose = 0 corresponds to sum of orthogonal segments. The case of cose = +1 gives
the additive rules (69A)-(72A). Formulae for cosecant and cotangent are obtained with
inversions of sine and tangent. In (124A) and (125A) we see the sine and tangent Big
Pythagorean Theorems in Ef'% they will be discussed and interpreted visually later.
If cose = 0, then for two conventionally orthogonal hyperbolic segments we have the

sine and tangent Small Pythagorean Theorems. In the base Ej = {I} there hold:
cosh 13 = coshys - coshye3 < sech 13 = sechyis - sechys, (128A)

Sinh2 Y13 = Sinh2 Y12+ (sinh Y23 cosh ’}/12)2 = sinh2 Yo3 + (Sinh Y12* cosh ’}/23)2. (129A)
tanh? 715 = tanh® v5+ (tanh ya3-sechyig)? = tanh? ~o3+ (tanh y12-sechyes)?. (130A)
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In 3-dimensional Euclidean space, not more than three vectors can be conventionally
orthogonal. Perform sequentially two operations of three conventionally orthogonal
segments summing, we obtain three-step scalar commutative trigonometric formulae:

cosh 14 = cosh 15 - cosh o3 - cosh 34 < sechyyy = sechyys - sechyss - sechysy. (131A)
sinh? y14 = sinh? 419 + sinh? 793 + sinh? Y54+
+ sinh? M2 sinh? Vo3 + sinh? Y12 - sinh? Y34 + sinh? Va3 * sinh? Y34+
+ sinh? 445 - sinh? a3 - sinh? g4 =
— sinh? 449 + (sinh a3 - coshy12)? + (sinh sy - cosh yya - cosh yo3)%. (132A4)
tanh® vy, = tanh? ~19 + tanh? 493 + tanh? y54—
—(tanh2 Y12 - tanh? Yo3 + tanh? Y12 - tanh? Y34 + tanh? Va3 * tanh? V34)+

+ tanh? 4y - tanh? 493 - tanh? vs4 =
= tanh®~;5 + (tanh 793 - sech ’y12)2 + (tanh 734 - sech 719 - sech 723)2. (133A)
Scalar formulae of types (132A)-(133A) for the trigonometric function of the summary
angle in (P"*1) may be always represented in the quadric form as sum of n quadrates
by n! identical variants. (We give only one last example in (132A) and in (133A) in
the direct order of the motions from the six variants.) If in these summation formulae

at least one of the particular angles is infinite (;; = 0o, tanh~;; = 1 or v;; = ¢), then
the final angle is infinite too. This corresponds to Einstein’s Velocity Postulate (15A).

As generalization of summation multiplicative cosine variants (128A) and (131A)
for a lot of conventionally orthogonal hyperbolic segments () in the n-dimensional
Lobachevsky-Bolyai space or on a hyperboloid II of two coupled sheets in (P"+1)
(it is seeming as two symmetric cups — see at Figure 4, sect. 12.1), this simplest
multiplicatively commutative scalar cosine formula is realized in the base E; = {I} too:

t t

coshvy = Hcosh Yik), 7 = arcosh (H cosh v(k)> ;g = £m/2 (on Y and 7(]“)).
k=1 k=1

The final scalar distance v does not depend on ordering conventionally orthogonal

particular angles. Furthermore, if all ¢ orthogonal segments are infinitesimal, i. e.,

Yy — 0, then the special Infinitesimal Pythagorean Theorem holds for such (now non-

conventionally) spherically orthogonal infinitesimal hyperbolic segments with Lambert,
measure too, with the non-relativistic law of summation for such velocities. Indeed,

take into account the decomposition |coshy — 1 4+~%/2 + - -- |, and realize it as sub-
stitution in the cosine formulae. Then we obtain for any ¢ < n of independent in-

finitesimal orthogonal partial segments or infinitesimal principal angles the result:

(e;; = £7/2) (on the axes 7 and orthogonal @ *)).
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Now, instead of infinitesimal angles, we introduce the n partial space-like mutually
orthogonal linear differentials dvy), where k = 1,2, ...,n, of the total one dvy (applied
also at the point M of the unity hyperboloid II). All they are situated in the tangent
n-dimensional Fuclidean hyperspace £}, by its topological nature (see above), and its
slope is only in the external cavity of the isotropic cone. It can be seen from this formula
that cosine mapping approximates well to the Euclidean metric of the hyperboloid II
with dy — 0. Moreover, these linear differentials, applied at M, are situated between
this hyperboloid and these cosine orthoprojections cosh dv, according to the differential

formula |cosh dy = 1 4 (d)?/2| with exactness up to 2-nd extent in dv. (Note, that
this hyperbolic cosine projection is space-like one unlike the hyperbolic time-like sine
projection — see such sine-cosine decompositions of the 1-st differential dy on the
hyperboloid IT in (162A), (163A).) Further realize substitutions by the expressions in
the multiplicative cosine formula and get the orthogonal commutative decomposition of
dv into the n partial differentials dv() as maps of geometric summation of hyperbolic
angles increments on the unity hyperboloid II:

(dv)? =) ldyw]’, (e =£m/2).
k=1

The two-step Riemannian 1-st metrical normal form on a hyperboloid IT is

2
(dA\r/R)* = dvg = dn}? + sinh®; do® = (d_”yp>i + (dfyp) (n > 2).

E
It is inferred in (P3™1) from (162A), (163A), generally from the Absolute Pythagorean
theorem in Ch. 10A; the motion d7; along the basic geodesic is accompanied by di,.
See in scalar forms in the end of Ch. 6A, in tensor and vector 4D-forms in Ch. 10A.

A hyperboloid I of one sheet is seeming as an hourglass (see at Figure 4, sect. 12.1).

By this reason, so, on its upper part, the tangent hyperplane to this n-dimensional
hyperboloid of radius R = 1 at a point M is the pseudo-FEuclidean subspace P_,(\ZHD,
where m + 1 = n, pseudonormal to its space-like radius OM in (P"™1). In the
hyperplane, we have one time-like differential dy under inclination @g(vy) > /4 as
orthoprojection of the increment along the geodesic hyperbola in this angular sector,
and the m partial space-like differentials day) (besides the direction of OM) under
inclinations @r(yx)) < 7/4 (single at n = 2) as the orthoprojections of the increments
along the m geodesic ellipsoidal arcs in this angular sector. They form the m + 1
pseudo-Euclidean quadric. These time-like and space-like differentials are divided by
isotropic lines of the cone as a map of the horocyrcles arcs, when the angle is 7/4.
The two-step pseudo-Riemannian 1-st metrical normal form on a hyperboloid I is

—\2 12
F(d\r/R)* = IFd%% — dvy? — cosh®y; do? = (d%)P — <dvp) (n > 2).
E

See in scalar forms in the end of Ch. 6A, in tensor and vector 4D-forms in Ch. 10A.
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The directional cosines of final rotation rothI';3 = v/S in (114A), and those of the
vectors sinhv3, tanh~3, and vy3 in the Cartesian subbase Eig) we evaluate with the
use of tensor trigonometry. Take advantage of their equality for matrices roth I';3 and
roth (2I'13). (Recall, that we use the arithmetic, as trigonometric, square root v/S,
because in it the angle I'13 is bisected, see in sect. 6.3!) Compute the three remained
non-diagonal (4, k)-th elements of the 4-th row of the matrix S = {s;;}. Thus we need

to multiply the 4-th row of B = {b;;} and the k-th column of roth I'io, k =1,2,3:

Sak = Sg4 = sinh(2713) - cos o = 2 cosh 13 - sinhy13 - cos o, =

= 2 cosh 13- [(sinh 712 - cosh y23 + cos € - sinh a3 - cosh y12) - cos ag, +sinh 723 - (cosfy, — cos € - cos ag)]. (134 A)

This allows to infer all vectorial trigonometric formulae for two-step motions in
the hyperbolic non-Euclidean geometry. The vectorial formulae with their directional
cosines illustrate also any isometric to them hyperbolic motions on the hyperboloid II.
They depend on ordering of the two summands 719 and y93. So, vectorial sines in these
contrary variants of ordering two motions in the subbase E( are the following:

sinhvy;3 = sinh 3 - e, = )

= (sinh 79 - cosh 93 + cos e - sinh 93 - cosh y19) - €4+
+sine - sinhyyg - €, =

= [sinh 719 - cosh Y93 + cose - sinh 93 - (coshy1o — 1)] - €4+
+sinh o3 - €;

sinh~;3 = sinh ;3 - e, = 4 (135A)
= (sinh ~yp3 - cosh 1 + cos e - sinh 15 - cosh y93) - €5+

+sine - sinh g - e, =

= [sinh 793 - cosh y19 + cose - sinh 15 - (coshyeg — 1)] - est

+ sinh 712 - €q; )

sinh 713 - cos o = (sinh ;5 - cosh 93 + cos € - sinh 793 - cosh y19) + cos o+
+ sinh o3 - (cos By — cose - cosay), k=1,2,3; (for direct order).

Here e, = {cos o} } is the unity vector of directional cosines for the summary hyperbolic
motion 13 in structure (363) with ordering =19, 723, and

{cosﬁk—coss-cosozk} €3 — COSE - €, eae;a-eﬁ (136.4)
€, = . — X - ﬁ

is the unity vector of conventionally orthogonal increment of full motion with respect
to e,, i. e., to the vector of the first motion as tangential one.

The vector e, (and e, for inversely ordered summary motions at e, <+ e3) is used in
biorthogonal decompositions of principal motion increment into tangential and normal
parts, for physical velocities, inner accelerations, curvature etc.. It is evaluated from
biorthogonal representation of the 2-nd vector in the sum:

e =cosc-e, +sine-e,, e,-e,=0, €, -eg=sine (¢€[0;n]). (137A).

14
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From vectorial formulae (135A) and scalar formula (122A) similar vector relations
for tangents in ordering 712, 723 (and vice versa for 7,3, 712 — see in (135A)) are inferred:

sinh 713 .

tanhvy;3 = tanhyi3 - e, = (138A)
cosh 3
_ tanh+yp + cose - tanh a3 sin e - tanh 793 - sech 19 B
1+ cosetanh ;s - tanh o3 Ca T 1Y cose tanh Yo - tanhyas
_ tanh 12 + cose - tanh o3 - (1 — sech v19) e tanh o3 - sech 719 e
1 + cos e tanh y5 - tanh o3 “ 1+ cosetanh v, - tanh Yo3

Sine and tangent formulae, in squared and vectorial variants (124A), (135A) and
(125A), (138A), have in E{S) the following interpretation. The second segment 7,3 on
a hyperboloid II is decomposed into a pair of segments such that their projections into
(53>(1) are directed along e, and e,. We obtain these big and small hyperbolic right

triangles on a hypel"bOlOid II Y13 = (’ylz—l— ?23) tH #23 and Y23 2523 tH #23 with such
spherically orthogonal sums and corresponding to them sine or tangent right triangles
in the Euclidean subspace <€3>(1>‘ (Segments v are 4-dimensional, but their space
projections are 3-dimensional !) For beginning, perform the hyperbolic sine projecting
v13 and o3 (in its spherically orthogonal decomposition) into (£3)() parallel to dw,
The result is these two orthogonalized projections of 7,3 and 3 into (6'3}(1):

= 1 = 1
sinh Y23 =sinh Yo3+ sinh Yo3 — Sil’lh’)/lg = (Sinh Y12+ sinh ’)/23) + sinh Y23.

Both these relations are compatible. So, as results, we obtain the Big Pythagorean
Theorem in its squared variant corresponding to (124A), and, as a consequence, the

Small Pythagorean Theorem for the second segment in E’f’), with trivial case (129A):

. . — . I . . = . 1
sinh? 13 = SlnhQ(’le—‘r v23) + sinh? y93|, |sinh?~s5 = sinh? o3 + sinh? o3| .

In these formulae, sinh v;3 = cose - sinhy3 , sinh Vé?) = sinh 7#3 = sine - sinh 3.
Their cosines, are, due to (122A), the scalar projections into o parallel to (£3).
Tangent formulae (125A) and (138A) are interpreted by analogous way, but with
the use of tangent cross projecting. The angle o3 is decomposed as before and then
all these parallel and normal components are subjected to cross projecting (see in
Ch. 4A) into (£3)() parallel to . 1t should be taken into account by correction with
additional coefficient sech-y;s (only by formal analogy with Lorentzian contraction).
Their tangent summation, with these analogous Big and Small Pythagorean Theorems
(125A) and (138A), are identical to tangent model — see further at Figure 4A. It is also
equivalent to well-known geometric summation in Klein’s homogeneous coordinates.
Furthermore, this important property of the summations into sinh 3, tanh ~;3
unites to a certain extent the FEuclidean geometry with non-Euclidean hyperbolic and
spherical geometries! In Chapter 8A, analogous results will be represented in (Q?*1).
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Distinction is the following. In Euclidean geometry the particular vectors ajo = a12-€,
and agg = ag3-ep are summarized commutatively, i. e., in their direct and inverse orders
with the same result a;3 = a3 - ,. Geometrically, two variants of the biorthogonal
non-Euclidean summation (direct and inverse) are noncommutative from the different
sign of the angle of the secondary orthospherical rotation (F6:3) after summing. The
Big Pythagorean Theorem is valid for two variants of their orthoprojections: onto e,

and e,, as well as onto eg and éy. Although, in both the cases, modules of hypotenuses
are equal, but the directional summary vectors a;3 are distinct by the orthospherical
rotation as in (120A). Thus, formulae (124A), (135A) and (125A), (138A), can be
represented in the two biorthogonal forms with decompositions either of projection ~;o
with respect to e, or of projection -3 with respect to eg. We obtain the following.
Theorem. Sum of two motions can be represented in the Special biorthogonal form,
commutative in Euclidean geometry and noncommutative in non-Euclidean geometry.
(All of they are quasi- and pseudo-Euclidean, spherical and hyperbolic non-Euclidean!)
So, in pseudo-Euclidean and hyperbolic non-Euclidean geometries, the theorem is valid
in (£3) from the center at the start point of summation, with correction of next vector.
This geometric theorem allowed formally H. Poincaré (into three projections) and
A. Einstein to infer the relativistic Law of summing two noncollinear velocities in vector
and scalar forms without loss of generality under preliminary conditions: {cosa; = 1,
cosay = cosag = 0} — cose = cosf;. Orthogonal projections of the velocities
vi and vy along the axis 1 as well as the axes x5 and x3 were considered independent
and then were summed by these famous authors of STR just due to this Theorem.

In vector formula (138A), put tanh s - cosa; = v /c ~ 1074, cosa; = %1, Then
cose = £ cos fy, see (119A), and tanh 3 = ¢/c = 1, that is why tanhyy3 = 1 too.
Here v &~ 30 km /sec is the orbital velocity of the Earth moving around the Sun. Hence,

tanh vie — 6. — [tanh 19 & cos By - (1 — sech 712)] - €4 + sech 712 - €5 _
e 1 £ cos 31 - tanh 79

+ tanh 19 + cos 51 COS 01

! h 719 - cos B CoS o (tanh ~y 1)

= : secn 12 - 2 = 2 |5 13 = 1),
1+ cos 5y - tanh sech 15 - cos 33 COS 03

where (1, B2, B3 and o1, 09, 03 are the true and seemed angles, under which the Star is
observed. From this, the complete list of relativistic formulae for aberration follows:

,  COS O3 sech 12 - cos 9 ,  COSO3 sech 719 - cos (33
cosoy £ tanho + cos 5 coso;  Etanh~ys + cos 4
B seChQ’le — sin? B, - tanh® Y12 o*

cosét = (ef) e,

, R,=— (as how + .
1 — cos? 31 - tanh? 15 “ 2 ( "2 % 73)

If the Star is observed in the simplest variant under §; = 7/2, then for maximal §™:

cos 0™ = sech®yy5—tanh? y15 = cos 20(712), sind™ = 2 tanh y19-sechyio = sin 2p(7y12).
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If B3 = m/2, then cos P = sinf;. In this special case, we obtain trigonometric
variant of Einstein’s formula for the orthogonally observed aberration [53, p. 36-39]:

sin 3 - sech 1o

tan 3 =
b cos 31 & tanh 9

n g sin 31 - sech vqo cos (51 £ tanh ypo
sin 87 = .
U7 14 cos By - tanh 1o 1 = cos 1 - tanh 79

For the orthogonally observed aberration, we have the simplest formulae:

cos 3] =

o1 =] =m/2— 0y, cosoy=sino; =sinf; o3=L3=m/2.

Then either g < f; (if the sign + is chosen), or ] > f; (if the sign — is chosen);
and the angles 51 and [} are permuted iff the signs 4+ and F are permuted. All these
formulae immediately follow from indicated above general formula for tanhvy,5 = e,.

For J. Bradley formula (1727), A. Einstein introduced relativistic time-correcting
factor sech 15 (here it is in secant form (127A)) and used Lorentzian transformation
instead of Galilean ones. The small correction makes the formula of aberration identical
in two inertial frames of reference associated either with the Earth, or with the Star:
e, and e, are permuted iff signs + and F are permuted. The maximal angular radius
of aberration is achieved if 8, = /2, and it is R, = §™/2 ~ 10~* rad. Note, that
the angle of orthospherical rotation 9™ will be calculated below. Some athors do not
distinguish in aberration the angles 6= for y15 &= 23 and o for vi3 + Y23, Y23 + Y12 (?)

According to (135A) and (136A), the vectors e, and e, are linear combinations of e,
and eg. Hence all the four unit vectors are in the same Euclidean plane (£2) = (e,, e3).
Similar arguments for inverse ordering of motions give similar results, but the first
directed vector is eg and the second one is e,. The new vector of orthogonal increment
(for the inverse order of motions) is expressed from (136A) by permutation:

COS (i, — COSE - COS [, €, — COSE- €
e, = : = : g (139A4)
v sine sin e
. / / : /
e, = Cose-eg+sine-e,, e;-e. =0, e, -e =sing, e,-e =cose (1404)
v v 14 v

. / / , , ~
The vectors tanh 3, sinh 713, and vy3 are directed in the subbase E{‘g) along e, and

their modules do not change. The vectors e,, ez, e, and e, are linear combinations
of e, and eg, hence they lie in the same plane (£?) = (e,, e3). The rotations (113A)
and (112A) act in the common trigonometric plane of the matrix rot ©13, hence this
plane is identical to (€?) too. The Euclidean plane includes all the six introduced and
considered unity vectors of diagonal cosines: e,, eg, e, e, €, e

(In general cases, for internal and external multiplications of unity vectors there holds:

/ / / ) / ) /
€€, =COSYi2, €1 € =COSP1z €] € =SeC Y12 €1 € ez e,

They may be also useful. The last formulae are the special cases of (196) in Ch. 5.)
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The matrix rot ©13 can be calculated not only from multiplicative formula (115A).
In (P3T1), it may be directly calculated in canonical form (497) due to (499). Indeed,
the normal unity axis of any orthospherical rotation ey is found in terms of vectorial
product for any two of all the six independent coplanar vectors as, for example, as:

3 (0) = e, Qe, = Tsinf-ey, TtN(e)=e,®es=+sine-ey (for n =3). (141A)

- L
Rotation F 6 acts in By, = roth T -E; —see (111A), (at n = 2 in the plane (£2)(M),

Here the signs are opposite to each other according to (113A) and (119A)! These
values of Tx(0) and cos give us the matrix rot O3 in canonical form (497) if n = 3.
According to (499) and (120A), we have the additional variants for shifting 6:3:

cos b3 = eg-eé — trrot ©/2—1 = (tr[rot O)sx3—1)/2, |sin | = [T¥ (013)]. (142A)

Speaking strictly they must supplement the pure hyperbolic law of summing motions
(velocities), in that number in the different trigonometric forms. So, the orthospherical
rotation is the cause of non-commutativity of the law in vector and tensor sides.

Due to General Signs Rule (see in (113A) and in sect. 12.2) in hyperbolic
geometry and STR, |sgn 613 = —sgn € !|: if € > 0, then 613 < 0, and if € < 0, then
013 > 0, i. e., the leg 13 is shifted orthospherically towards the angle Ajo3 = 7 — ¢
always with decreasing the sum of angles in the hyperbolic triangle (see more further)!

The vectors eé,eg,e_fv as well as the vectors e,, eg,efv> form the right triple due

to (113A), this corresponds to counting scalar angles as counter-clockwise ones in the
right-handed bases, and the oriented vector ex determines the right screw of rotations.
The triple ez, €, ﬂ(e) is universal for analysis of multistep motions.

. L/ . . :
All the six vectors e,, e, e,, €,, €,, €, are inside an angle of magnitude 7 in the

plane (£2?) = (e,, es). From (136A), (139A), taking into account (122A), we obtain

!/
€, e, = —Ccose = +cos(m — &) = cos Ay,

€, e, =e€eg-¢e,=+sine = +sin(m — ¢) = sin Ajo3.
14

The value of cosfy3 is computed with the use of (120A), and in addition vectorial
variant of (135A) and its reverse analog! With respect to the original base F; we have

_A+COS8'B+00828'C+00838-D

> 0; 143 A
sinh? Y13 ( )

COSs (913 = e; e
g

A = (cosh s - cosh 93 — 1)(cosh 15 + cosh vs3) > 0,
B = sinh 75 - sinh 793 - (cosh 719 - cosh 493 4+ cosh y19 4+ cosh y93 — 1) > 0,
C' = sinh® 5 - cosh o3 - (coshyas — 1) + sinh? Y93 - 112 - (coshyip — 1) >0,
D = sinh 15 - sinh 93 - (coshy13 — 1) - (coshye3 — 1) > 0.
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If cose =+1,then A+ B+C+ D = sinh? Vi3 = sinhQ(%Q + 93) with 613 = 0.
If cose = —1, then A — B + C—-D= Sinh2 Y13 = sinh2(712 - ’}/23) with 913 = 0.
These two cases are trivial, they correspond to conventionally collinear two motions.
Theoretically maximal relativistic shift 13 = Fr/2 takes place if conventionally
orthogonal velocities are equal to the speed of light ¢ | Moreover, function (143A) in
cos € has three extrema: maximal value cosfi3 = 1 if cose = £1 and minimal value
cos 13 = A/ sin? yy3 if cose = 0. The latter corresponds to conventionally orthogonal
two motions with quadratic scalar formulae (128A)-(130A) for their summation in
terms of different trigonometric functions. Below we consider in details the last variant.
At first, transform scalar sine quadratic formula (129A) into the form:

sinh? y13 = (cosh 72 - cosh 723)2 — 1 = (cosh s - cosh 93 + 1)(cosh 715 - cosh a3 — 1).

The absolute value of cos B3 is minimal iff |f13| is maximal, this is equivalent to
conventional orthogonality of e, and eg. For the sum of two hyperbolic motions,
provided that ¢ = +7/2 (sine = £1), from (143A) and (135A) we obtain:

A cosh 19 + cosh o3
costhz = —— = > 0,
sinh®~3  coshya - coshyeg + 1
. Ftanh 79 - tanh 793 F sinh 719 - sinh 793
sin #y3 = =

1 + sech 12 - sech o3 ~ cosh Y12 - cosh g + 17

The last sine formula was obtained by A. Sommerfeld (1931) [71] for summing two
orthogonal velocities as if on a hypothetic sphere of imaginary radius with evaluation
of the summation result by methods of hyperbolic geometry. This gave visual trigono-
metric interpretation of coefficient 1/2 in the Thomas precession [70] under condition
that v;; — 0 (v;; — 0) in this sine formula. In the scalar and vectorial tangent variants
of summing two orthogonal segments, we obtain:

Fsinh 719 - sinh 793 (e

tan 013 = .
13 cosh 19 + cosh o3 «

es = €j- e, = cose = 0,sine = £1).

tanh 3 - €, = tanh ;3 - €, + tanh g3 - sech v12 - eg,
tanh ;3 - e, = tanh 93 - €5 + tanh 19 - sech 93 - €,,

These three particular formulae for the angle of orthospherical shift 6 in cosine, sine
and tangent variants must also supplement the pure hyperbolic formulae for summing
two conventionally orthogonal motions (velocities) in cosine (128A), sine (129A) and
tangent (130A) variants with maximal orthospherical shifting for their complement!
In general, this angle is concomitant for non-collinear two- and multistep principal
motions in pseudo-Euclidean, quasi-Euclidean and non-Euclidean geometries. It has
own real meaning, in that number, for applications in physics and mechanics.

If one of the velocities is +¢, for example, tanh 93 = £1, then cos #1353 = sechyis,
sinfh3 = Ftanhvye, e, = £tanhys - €, +sech y12 - €3, (|le;| = 1); e, = +ep.
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Such case corresponds to the orthogonal variant of aberration with the pseudo-Euclidean
right triangle of aberration on the hyperboloid II of radius "ic". First leg is the angle
v12 generated due to motion of the Earth relatively to the "immovable" Star. Second
leg 23 under the right angle € (in its Euclidean orthoprojection) is generated due to
motion of the light ray from the Star to the Earth. The hypotenuse is sum ;3 di-
rected along e,. The angular defect of this geodesic right triangle 123 (see further) is

determined with the use of permutation of these two legs by the formula (142A):

(1 — sech ’}/12) . Sin2 Bl
1 4 cos 3y - tanh o

008913262'84:1—
o

Besides, 613 is here the angular defect of a geodesic right triangle 123 — see further.
If ordering of the legs is inversed, then their hyperbolic sum is rotated at angle —63.

Vector e, inverses direction each half a year, that is why cosa; = +£1 and then
cose = % cos 1. The angle 6,3 is realized only in rotation of the plane (£2) = (v, c).
X ok k

From squared sine representations of summing two-step and three-step hyperbolic
conventionally orthogonal motions, expressed by formulae (129A), (132A), we may
get the pure hyperbolic and also the two-step and three-step 1-st metric Euclidean
spherically normal forms at the hyperboloid II at n=2 and n = 3, with simultaneous
determination of the orthospherical shift at such non-collinear differential increments.
Construct the forms on two- and three-dimensional unity hyperboloids II embedded
in pseudo-Euclidean spaces (P*™!) or (P31) trigonometric objects of STR.

Choose the initial pseudo-Cartesian base El with origin Cj; on the hyperboloid II
(upper part) as reference point for hyperbolic angle ~.

e The 1-st case corresponds to the two-dimensional hyperboloid II. At the point M
we have the values v = [y12]y in E, . (dy12)p in E», and further orthogonal to the
latter (d7a3)ar. Applying (129A) in the vicinity of the initial point M, we obtain a
quadric of the 1-st metrical form in the normal semi-geodesic hyperbolic coordinates
with two independent orthogonal differentials:

(dv)3; = (dm2)3; + cosh®[yio]ar (dy23)ip (v = A/R),

where [y12]as is the length of the geodesic "OM" as meridian in El, dy12 and dryog are
the partial differentials along the geodesic 715 in Fs. In STR, the multiplier cosh 719
translates time from E, into Fj (or from E,, into El) As result, the orthospherical
shift may be calculated how above.

e The 2-nd case corresponds to the three-dimensional hyperboloid II. Suppose that
in (132A) dyi19, dyes, dysq are the independent 1-st differentials of 12, Y23, 734. We have
in these normal semi-geodesic coordinates in the vicinity of M the 1-st metrical form:

(dv)3r = (dm12)3; + cosh®[yia]ar (dvy23)3p + cosh®[yia]ar - cosh®[yas]arr (dysa) iy

This process can be continued in (P"*1) with the similar sums up to n quadrats.
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Cosine formula (143A) can be used for other important evaluations. As before, in
infinitesimal considerations we take advantage of the useful formula for the cosine of
first angular differential (with exactness up to second power of the angular differential).

coshdy =1+ (dvy)?/2|and |cos df = 1 — (df)?/2|in hyperbolic and spherical forms.

In (135A), with direct and inverse ordering, put 1o = 7, 23 = d7y. The latter is the
differential of an arc v under angle € to the angle ~v. With the use of two cosine formulae
(see above), we obtain orthospherical shift as differential, with General Signs Rule
from (113A) for hyperbolic geometry (at n < 3) and STR. And further, with the use
of formulae (498) and (499), and also this Signs Rule, we translate the scalar product
into vectorial one in (P2+1) = (£2) K Y/, as the rotation of (£2) around a third space-

like orthogonal axis a;), complementary till £3, with value of sign |sgn 013 = —sgn €|
X 9 e — S e + 5 Sy e
e, X e, = ey = F———— -eg = ftsing ———— ey =
5 + N cosh~y + 1 LR coshy +1 TN

= +sine- _tanhy dv - ey = tsine - tanh zal’y Len = tanh 2 d{y ex. (144A)
1 + sechy 2 2

Here the angle v or I is expressed in the original base Ey. In STR, it is the universal
base with relatively immovable Observer Nj in the space-time (P3*1); the differential
dry-egs is expressed in the base E,, = roth T-E;. In its tangent variant, we see again the
correcting coefficient 1/2 (gotten from experimental data) in the Thomas precession.
See in (172A) the kinematic and dynamic applications of vectorial formulae (144A).
(Note, that, for two arcs at point M, the single normal ex exists only in (P3TH)

The special case is orthogonal (now nonconventionally) summation of motions when
their angles in their first differentials are infinitesimally small. Let, for example, in
(128A) and (144A) the infinitesimal values of both hyperbolic angles. On the unity
hyperboloid IT in (P?T1) for the right triangle 123 at y12 — 0, 23 — 0, we obtain:

. a - Q
713 = 4/ 7%2 + 7223 O =F %22723 - % = S Ko = 0, (e = £m/2);

(5123 = (51 + £9 + 53) — 27 = [371' — (7'(' — 5123)] — 27 = 5123 . KG — 0.

These are the infinitesimal formulae of the plane Euclidean geometry. This confirms the
infinitesimally Buclidean metric on Minkowskian hyperboloid II. In the case of (P3+1),
from (144A) for a triangle 123, formed by d~y;o and dyss with their external angle €,
we infer the differential formulae for the vector-element of its area (see [16, p. 526]):
d - (d d - (d dsS
dbs - e—>N = Fsine- ( %2)2( 123) -e—>N = Fsine - ( alQ;Rg az3) ‘e—>N =+ R1223 '6\?
Due to Signs Rule in the hyperbolic case: if € > 0, then #13 < 0; if ¢ < 0, then 613 > 0.
Thus we got the differential interdependent df,3 and the area of the triangle d.S723!
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However, due to the Lambert’s hyperbolic result or, in general, to the Gauss—Bonnet
Theorem [16, p. 533], the area of the geodesic triangle 123 (here on a surface of negative
constant Gaussian curvature Kg = —1/R?* = const) and the angular defect of the
triangle dd1a3 = €1+ +e3— 27 are connected as dda3 = —dS1o3/R* = Kg dS123 < 0.
As a result, we get the differential and integral formulae for connection of these angles

d?;g = +K¢ dSi23 = b3 =+013 =F % = +K¢ - Si23

in geodesic triangles on the Minkowskian hyperboloid II, and in the homeomorphic to
it hyperbolic non-Euclidean spaces (see in Ch. 12). The formulae mean: the angle 613
of orthospherical shifting and Lambert’s angular defect 6103 in a hyperbolic triangle are
equal ! The assertion is true also for other figures as polygons formed from triangles,
this is inferred through their decomposition into triangles. (If such triangle is on a
hyperspheroid in (Q"™1), the similar formula for orthospherical shifting # contains the
sign +, see in Ch. 8A.) (Note, that the orthospherical shifting is more general notion,
than the angular deviation for geodesic two-dimensional figures, because the former
takes place for non-geodesic curvilinear figures too.) Orthospherical tensor angle of

db3 = £doroz = F

rotation ©3, due to matrix formula (115A), is identical to tensor angular defect of a
geodesic triangle on hyperboloid II. Angular deviations (scalar and tensor) take place
due to dependence of parallel displacement on a surface with curvature on its way.

Conclusion. Orthospherical shifting © gives the clear mathematical explanation to
the Lambert’s angular defect of figures in the hyperbolic geometry!

In Ch. 5A we introduced through relation (79A) in the instantaneous subbase E,Si”)
an inner 3-acceleration g directed along the axis 2™, but only for rectilinear physical
movements (or collinear absolute motions). For non-collinear motions, in the complete
pseudo-Cartesian base E,,, the inner acceleration formally is 4-vector, but such one
with zero orthoprojection onto time-axis g(m) is 3-vector. Put in sine-cosine spheri-
cally orthogonal decompositions (135A) and (124A) the values v19 = 0,793 = d~y for
the 1-st and 2-nd motions. Take into account (79A) and (137A), we obtain:

_ 1 , ==\2 12
dy-es=cose dy-e,+sine dy-e, =dy-e,+dy-e, = (dy)" = <d’y)E+ (d’y) :
E

2
. — 1 —\ 2 L
gg-es = COSg‘gﬂ‘ea—i—Slng'gﬁ'ey = gﬂ'eoz—l_ 93 - €, — gé = (gﬁ)E+ <95>E (145A)

This is 3D Absolute Pythagorean theorems for spherically orthogonal decompositions
in the Cartesian base ES? of current differential dvy - e and inner acceleration gz - eg
with respect to the directional vector e, of hyperbolic angle of motion ~ or velocity v
at the point M in E,Sf), with the use (137A). Both these 3D Absolute Euclidean
theorems in Euclidean plane are being generalized into 4D Absolute non-Euclidean

Pythagorean theorems in the Absolute pseudo-Cartesian base E,, of space-time (P3+1).
See in details in Ch. 10A.



CHAPTER 7A. TRIGONOMERTIC MODELS OF NON-COLLINEAR HYPERBOLIC MOTIONS 245

Relativistic formulae of the Doppler effect for the oscillations frequency of light
153, p. 39], from the trigonometric point of view, have simple hyperbolic interpretation.
[t is necessary in the classical formulae to change spherical tangent tan pp = v/c for
hyperbolic one tanh v = v/c as velocities tangent relation in STR, and to introduce the
relativistic secant factor (127A) for the proper time either for the time of moving source
of a light or for the time of moving Observer of a light source radiation. In STR only
a relative velocity v has importance! With the tangent-tangent analogy, we obtain:

v er =W A = oW ) (1 — cosa - tanh~y) =

= W =p® gech v /(1 — cos v - tanh ),

where v is the oscillations frequency of light in the source, vV is its frequency felt by
the Observer Ny, « is the angle between a light ray and a velocity vector, sech ~y is the
relativistic factor, t") and 7 are the equivalent time intervals in both these systems.

There are four special variants:

A. Longitudinal meeting effect: « = 0, cosa = +1, i. e., the source becomes nearer.
Then the "blue shift" of light frequency is observed.

B. Longitudinal opposite effect: a« = m, cosa = —1, i. e., the source becomes farer.
Then the "red shift" of light frequency is observed.

C. Transversal effect: « = £7/2,cosa = 0. Then Observer N; fixes the "red shift"
too, but it is less than in case B due to Einsteinian time dilation in the moving source.

D. The Doppler effect is absent if cosa = (1 — sech 7y)/tanh(+7) & tanh(4~)/2.

And the Hubble Law [56, p. 25] can be expressed in the ancestral form through
the relative change of the photons frequency as —Av/v = tanhy = v/c = Hl/c = Ht.

X b S *
Further consider tensor and vector trigonometry of the unity hyperboloids.
Hyperboloid II (see Figure 4) has R = i. R may be the 4-velocity T =c-i
Consider the pseudounity 4 x 1-radius-vector of a point on a hyperboloid II in Ey:

_ | sinh~y | | sinh v-e, . . [0
lk_[cosh’y]_[ cosh ~ ] (v > 0if Act > 0), 11—[1]. (146 A)

Its time-like trigonometric invariant is
o + e . / . 2 o
i), - [T - i = sinh’yy; - sinh 7y, — cosh® 7y, =

= sinh? vy, - e e, — cosh? vy, = —1 = i%. (147A)

Here

sinh 7y is the 3 X 1-vector projection of i; into (€3>(1) parallel to 3(1),

cosh 71 is the scalar projection of i, into W parallel to (£3)(M). In addition,
tanh v is the cross 3 x 1-vector projection ofi% into <53>(1) parallel to c?(k),

sech 11 is the cross scalar projection of i into ¢ (1) parallel to (83>(k).
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Consider pure hyperbolic motion iy <> i3 of a point element on the unity hyperboloid IT
along two hyperbolae in Fq and F,, with its polar clear description:

i2 il
{rothl's3-} ~ - R {roth T'y3} 7, - roth I'a - O|_ (148A)
23 E2 cosh Y12 N 23 EQ 12 1 N
iy i

= {roth I'15-(roth T's3) = -roth™* Flg}EQ-roth o [ 0 ] = roth I'1y-roth I'ss- [ 0 ] =

E 1 !
il i1 i3
B o] 0| | sinh y3-e,4
= roth I'13 - rot O3 { 1 ] = roth I'i3 [ 1 ] o [ cosh 13 ] '

So, this means solution: FEzactly one geodesic line passes through two points 2 and 3.
The trajectory of hyperbolic (geodesic) motion is — i3 is in the cut of the hyper-
boloid by the pseudoplane of rotational matrix {roth I'1 - roth Iy - roth_lFlg-}E :
2

A hyperbolic triangle on the hyperboloid is realized as a cycle of three geodesic motions:

roth F12 u; = Uy, {TOHZ F23}E U2 = Uus, {TOth F31}E~, U3z — Uuj.
2 3

By (148A), for a point element u, rotation ©13 annihilates. The triangle cycle returns a
nonpoint object into the start, but it or real body is turned in the base Es5 at angle ©13.
Therefore, the point of application of this non-point object moves as u; — uy — us
along hyperbolic geodesic lines 19 and ~o3.

Summing two-step motion, due to polar decomposition n the original base Ey, is
represented as the motion along geodesic line ;3 in direction e, and then the ortho-
spherical rotation rot ©! See this in details above in (111A) and below in (154A).

ok K

Hyperboloid I (see Figure 4) has R = +1. R may be the 4-antivelocity ? =c-j.
Consider the pseudounity 4 x 1-radius-vector of a point on a hyperboloid I in E;:

. | coshvy | | cosh v-eg _ es
J2 = |: sinh ] = [ sinh :| (’V > 0 if Act > 0), Jl(ﬂ) [ ‘NE (149A)

If eg = e, theniand j on II and I are conjugate, Figure 4! Its space-like invariant is

j'+I" - j = cosh’y - cosh v — sinh® y = cosh® v - €je,, — sinh’y = 1 =1°.  (1504)

B

Here

cosh 7 is the 3 x 1-vector projection of ji into (83>(1) parallel to 3(1),

sinh 1 is the scalar projection of j; into W parallel to <€3>( ). In addition,
coth vy; is the cross 3 X 1-vector projection of j; into 53 parallel to 3(@7
csch 71 is the cross scalar projection of j; into c% parallel to (£3)F)
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For hyperboloid I, pure hyperbolic motion roth I' is performed at v with the directional
cosine vector e’ﬁ, which is orthospherically shifted with respect to the original vector eg.
The two hyperbolic motions of a point element jo — j3 on the unity hyperboloid I are
realized with topological constraints corresponding to the cotangent plane model or
more visually to the tangent cylindrical model outside the Cayley oval (sect. 12.1):

J2 J

cosh -e _ e
{TOth F23}E2 : |: Singl’;lz A :| = {T‘Oth F12 . (T‘Oth F23)E1 - roth ! FIQ}E2 - roth Flg . |: Oﬁ :| = (151A)
1 J1 i1 Js
e e e/ cosh e
= roth F12 -roth F23 . |: 06 :| = roth F13 - rot @13 . [ OB :| = roth F13 . |: 0’8 :| = |: Singl’;g 7 :| .

Motion from js to j3 is possible iff plane cotangent or cylindrical tangent projections of
j2 and j3 outside the oval absolute may be connected by a straight cotangent (coth ~,3)
or tangent (tanh 793) segment without the topological obstacle.

Note, that points of Minkowskian hyperboloids IT and I have the cotangent—cosecant
pseudo-Euclidean invariants II and I concomitant to sine-cosine ones (sect. 6.4, 12.1):

i'-I*.i=csch™y-csch v — coth®y = —1 = 2. (IT)
j’- I* - j = coth’y - coth v — csch®y = +1 = 12 (I)

The rotational cotangent-cosecant matrix function in I' in canonical E-form corre-
sponds to sine-cosine one in the complementary angle T as follows (sect. 6.5, 12.1):

roth T’ = roth T
—_— — — —
cothy - e,e, +e,e,’ | csch v - e, coshv -e e, +ey,e, | sinhv - e, (1524)
csch 7y - e coth~y sinhv - e/, cosh v

Recall, that due to the formulae of pseudo-Euclidean and hyperbolic non-Euclidean
trigonometry, we have the correspondences for the complementary hyperbolic angles:

sinh(I', T) = csch (T, ') < sinh(I', ) - sinh(7, ) = 1,
cosh(I', T) = coth (£T1,I') < tanh(£I[',T) = sech(T,T),
cosh?(I", T) — sinh*(T", ) = I = coth?(Y,T) — esch?(Y, T) — invariants for {I*}.

This determines strictly the geometric interdependence of these complementary angles
shown at Figure 4 (Ch. 12), i. e., cotangent and cosecant cross projections of the angle
[' or T may be interpret as the usual orthoprojections of the angles T or I'! Moreover,
the rotational cotangent-cosecant matrix function in the angle I' or T realizes rotation
of linear objects (vectors, lineors etc.) at the complementary angle T or IT'!

In both the cases, for hyperboloids II and I, one may interpret hyperbolic angles and
principal motions as their trigonometric projections by tangent and cotangent models
either on the projective hyperplane or on the projective hypercylinder with respect to
the trigonometric ball equivalent geometrically to the Cayley oval absolute.
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Further, we describe in general form an algorithm for evaluating main characteristics
of summary multistep motion in (P"1) and (P31) = (£3 X 3) (see sect. 11.3, 11.4
and Ch. 7TA) in the scalar, vectorial, and tensor forms. The algorithm starts with
application of formula (485) for right transformation of the original unity base E;. On
the final step of the algorithm, the polar representation according to (474)—(476) and
(111A)—(120A) is used. On these stages, the homogeneous modal transformations are

Et = roth Flg -roth Fgg ---roth F(t—l),t : El — Tlt : El;

/
Tt = roth I'yy - rot ©1; = rot O - roth I'y; .

/ /
Ty - T}, = roth? Ty, = roth 2Ty, T, - Ty = roth? Ty= roth 2 ['1¢,
rot Oy = roth Ty, - Ty = roth (=T'y) - Ty = roth Ty - T},
The latter gives rot ©y; as defect ©1; of the Closed cycle of principal rotations!. We use

/
e, and e, they are the directional vectors in structures (362), (363) for I';; and I'yj;

o
cosbyy =€ e, = _Ir T% @11t is the cosine form of orthospherical scalar shift 8 in
o

canonical structure (497). This formula is valid in (P"*1) see (497) and (120A).

The matrices roth I'1; and rot ©y; are evaluated in canonical forms (363) and (497).
Lorentzian contraction is evaluated with the use of the angle I'y; for summarized motion
and the hyperbolic deformational matrix with canonical structures (364), (365), in
particular, for objects of Ch. 4A. However, tanh I'y; (the velocity) and sech T'y; (the
relativistic factor) may be computed directly from sinh I'y; and cosh I'y;.

The canonical expression of Lorentzian homogeneous transformation is

/
T =rothl' -rot © =rot © - roth I'= (153A), (154A)
_ | cosh~y- \egeg + ege;/ ‘ sinhy-e, | [ [rot ©Jsx3 ‘ 0 _
sinh~y - e}, | coshy 0’ 1

B [ [rot ©]3x3| 0 ] | coshy- eéei§ qLeée:§ sinhvy-e, |
0’ ‘ 1 sinh~ - €, ‘ cosh ~y
(coshy — 1) -e,€, + [rot Olsxs |sinhy - e,
= g
sinh~ - €/ ‘ cosh '
(o2

%
Here e e’ .= = cosf - e, e - (If some roth T';; are collinear, they are grouped.)

Formula (154A) gives the General Law of summing principal motions in (P"1),

expressed in canonical form (364) or for n = 3 in (363) in the original base £y = {I}.
Now, with (154A), the readers may one time again be convinced in truety of all the

formulae for summing two-step motions inferred at first by explicit multiplications.
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The matrix S = roth I' is emanated, for example, from the last and lowest elements
ty4 and tpy for general matrix T in (154A). They permit one to express the matrix S
in the base ) in canonical forms (363), (364) in (P"*!) and evaluate scalar and vector
trigonometric functions in the angle v with its directional vector e, and the angle 6.
The matrix rot © in (P31) is computed in canonical form (497) with the use of (499)
for sin 613 with the sign of 6, and ey. For n = 3 and k=1, 2, 3 we obtain the following

coshy = tu,sinhy = ++/cosh?y — 1, tanhy = v/c¢; tanh vy, = tps/tu;

/ /
cos 0 = tg4/ sinh~y, cosoy = ty/sinh~, e, = {cos ak},eg = {cos 0} }. (155A)
cos b3 = el - e ﬂ(&lg) —e, Qe; = T sinfys - ex (last for n = 3).

Scalar final results do not change under the mirror permutation of particular motions.
[t leads merely to substitution in (153A), (154A): T'— T" with © — —0, e, — e,

Corollary. In general, multistep noncollinear hyperbolic motions roth I';; in (P or
on the hyperboloids are represented as hyperbolic one and then orthospherical shift.
Such interpretation of law (154A) of summing hyperbolic motions in the base E; = {I}
is confirmed, with polar decomposition in the pseudo-Euclidean space, by the fact,
that rot © is revealed in the hyperbolically shifting base Eyj, = roth I'y, - Ey, where
Fuclidean geometry is distorted in hyperbolic one! In the physical space-time (€ 3&3)
it is confirmed experimentally by the Thomas precession of the electron spin in Efzﬂ
* ok ok

In the sequel, in accordance with our trigonometric approach, we shall use Cartesian
tangent subbase E;(3) in £y = {I} analogous to projective homogeneous coordinates
in the Euclidean projective space ((€3)) (see in Ch. 12). Consider again the tangents
(velocities) summation in scalar and vectorial trigonometric forms (138A) and (125A)
inside the trigonometric ball analogous to the Cayley oval absolute with radii R = 1
for tangents and R = c for velocities. Hyperbolic tangent models of principal motions
are preferred, because they are limited by finite parameter 1 or R! This scale factor
belongs to the tangent flat model of a hyperboloid II and to the tangent cylindrical
model of a hyperboloid I. Indeed, there holds: tanhy << ~ < sinh . The cotangent
model is infinite as well as sine one. We shall consider in details the tangent flat
model of principal topologically unlimited motions on a hyperboloid II (Figure 4A).
It is identical to the projective Klein’s model of the real-valued hyperbolic space, see
in sect. 12.1. Though the analogous tangent model of a hyperboloid I is realized on
the cylindrical model with taking into account topological constraints!

We choose the origin O of this tangent subbase Ef”) as the start point (1) of first
tangent projection [12], the origin O’ in the subbase is the following point (2) of second
tangent projection [23], where both the projections are summarized, and so on up to
the last summand. There is one to one correspondence between all these origins O in

this limited tangent subbase Ef”) and all these points £ inside the Cayley oval.
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Small Pythagorean Theorem -

[6€22% [ + 623017 = [«23n)*

Big Pythagorean Theorem - Small Pythagorean Theorem -

" '1'.;}3_ mi E= 2 . -
w12 L 3:|:|| ||:|:13|:.:|| |1:<12}} I w3nt = _:‘:13:':"]

Figure 4A. Summing tangent projections of two hyperbolic motions in the tangent (Klein’s) model
according to the theorem on representation of their sum in biorthogonal Pythagorean form.

Variant 1. Centered triangle in Efg):

[12] = tanh 712, [23] = tanh o3 - k] - ko - k3, [13] = tanh 43,

22] = tanh 7y, [23] = tanh Tas, & =7 — Aty Al = &% — 2.
Variant 2. Centered right triangle in Ef’):

[12] = tanh 719, [23] = tanh 7,3 - sech 15, [13] = tanh 13, & = Aj93 = /2.
Variant 3. Decentered triangle coplanar with center O in EF’): g0 = Ass,

23] = tanh o3, €] = m—Ajy;, [34] = tanh y34, €5 = 71— Ay, [24] = tanh 7y,

ef=n—Ap =ity —gg=m—{r—¢& —[r—¢c0— (7 —¢])]}.
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The matrix of pure hyperbolic rotation in the base of its own determination E, can
be considered as matrix-function roth I'yy = F (v, e,) due to its canonical form (363).
Each such matrix with these two parameters v and the vector of directional cosine e,
implements motion of point (1) and determines any other point (k) inside the oval.

All centered tangent projections tanh 75 are radiated from the point (1), i. e.,

center O of the tangent subbase E~’£3) (for example, along e,). They are not distorted

in Euclidean metric of ((€%)), i. e., its Euclidean length in Ef’) corresponds exactly to
tanh v12. Moreover, the central spherical angles €y between tanh; and tanh-;; in
the tangent model are not distorted too. We shall take advantage of these facts!
Following motion 73 starts at point (2). If it is directed along e, then in ((£?)) the
second motion in its tangent projection {tanh 7,3} 7, 1s expressed in the same tangent

subbase Ef?’) with these three coefficients of distortions in Euclidean subspace ((£3)):

{tanh ’}/13}E
k1 = ! = 1/(1 + tanh - tanh < 1.
1 {tanh%Q}ElJr{taHth:;}EQ /(1 + tanh o3 - tanh 712)
tanh -~ — {tanh - tanh -
]432 . ]{33 = { 713}E1 { 712}E1 = { 723}E1 = SeChQ’Ym << 1,

{tanh 723}E~2 {tanh ’ygg}Ez
where ko = k3 = sech ~15. The first distortion is caused by hyperbolic summation of
segments 1o and 793 as one for two collinear segments. The sequential distortion is
combined from two factors. The first one ks = sech 715 is Einsteinian dilation of time
in the base Fs, the second one ks = sech ~12 is contraction of distance as result of cross
projecting at tangent mapping of distance between two cross-bases (it is only formally
analogous in result to Lorentzian contraction of extent, when a distance in (£3)(?) is
reduced in E; due to its cross projecting into (£3)) parallel to 3(2), see in Ch. 4A).
In the triangle 123 (Figure 4A(1)), only the term [23] is distorted by ko, k3. Due to
Pythagorean Theorem (138A) in the big right triangle 12’3, its parallel projection [227]
is the difference of distorted parallel projection [12’] and undistorted term [12], i. e.,
[22'] is distorted by ki, ko, k3; its normal projection [2'3| is distorted only by k7, ko:

cos € - tanh ys3 - sech2712

tanh 5,3 = = cose - tanhyog - kY - ko - k3. (156A)

1 + cose - tanh 93 - tanh vpo

sin € - tanh 93 - sech 19

L
tanh Yo3= = sine - tanh 93 - k] - ko. (157A)

1 + cose - tanh 793 - tanh vpo

(Further distorting coefficients &k} depend on the angle €.) The coefficient k3 acts only
for the parallel projection of tanh 793 according to the Herglotz Principle. Due to the
Big Pythagorean Theorem (125A), (138A) in the right triangle 12’3 in Ej, there hold

_ 1
tanh®yi3 = tanh’[yi2 + 3] + tanh® Va3,

_ 1
coseg = €] - e, = tanh [y19 + T3]/ tanh y13, siney = €] - e = tanh Vo3 / tanh 3.
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With squared (156A) and (157A), we obtain in Ef) the Small Pythagorean Theorem
for the right triangles 22’3 and 123 as (130A), due to variants (1) and (2) at Figure 4A:

tanhyo3 = tanhyi3 — tanhy;; — {tanh 3}z = {tanh ye3}pz - k7 - ko - k3 =

_ 1
= \/tanh2 Yoz + tanh? Vo3 = tanh yo3 - k7 - sech - \/0082 e - sech? Y12 + sin’e.

(Compare ko and ki with coefficients of Lorentzian contraction — collinear (53A) and
non-collinear (54A) ones.) The Small Pythagorean Theorem gives the general variant
at Figure 4A(1) and the simplest one at Figure 4A(2). For the sine and tangent ortho-
gonal summation, both Small Pythagorean theorems were inferred in (129A), (130A).
Note, that we can use geometrically the sine vectorial summation (without k3) due
to Pythagorean Theorem (124A), (135A). But sine projections are non-limited by R.
However, in the spherical geometry (Ch. 8A) the sine projections are limited by R !
The decentered angles subject to distortions too. We consider distortion of the
angle €* between tanh 715 and tanh 7,3 (Figure 4A(1)). Cross projecting transfers
the origin of distorted vector 23 into O'. The distorted angle £* is expressed in terms
of the distorted projection tanh 7,3 due to formulae of Euclidean scalar trigonometry:

‘t h: . - S h
anth 5 cose - sech 712 = cose - k3/k} < cose. (1584)

ES
cose® = =
{tanh y23} 5, \/cos2e - sech? y13 + sin®e

In STR £* is a distorted spherical angle between velocities v and vo3 in the space ((£3)).
If e = 7/2, there is no distortion: cose* = cose = 0, see this variant at Figure 4A(2).
For coplanar decentered motions in the plane (£2) = (e, eg)) at Figure 4A(3), such
angle * is expressed in terms of distorted partial angles €7, €5 and undistorted central
angle g between tanh 9 and tanh ~93. These open angles m are not distorted too,
that follows from (158A). By theorems of Euclidean scalar trigonometry, there holds:

ef=cltes—eg=m—Apyy=m—{r—ey—[m—eo— (7 —eD]} (159A)
. cos ey - sech 719 L sineq
cose] = , sine] = :
V/cos? g1 - sech? 19 + sin &1 V/cos? €1 - sech? 419 + sin? g1
N cos €2 - sech 713 .k sin eo
cosey = . ;  SInéy = : )
\/cos2 g9 - sech? 413 + sin® ey \/cos2 g9 - sech? 13 + sin? 2
cose* = cosle] +¢€5 — o] =
= [coseg - (coseq - cosey - sech 712 - sech 13 — sineg - sineg)+
+sineg - (siney - coseg - sech 13 + coseq - siney - sech y12)] (1604)

\/(0052 g1 - sech? y15 +sin?e;) - (cos2 ey - sech? 13 + sin? e3).

Summation of tanh v93 and tanh s, is realized as [12] + [23]* = [13] under €} and
[13] 4 [34]* = [14] under €3, see at Figure 4A(3). Further we have again variant 4A(1).

Generally, with non-coplanar summands, for example, tanh sy & (E%) = (e,, e3),
for the summation in (£%), (159A) do not hold. We choose tanh y3-€,(13) = tanhyy3-€,
due to (138A) as the first segment and tanh sy - €g34) as the third segment. Further,
we use (156A)-(160A) for this two-step motion in (£2) = (e,(13), €s(34)), cte.!
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Kinematics of a material body progressive movement is determined by kinematics of
the material point M, which is the barycenter of homogeneous body. For the point M,
distinction between non-relativistic and relativistic kinematics can be seen in projective
representations of the point movement in the universal base £y = {I} as original one.
(For the current coordinate of the proper distance along the movement, we use in E,
the greek notation y = x!); introduced in (73A), by analogy with the proper time!)

In Lagrange space-time (£371) = (£3 @ 7), the increment and differentials of move-
ment, with decomposition (137A), along a world line of point M do change as follows:

_ 1
2xV) = d?y - es = d>y - (cose-e, +sine-e,) =d?>x - e,+ d’x e, =

e,
= d(dx - e,) = [0dx]a - €0 + dX[0€4]dr = [0dX]a - €0 + dX {Han‘H ' ||0e H} B
« dx

= [0dx]a - €q + dx - |0alg, - €,. We used for eg decomposition (137A). That is why
B

pr— 1
[0dx]a = cose - d*x = &x, dx - [0a]4y = sine - d*x =d°x;
dx) t
v(t) = )c;t = v - €a(to) —l—/ g(t)dt;
to
e— 1
B d2X(1) d2X d2X

8(1) = = = g(t) -ealt) = T3 - ealt) + T3 - eult) =51 -ea(t)+ 9 (1) - e, (1),
dx [80‘] — u(t)-w(t), etc.

30 = cos=(t)-9(6) = [ 53] 9 ) = smett-at) = 2[5

Orthospherical rotation w,(t) does not change the progressive nature of the movement.
The Cosine Law of Energy Conservation holds as [coseF](t)dx(t) = d[mv?/2](t).

The Sine Law of Momentum Conservation holds as [sineF - e,](t)dt = d[mv - e,](t).
* % *

In Minkowski space-time (P3t1) = (£3 X 3}, with (80A), (137A), (145A), there hold:

In By AxW 2 dx® + @xM /2040 dxW = da- e, = dx - eq;
InE,: d&x™ =dz™ . es=dy"™  d(cr)-ez= )
1
= >z . (cose - e, +sine - e,) = d2z™ - e+ A2 e, & s (161A)

— 1
& dy=dy-esg=cose dye,+sinedy-e,) =dy-e,+ dy-ey;

/

In (P31, the differentials dx™") and d?>x™ are not summed immediately unlike
the case of (£3%1), as they are situated in different subspaces (£3) and thus should be
summed hyperbolically with the use of motion angle v and its differentials dy™ = d».
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For integral non-collinear motions of a point object, the angle v = (" (ascalar) and
these 3 x 1-vectors of directional cosines vary continuously in these bases. Parameters
of motion are set in Ej, but the original angular motion differential dv is represented
in the instantaneous base E,,. From (161A), we have dif;;n) = dfi(r) = d” = g(71)

as the inner 3-acceleration in E,, along the current axis z(™ without its hyperbohc

time projection. However, in FE,, we can have preliminary its spherically orthogonal
projections in the Cartesian subbase E?, the directional cosine vectors eg, e, and e,
are conventionally expressed in E,, and E1 without their changing. There hold:

2
ZZ dd (2 ) = dzél(T " = g(17) = F/my is the inner 3-acceleration with eg in Ef’n,
-

R . = F/myo is the parallel 3-acceleration with e, in B3

e *(1) = cose - g(1) = F/myg is the parallel proper 3-acceleration with e, in E; |

1 1

dy _ do'™ _L : L . ‘ . e .
= g =Y (1) = sine - g(1) =F /mg is the normal proper 3-acceleration with e, in E;, and EY,

according to the Herglotz Principle — see below.

They satisfy 3D Pythagorean Theorems (145A) in the instantaneous base E,,. From
the physical point of view, Pythagorean theorems of such type relate to 3-accelerations.
But sine and tangent Big and Small Pythagorean Theorems relate to velocities.

By (119A), we have cose = eje, = e, eg, 0 < & < . The values ¢ in [0;7/2) corre-
spond to accelerations, but € in (7/2; 7] correspond to decelerations. Further, evaluate
on the hyperboloid II variations of main trigonometric functions with velocities, accel-
erations and projections into ¥ and (E3) — strictly and in details see in Ch. 10A.

d(ct dt
coshy = ((C )) i sinh v = cosh - tanh ~, tanh ~ = sinh v/ cosh~,
dx) dx dx dx
inh v = e, = sinh~v-e,, tanh~y = = e, = tanhy-e,.
sinh ~ a(cr) d(CT) e, = sinh~-e anh ~ a0t~ dlet) e anh~-e

From (122A), (135A), (138A) at y12 = 7, 73 = dy we get in E) all their differentials.

: . : = d(ct) dt
_ _ . / I / 7 _
d cosh~y = sinhy dy = cose - sinhv’ dy' = sinh ' dy' = dd(CT) = d_dT’

cosh v = cosh vy + f]o sinhy dy = ;l((cci)) = %

(162A)

For sinh v = v* /¢ from orthogonal (135A) and with (137A) at differentiation in E?:

dsinh v = d(sinh~y - e,) = cosh dv - e, + sinhy da - e, = )

= coshy’ dy' - e, = cosh®' - [cose dv' - e, + sine dv' - e,],
dsinh |> = cosh? v dy? + sinh? v da? = (coshy' dy')? =

27 N2 ; N2 2 0 T2 J_/2 [ (163A)
= cosh”~/ - [(cose dv')* + (sine dvy')?] = cosh” ' [(dy')” + (dv')7],

sinh v = sinh~y - e,(v) =
= sinh g - e, (0) + f]o [cosh~y dv - e, + sinhy da - e,].
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For tanh v = v/c from orthogonal (138A) and with (137A) at differentiation in E?:

)

dtanh v = d(tanh~ - e,) = sech®y dvy - e, + tanhy da - e, =
= sech®y’ dy - e, = sech®y’ - [cose dY' - e, + sine dy' - e,],
|dtanh +|? = sech? dy? + tanh? v da? = (sech?y dv')? =

4 "2 - "2 A1 (A2 2 ( (1644)
= sech™ - [(cose dv')* + (sine dv')?] = sech™y - [(dv')* + (dv)?];

tanh 7 = tanh~y - e,(v) =
= tanh g - €40 + f’;(/) [sech®y dy - e, + tanhy do - e,).

/

We see |dtanh | < |d7|, which is caused by the limitation of the tangent motion
model to R = 1 of the trigonometric circle (Figure 4A). From (162A), (163A), one may
easy infer the metrical invariant on the hyperboloid II in these two forms, indicated
above and in the end of Ch. 6A, but here in clear vector interpretations, with (145A).
The angle ~ (with vector of the directional cosines) is main angular argument of the
motion models. In them their quadratic forms are applicable on the hyperboloid II.
By this way it is easy decompose dcosh v = d(coshy-e,) = sinh v’ dv'-e, from (149A)
for trigonometric mapping of motions on a hyperboloid I, constrained by its topology.
As a result, one may get analogous decompositions on the one sheet hyperboloid I.
The vector of proper velocity of a particle M or the barycenter of a body M can be
interpreted from (163A) as the sine hyperbolic projection of 4-velocity into ((£3))

V(1) — v*(1) = ¢~ (sinh 7 — sinh 7o) = v (1) - ea(7) — v (10) - €a(70) = (165A)

T d / T /
= c/ cos e(T) -coshv’(ﬂ-—ﬁy dT’Ga(T)-FC/ Siné(T)'COShW/(T)'dl dr-e,(r) =

dr dr
/Tcosh() dvde()qt/T s'h()dade()
— . R - e, - S1n R ‘e, —
; v(r) - fer | dr T ; c YT) | dr T
T . T 1
_ / coshi(7) - G(r) dr - eal(r) + / G () dr - e, () =
T dv* T )
= / - dr - e, (1) + / v (1) - wi(T) dr - e,(T),
T0 T 70
where: da - is the 1-st differential of the orthospherical rotation of e, (7);
coshvy - g(7) = CflUT* =7 *(7) is tangential proper acceleration, see (82A);

1

1
de dv(m) J_* L * * : .
=" =9 (1) =9 (1) = v*(7)-w(7) is normal proper acceleration (Ch. (10A);

(07

*

*(7) is the proper angular velocity of a world line in a point M in the local base E,.

Both satisfy to the Herglotz Principle as normal ones; g is an inner 4-acceleration in Ej,.
These proper accelerations satisfy the 3D Relative Pythagorean theorem (Ch. 10A).

w
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The vector of coordinate velocity (||v(t)|| < ¢) of a point M is strictly inferred here
with (164A), but taking into account the fact that under normal hyperbolic projecting,
including tangent cross-projecting, the time for the normal motion direction streams
as proper time (without the secant factor) as in (165A) too. In Ej, there holds:

v(t) — v(tg) = ¢ (tanh v — tanh ) = v(t) - e,(t) — v(to) - en(ty) =  (166A)

t d / t d
= c/ cose - sech®y/(t) - d—z dt - eq(t) + c/ sine - sech?y(t) - Tt e, (t) =
to to

— / sech®y(7) - |c- &y dr - e, + / sechy(7) - |¢-sinhy(7) - — | d7-e,(1) =
- dr . dr
¢

= c/ sech®y(t) - g[r(t)] dt - e, (t) + c/ sechy[7(t)]: é [7(t)] d[T(t)] - e,[T(t)] =

to to

/ Ut - et /t:v(t) wa(t) dt - e (t),

where t) = 79, t = t(7) are due to (85A), and v(t) - w,(t) dt = v(t)-wi[r(t)] d[7(t)] =
sechy - v*(7) - w(7) dr. The tangential and normal coordinate accelerations are
3= v ) p dv _ 0
sech” y-g[r(t)] = - =g (1), sechy -9 [r()] = — =9 (1) =v(t) -wa(t),  (1674,1684)

where v is a velocity, w’ is an angular velocity of a world line, orthogonal to v(t).
So, from (166A) we obtain the well-known formulae of STR for these two coordinate

accelerations in the original base E; very simply and in clear trigonometric forms:
— L 1)

F =cose-mygg= mo-cosh?’v-?(l)(t), F=sine-mg g =mg-coshvy - g

The current proper distance is evaluated by analogous two ways with the separa-
tion in two time parameters ty = 7y, and ¢ = #(7) under condition (84A), (85A) of
simultaneity. In the base Ey, from (165A) and (166A) we obtain two identical integrals:

X (T) —xg = x4(t) — x0 = /T V(T) - en(T) dr = /t v(t) - en(t) dt =

T

= / [vo eq(70) /TOT coshy(7) - G(7) dr - e (T) + /TO é (1) dt - e,,(T)] dr =
/ [vo o0 (r0) /5 () dr - ea(r) + / g (1) dr- ey(T)} dr= (1694)

750

t

sechgv(t) - g(t) dt - eq(t) + /t sechy(t)- é (t) dt - ey(t)] dt =

o to
t (1)

= / [UO ea(tO) + /t 5(1)(75) dt - ea(t) +/ g (t) dt - el/(t)] dt. (170A)

to to
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Variation of the scalar cosine, in its turn, is, by (162A), proportional to the current
work of the inner force (81A) during progressive movement of a material point M:

_ d(Ct) ’ _ v . I 1 /T * —
cosh y—cosh vy = dlcr) . = /76 cose(T)-sinhvy dy’ = 2/ cose(T)-v*(1)-g(T)dT =
1 t 1 X
:9/ cose[r(t)] - v[r(t)] - g[r(t)] dt:c—2-/ cose(x) - g(x) dx =
to Xo0
=z [ eoset0- Foodv =g [ Fooa=g 0na)
=g ) 800 FO) dx= g | FO) dx= g

X X
where we use the notations: Ey = myc®, A = / cose(x) - F(x) dx = / F(x) dx.
X X

If 70 =0, (vg = 0), then coshy =1+ A/Ey, i. e.,|E =coshy - FEy=Ey+ A= mc? |,
This illustrates the fact, that during progressive movement the total Einsteinian energy
of a material body in E} is the cosine projection of energy—momentum tensor (101A)
onto the axis ¢t (). The tensor is conservative under {F =0 <« 7 = CONST}.
Historically Joseph Thomson (discovered the electron) was first who attempted to
connect the energy and the mass in 1881, when he used the electromagnetic mass [72].
In 1900 Henry Poincaré inferred first the relation £ = mc? for the light as a kind
of electromagnetic radiation [83]. In 1905 Albert Einstein inferred also the relation,
but in the form m = E/c? on the base of the Planck quantum theory of radiation
by massive body [50]. Gilbert Lewis in 1908 [68| confirmed the same correspondence,
but between increments of the inertial mass and the kinetic energy of a material body:.
But only after Lise Meitner has revealed the fact the fission of uranium and explained
by this relation the defect of mass at this process, physics and not only they drew
attention to this previously abstract formula with well-known further consequences.

In Ch. 5A, we marked that as a true progenitor of concepts momentum and energy,
in relativistic sense, should be considered the own 4-momentum Py = mgc. Here it is 4-
th column of the hyperbolic tensor of momentum-—energy (101A) in space-time (P3*1).
The physical tensor is proportional with "¢" to dimensionless trigonometric tensor of
motion (100A). The own 4-momentum gives two pseudo-Euclidean orthoprojections:

Py-i=P-ij+p-j= (iP)? = (iP)* + p* — for tensor I~ i. e., in right form (37A).

Then we adopt that m = P/c¢, E = P -¢, p = mv. Right column of the momentum
tensor Tp = roth I'- Py of progressive movement, as Py = Fy-i = myc, is the geometric
inwvariant along a world line to Lorentzian transformations, where ¢ = ¢-1i is 4-velocity
of Poincaré. This momentum is tangential to a world line. Its variable cosine projection
onto direction of the time arrow 07(1) is the total impulse P = P -i; = Py - cosh~y - 1;
expressed in the base E\. Its variable vectorial sine projection into the subspace (S?’}(l)
is the real momentum p =p-j = Fy-sinh v = P, - sinh~vy - e, = myv* = mv in the
base F) in the Minkowskian space-time (P3+1), or the space-time of Poincaré (Q3*1),.
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Geometrically Py = myc is a hypotenuse of the pseudo-Euclidean right triangle of
momenta in the pseudoplane of motion (e,,i1). Its sides are similar to ones of the
interior right triangle at Figure 1A(1) because Tp = By - roth I". Due to this trigono-
metric approach with the Absolute Pythagorean Theorem, we may see origination of
Einsteinian relativistic formula for the non-invariant total energy E* = E3+ (pc)? [50].

Vectorial trigonometric functions in the hyperbolic angle of motion and with common eg vary compatibly:

sinhvy-eg sin’yo—i—f% d sinh ~y
tanhvy-esz  tanh~p —i—f% d tanh

coshy = = cosh vy + /7 dcosh~.

0
Recall, the current vector eg may be orthogonally splitted with the use of (135A).
The current real momentum p(7) as sine projection of Py into (£3)(1) is expressed as:

T

p(r) = p(70) + Mo / "o (r) - e5(r) = p(m) - ealrs) + mo / g(r) - es(r)dr =

70 70

p(t) = plro(to)] - €alro(to)] + / {Folr(t) - ealr(t)+ F [r(0) - e,[r(t) ).

to

The tensor of momentum-energy is conservative under {F = 0 <» 7p = CONST}.

In STR and external non-Euclidean geometry, progressive non-collinear movements
of a nonpoint object in some Euclidean plane of (P3*1) = (£3) X 7 is accompanied
by orthospherical shift as the rotation of the plane (£2), with Cartesian subbase ET(,%)
and the object, around a third space-like orthogonal axis (ﬂ, complementary till £3.
In time, this shift causes the orthospherical precession of the object together with
(2 = (e,, eg) in the space (£3)(M) at the point M and its subbase EY see (499),
(99A), (144A), (161A). They are expressed in terms of tanh (v/2) = tanh(y/2) - e
and dy = dvy-eg in El and Em:

3\
df = tanh (v/2) x dv % xdy =1 t;f&% Ve, x dy =
— tanh(y/2) dvy - Ty = —tanh(7/2) sine(y) dv - ex,

172A
(here there hold: sine(y) dy :d% Z—Z = (1) = g™ /c), ( )
(1), 4m)
%:w?e_fv:—sine-tanh(7/2)'n[(-av> Sm?lj—sec}gl > .en
J

Particular case at e = w/2 is the Thomas precession of electron spin [70, p. 514| with
trigonometric view of A. Sommerfeld [71]|. Precession, due to (172A), is approximated
by area of the triangle with sides v/c, g/c and the angle ¢ between them, that is why
precession changes during movement. Vectorial formula (172A) is represented exactly
in the physical relativistic form, without "c¢" and "sine", through angular velocities:

b4
SR

gf:eax[g_g}:eaxeﬁ[g_g}z_smg.[g_9]@:_[

1
9| = . =
o -ey = —sine - (W, —w}) - en.
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Orthospherical rotation and precession (172A) are explained by formulae (111A)
of summing non-collinear motions in (P3*1) with appearance of the additional mo-
tion rot dO©, which restores inertiality of this total moving description. From the
point of view of Observer Ny in the original base E\, the body receives as if a torque
(torsion moment) at point M relatively to the unity axis ex. It generates principal
momentum M of the body with moment of inertia J (as in Newtonian mechanics). If
v(t) << ¢, then, take into account 1 + sech v = 2, relatively to the normal axis en

(m) 2 (m)
o vlt(r)] x g™)(r), —>_de9 SodL A JF ]

~ o~ 2t
dr 2¢? dr = dr? QPO [V[ (T > der

where gV x g™ = 0 for parallel (to eg) vectors. Let Fm = pm) . eg be the inner
force (as in (81A)) producing the inner acceleration g™ of the body velocity v (with
own mass mg and own momentum Py = myc), L = J - g be the angular momentum,
= M - ey be principal momentum expressing kinetic energy of the body ortho-
spherical rotation (precession) around axis e as if created by some torsion moment.
The sign "—" in the vectorial formulae with rotation around ey illustrates the following
Rule |sgn 613 = —sgn €| in pseudo-Euclidean and hyperbolic geometries, and STR.

On the other side, from the point of view of Observer N; in the inertial frame
of reference Ej, this orthospherical rotation of the uninertial subbase ET(,?) with M in
(£3)) may be interpreted as if the manifestation of Coriolis acceleration g¢ from force
Fo = mge in E,,. Then, from (172A), we obtain the absolute Coriolis acceleration of
the body or particle M by the exact formula and with approximation to the time ¢:

go = [c-—TJrc-—] — —sine - oM. NK - en ~ 2c - % e—>N—2[c wy] - ex.

The orthospherical rotation may have a relative (ephemeral) character. This is true
if es = const, and it is not obligatory that ez = e,. This is accelerated (decelerated)
physical movement in the plane (£2) = (€a(0), €3) = (€q,e53) = Const with vy under
the angle £y to eg = const. In the origin of the base El, the world line slope corresponds
to tanh~yy = vg/c with e, ). Execute the pure hyperbolic modal transformation of
the base as roth T - Ey = Fy, with 7 =70 and e, = €,(p). Then, in the new base, we
annihilate the rotation df, because in it tanh ~ (v) and dvy (g) are collinear vectors
(sine = 0). Such transformation is equivalent to translation in the frame of reference
with v = vy. As a result, we obtain the same, but collinear motion in the new base Ey,
without its ephemeral orthospherical rotation and torsion.

Kinematics and dynamics of absolute movement were considered in Chs. 5A-TA
in the relative trigonometric interpretations. Particle (barycenter) M moving was
represented with cosine scalar and sine 3-dimensional vector projections in (P3+1).
The absolute tensor trigonometric interpretation of the movement of M in terms of
its invariant geometric and physical parameters will be given in Ch. 10A.



Chapter 8A

Trigonometric models of two-step and multistep non-collinear
motions in quasi-Euclidean space and in spherical geometry

Definition of the quasi-Euclidean oriented space (Q""1) (sect. 5.7) is similar in a certain
extent to that of the pseudo-Euclidean Minkowskian space (P"™1) (sect. 11.2). The
reflector-tensor I~ is very important in (Q") too. It determines orientation and
admitted transformations in this space. However, the metric of a quasi-Euclidean space
is Euclidean. In geometry of (Q"™1) the essential part is quasi-Euclidean trigonometry
with tensor spherical functions. They are defined in their canonical forms with respect
to the unity base {I} as principal rotations rot ® with frame axis (313), (314), and
secondary ones rot © in form as (259) or as (184A) for n > 2 or as (497) for n = 3.
The oriented hyperspheroid of radius R in (Q"1) can be considered as a spherical
geometric object and trigonometric one at R = 1 similar to hyperboloids in (P"1).
Its internal and external geometries are determined by radius R and directed axis
of reference for principal rotations. The center of this hyperspheroid is the origin of all
orthospherically connected universal quasi-Cartesian bases El. Respectively to the
hyperspheroid, the rotation rot © expresses, in the external way, the orthospherical
shift under summing non-collinear principal rotations rot ®17, and, in the internal way,
the angular excess for geometric figures composed of geodesic lines (large circles) on
its surface as results of these rotations. The space (Q"™!) can be represented in a
quasi-Cartesian base E as the spherically orthogonal direct sum similar to (462)

(@Y = (EMYB Y = CONST, (173A)

where (€7 is an Euclidean hyperplane, ¥/ is the oriented frame axis for angles .
From the point of view of quasi-Euclidean trigonometry, the subspace (£")*) is a
sine hyperplane, and 7(’“) is a cosine axis. Imaginarization of the axis ? transforms
(Q"1) into a complex-valued quasi-Euclidean space of index ¢ = 1 (see in sect. 6.1)
isomorphic to the real-valued pseudo-Euclidean space with the same reflector and
metric (!) tensor I*. The following operations are admitted in the space (Q"™1):
1) rotations of the two types: as principal spherical rot ® and orthospherical rot ©;
2) parallel translations preserving the space structure (173A) with reflector tensor I*.
The principal tensor of motion in a spherical angle @ in (Q"™!) due to (257), (267A) are

(rot ®) :rot ® =cos® +i-sin®, rot ®-IF-rot & =TI+ (174A)

They execute principal spherical rotations with the frame axis 7 The secondary
orthospherical rotations (as in the space (P"*1) with the same reflector tensor) are

(rot ©): rot’ ©-IF-rot @ = [T =70t © - I -rot’ O. (175A)

They execute spherical rotations of a geometric object in the subspace (£™) from (173A).
Both are a tool for solving a lot of problems on the hyperspheroid too.
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That is why, for analysis of homogeneous composite motion 7', we shall use the polar
decomposition (the right-oriented universal base should be chosen as original one):

. . . /.
E=T -Ei=rot®-rot ©-E; =rot ©-rot & -L. (176 A)

/
T=rot® -rot ©=rot ©- -rot P, det T = +1. (177A)

The hyperspheroid of fized radius R embedded into (Q"1) is a suitable object where
internal spherical geometry is in one-to-one correspondence with the space tensor
trigonometry having the same orientation. Abstract spherical-hyperbolic analogy (322)
in E(01)7 see (443), and (323) in E(02), see (444), takes place; and the concrete analogy,
mainly as sine-tangent one (331), can be used in universal bases, see sect. 6.1, 6.2.
Principal spherical rotations are expressed in F; according to abstract analogy (323):

['<il < @, rothT < rot il <> rot ®, (Eup < Egg) < Eug),  (178A)

On the base, we expose the materials of this Chapter in parallel with ones of Ch. 7A'!
The spherical tensor of motion rot ® with the frame axis 7/ in (Q"1) has, due to
(314), the following canonical structure in F; corresponding to the reflector tensor:

{rot®}3.3 =cos® +i-sind rot © I*
COS; " €n €y + €4 ey | Fsiny; - e, {rot ©}3x3 | 0 I3z | O
e et neeal Sha[O] . LalOl  (1794)

The orthospherical rotation in the angle © as a rule is secondary for principal angle.
Due to the analogy in the universal base, formulae of hyperbolic geometry in Ch. 7A
with (119A) are transformed into analogs in the spherical geometry. By correspondence
between angles of principal motions in the hyperbolic and spherical Lambert measures

agy=7-R,  ag=¢- R, (1804)

the formulae of these two geometries in the small are transformed into each other in
the internal and external interpretations. Further, we infer formulae of the elementary
spherical tensor trigonometry (¢ = 1) with the use of spherical-hyperbolic analogy
(with corresponding to it commentaries). For two-step noncollinear motions, by (176A,
177A), we obtain the modal transformations as spherical analogs of (111A):

Eg =rot @12'7“0t @23'E1 = {TOt @12'7‘015 (1323 'TOt/ (1)12}E2 - rot (I)lg'El =
= rot ®y3-rot O3+ By = {rot ®13-rot ©13 - rot’ @13}318 crot ®y3- By = (181A)

/L / N .
=rot O13-rot ®13-F1 = {rot ©13-rot &3 -rot’ 913}E1u -rot ©13 - By =113 - EJ.

These formulae are given for the direct order of the two principal motions.
Corollary.  Two-step noncollinear spherical motions rot ®;; in (Q"™') or on the
hyperspheroid may be represented as a pair of spherical and orthospherical rotations.
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Some characteristics of such motions in direct and inverse orders are expressed as

/
rot ®13=rot’ O13-rot P13-10tO13 = rot (—O13) - rot 13- rot (+013), (182A)
with e, = {rot (+013) }3x3 - €, (under rule € > 0 — 013 > 0) = cos b3 = € - e,.

Rotation 46 is expressed in E1, = rot é) By, (If n = 2, it acts in the plane (£2)(1%)).
If n =3, we have r_>N(9) =e,Qe; = +sin 6 - e_>N, r_>N(5) =e,®epg = Esine- en.
There is the essential difference between the angles I and @: in Ey, ' is symmetric,
® is antisymmetric. In their diagonal forms, I' is real-valued, ® is imaginary-valued.
As consequence, all the trigonometric formulae are identical, when these angles are
represented in symmetric forms: I' in the base E\, —i® in the base E(m), see (271).

The next formula holds due to this peculiarity in the real-valued original base Ej:

rot @13 = \/TOt (1)12 -rot (2(1)23) -rot @12 = \/TOt (2@13) =

= \/[rot D1y - Tot Dog - [rot Pog - Tot Do) = VT T+, (183A)

The formula is analogous to (114A), but square roots are trigonometric (what is it see in
sect. 5.6). Here we have the peculiarity, which relates to spherical case for permutation
of particular motions with change of their order into contrary one. From the original
By = {I}, as in (181A), this leads now to the base Ej = rot ®g3 - rot &1 = Tjy - Fi,
where matrix 7™ is quasi-analogous to 7' " in (116A), but here T35 # 175 !

From the direct formulae (181A), we obtain the orthospherical analog of (115A):

/
rot (+013) = rot ®1o - rot Po3 - rot P31= 1ot P31 - rot 1o - rot Pos. (184A)

It represents this secondary orthospherical rotation as the result of the closed cycle of
motions rot ®;; in the spherical triangle 123. It is executed also as in (115A) from
points 1 and 3 in the bases of particular rotations actions along of the triangle sides!
In order that a result of (183A) was rot ®13, we adopted for this two-step motion
inverse to (181A) the expression analogous to (116A) (without transition in E(Ol)!):

E;ITOt @23'T0t @12'E1:Tf3'E1:7“0t (—@13)'T0t @13°E1:

/ _ / / L
=rot 13 -rot (—O13)-Ey = {rot i3 -rot (—O13)-rot’ 13}y -rot d13-Er. (1854)

This expression is completely compatible with (182A), gotten from (181A)! For inverse
order of motions, we obtain the analogs of (117A), (118A) with inverse cycle (184A):

V4 Z
rot @13: \/T’Ot @23 - rot (2(1312) - rot (1323 = rot (2 (1)13) =VT* T, (18614)

rot (—O13) = rot’ O3 = rot 1013 = rot O3 = rot s - rot Poy - rot Py3. (187A)

We have initially the invariant as radius R = 1 for all these trigonometric rotations.
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The angles ®3 and 513 differ only by their vectors of directional cosines. Due to
(182A), its scalar summarized angle (13 (in that number for multistep motion) does
not depend on ordering of summands (direct or inverse). The case when the directional
cosines of motions are either equal or additively opposite to each other, corresponds to
collinear motions. Choice of direct or inverse order of summands in two-step spherical
motion (7" or T%) is redused to these partial angles substitution analogous to (121A):

P12 < @3, ap & By, k=12, (188A)

Formulae of two-step motion in (Q"*1) are obtained with multiplying the matrices in
(183A) or (186A), or alternative applying abstract spherical-hyperbolic analogy (178A).
In particular, the scalar cosine of summarized angle 13 is expressed as follows |21]:

COS (P13 = COS (P12 * COS (P23 — COSE - SIN P12 * SIN P93 =

= COS (P19 + COS Y93 + €OS Aqo3 - SIN 1o - SIN W3, A9z =T — €. (189A)

This formula shows that the scalar angle of summarized motion does not depend on
ordering of partial motions 19, w93. This is the classical formula of spherical geometry
for the cosine of the scalar angle 3. Motion on the surface of a hyperspheroid with
increasing y-coordinate preserves angles ;; positive. That is why, for positive angles
of motions and distances in the spherical Lambert measure, the "parallelogram rule"
takes place (as in Euclidean geometry and non-Euclidean hyperbolic geometry):

|12 — wa3] < 13 < P12 + Po3.

[t is analogous to (123A) and follows from (189A). Due to inequalities (190A) and
@i; > 0, distance in spherical geometry is a norm. The whole quasi-Euclidean space
has Euclidean metric, that is why the length of a geodesic spherical arc dy and an
orthospherical arc df are Euclidean. In its sine model, the hyperspheroid is mapped
onto the whole two-side closed sine projective hyperplane (with topology of a sphere).
In internal geometry of the hyperspheroid in (Q™"1), the following scalar formulae for
the sine and tangent of the arcs sum hold in direct and contrary orders of motions.
Two quadratic formulae for the scalar sine follow from (189A) as analogs of (124A):

sin® i =

— (sin (V12 * COS (Y3 + COS € - SiN Y93 + COS 9012)2 + (Sin5 - 8in 9023)2 = (190A)
= (sin a3 - cOs P19 + cOS € - 5IN P17 - CO8 Po3)* + (sine - sin 1),

Tangent direct formula follows from (190A) and (189A) as analog of (125A):
tan? g3 = (191A4)

2 . 2
_ tan @19 + cos e - tan pa3 n Sin € - tan a3 - sec Y12
|1 —cose - tan P23 - tan Y19 1 —cose - tan a3 - tan @19
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They express the spherical Big and Small Pythagorean Theorems in (Q"1), which
act in quasi-Euclidean and spherical geometries also for sine and tangent segments
as projections into ((£")). Each theorem acts in two variants: for direct and inverse
orders of these segments.

Due to the sine-tangent analogy with tangent’s differentials (164A), in E} we obtain:

\

dtanh v = d(tanh~ - e,) = sech? dv - e, + tanhy do - e, =
= sech?y’ dy' - e, = sech®y’ - [cose dy - e, + sine dy' - e,],
|dtanh +|> = sech? dy? + tanh? v da? = (sech’y’ dy')? =
—_— 1
= sech®y - [(cose dy')? + (sine dv')?] = sech*y' - [(dy)? + (dv)?] =
= |dsin o(7)]> = cos? ¢ dp? + sin? p da’® = cos? ¢’ (dy')? =

2
j— J—
= cos? ¢’ - [(cose dy')? + (sine dy')?] = cos? ¢’ - [d' + d¢' | < 1;

s (1924)

|dcos &(v)|? = sin® € d€? + cos? & da? = sin® ¢ (d¢')? =
= sin*¢’ - [(cose d¢')? + (sine d¢')?] = sin* ¢’ - [d:§’2—|— ¢’ | < 1;

sin @ - eq(7y) = sin g - eq0) + ffo [cos dp - e, +sinp da - e,].

Sine-tangent analogy acts for the 1-st differentials above, because angle’s counting is ex-
ecuting off zero! Besides, v(p) <> ¢(y) are covariant parallel angles in (26A), Ch. 1A.
They are accompanied in (192A) by contravariant parallel and complementary angles
£(v) < v(€). All relations between them were inferred in the end of Ch. 6. Similar
simplest bond of complementary angles is peculiarity of the spherical geometry.

This decomposition of dsin ¢ is executed for trigonometric mapping of motions on a
hyperspheroid into the ring, limited in the Euclidean projective plane by radius R = 1,
by analogy with tangent projective model of principal motions in the hyperbolic non-
Euclidean geometry (Ch. 12).

From (189A), for summing conventionally orthogonal particular spherical segments
or motions, the scalar cosine multiplicative formula hold, with its generalization:

COS Y13 = COS P12 * COS P23, (e = £m/2),

t
CoS (p = Hcosgo(k), gij==xm/2, 1<i,7<t<mn, i#]. (193A)
k=1
The final scalar angle ¢ and the distance a = R - ¢ do not depend on ordering of con-
ventionally orthogonal particular angles. If all £ orthogonal segments are infinitesimal,
then the Infinitesimal Pythagorean Theorem holds for such (now non-conventionally)
orthogonal infinitesimal spherical segments with the measure of Lambert .
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For the sine of conventionally orthogonal motions sum, we obtain:

sin® 13 = sin® 12 + (sin a3 - €08 12)” = sin” o3 + (sin1a - cos pa3)®, (¢ = I/R).

Suppose that dyis is differential of an angular geodesic segment @15 at a point M and
dpss is conventionally orthogonal to it in the point M differential. Then, for their geo-
metric sum, we obtain the spherical 1-st metric Euclidean form on the hyperspheroid:

(dip)3s = (dipr2)3s + cos®[pra]ar (depas)ip (o =1/R),

where [p19]a is the length of the segment "OM" as meridian in E\, dpo3 acts in E,.
The formulae for orthospherical shifts in sine-cosine variants are given below.

The vector sine is analogous to (135A) with direct (181A) and inverse (185A) orders
of summing (and with further explicitly determined secondary orthospherical rotation):

. . )
SIN Y13 = SN P13 - €5 =

= (8in g - COS Ya3 + COS € - SiN o3 + COS P12) - €4 + SINE - Sin Y3 - €,
sin 13 = sinw3 - e, =
g
= (sin a3 - COS P12 + COSE - SIN P19 - COS Pa3) - €3 + sine - sin 12 - €.
v )

s (194A)

sin (13 = [sin @19 - COS a3 — cOS € - sin a3 - (1 — cos v12)] - €4 + sinag - € (direct).

Projective sine measure R sinh A/ R may be used in the plane model of a hyperspheroid,

which also follows the spherical Big and Small Pythagorean Theorems (see above).
Formula for the vector tangent is analogous to (138A) and given only for completeness:

tan g2 + cose - tan a3 sin e - tan @93 - sec P12
1 —cose - tan a3 - tan 12 ¢ 1 — cose - tan o3 - tan @12

) -e,. (1954)

tan p13 = tan iz - e, = (

We can use here the same formulae (136A) and (139A) for the vectors of directional cosines:

A VAL
eg — COSE - e, e.e, -eg e, — COs€ - eg egey - €q
e, = - = , e, = - = — .
Sin € Heae/a '66” sin e ||eﬁe/,3 ‘ea”

We obtain: cosths =€/, -e,; eg =cosc-e, +sine-e, <> e, = coss-eg+sin5~e5,
g

e, e, =—cose =+cos Aja3, €,-€,=ep e, =+sine = +sin Aja3.
1% 1%

Vectors eq, €g, €, €, €, X e, are inside an angle 7 in the plane (£2) = (e,, es).

Due to General Slgns Rule see in (182A) and in sect. 12.2, for spherical geometry
we have: |sgn 013 = +sgn e !|. If ¢ > 0, then 613 > 0, and if ¢ < 0, then 613 <0, i. e.,
the leg 13 is shifted orthospherically in direction off the angle Aj93 = ™ —¢ always with
increasing the sum of angles in the spherical triangle 123. Plane of this orthospherical
rotation is (£?) = (e,,eg). If n = 3, then vectors ea,eg,e_>N and e, e,,ex form the

right (¢ > 0) or left € < 0 triples. They correspond to counter-clockwise scalar angles
in right-handed bases. (Oriented vector Ty (8) = e;®e, = £sinf - en determines

right screw of rotations if n = 3.)
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* ok ok

Formula (143A) for cos ;3 is transformed by similar way, as it was on hyperboloids
(Ch. TA). For two-step principal spherical motion, formula gives the angular ezcess of
geodesic spherical triangle 123 on the hyperspheroid. For two conventionally ortho-
gonal motions, we obtain the maximal by module this orthospherical rotation 6,3:
+sin @12 - sin @93

+singp d
COS Q12 + COS Y23 >0, sinfz— L gp~ TSmedy

COs (P12 - COS a3 + 1 COS 12 * COS a3 + 1 1+ cosp

cos b3 = = ttan (¢/2) de.

As before, in infinitesimal considerations we shall apply the useful formulae for the
cosine of the first angular differential (with exactness up to 2-nd power of differentials)

coshdp =1 — (dp)?/2| and |cosdf = 1 — (df)? /2] .

In both sine formulae (194A), put these values of angles: v12 = ¢, 93 = dp. The
latter is the differential of an arc ¢ under angle € to the segment ¢. Further, similar

to inferring hyperbolic formulae (144A) in Ch. 7A, with the use of the cosine formulae
indicated above, and direct and inverse ordering variants of (194A) with angles ¢ and
dp, and also vectorial expression (499), if n = 3, we obtain the differential of the
secondary orthospherical rotation angle as a result of the following vectorial product:

sin ¢

1
= ————®dp = tanf-ﬁ = :I:tanf-sins dgp-e_>N = :I:tanf dy -e_]>v. (196 A)
14 cosyp 2 2 2

do
It has positive values due to same directions of ¢ and ¢, and vice versa. The angles
¢ and dp are expressed in the bases F; and E,, of (Q"™!). Recall, that for two arcs,
the single normal €5 exists only in (Q3t!)1) This differential variant of orthospherical
rotation 6 is useful in spherical geometry. So, for a triangle 123 in (Q*™!), formed by
dp12 and dipes, with their external angle e, we infer these formulae (see [16, p. 526]):
(de12) - (depas) — . (dayz) - (dags) dS123 —s
5 ey = tsine- SR -eN::I:—R2 ‘en.

Thus we got the differential interdependence df;3 and the area of the triangle d.Sio3!
However, due to the Harriot’s spherical result or, in general, to the Gauss—Bonnet
Theorem [16, p. 533], the area of the geodesic triangle 123 (here on a surface of positive
constant Gaussian curvature Kg = +1/R? = const) and the angular excess of the
triangle dd193 = €1 +&3+e3— 27 are connected as ddyg3 = +dSi93/R? = Kg dSia3 > 0.
As result, we get the differential and integral formulae for connection of these angles

dSm 5123

db3 = £dor3 = £ 2 +Kq dSies = 013 = 30103 =% —- = £Kg- Siz3

d913'8—>]\/' = +sine-

in geodesic triangles on the hyperspheroid and, hence, in the other curvilinear spher-
ical non-Euclidean spaces too. These formulae mean: the angle 613 of orthospherical
shifting and Harriot’s angular excess 44193 in a spherical triangle 123 are equal, as
well as it was for Lambert’s angular defect —d193 in a hyperbolic triangle (Ch. 7A).
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Inference of both these expressions consists in contour and surface integrating and
applying their infinitesimal identity. This is the internal point of view on the hyper-
spheroid geometry. It (as well as any sphere) cannot be bent without loss of its metrical
properties, and, hence, it is a surface of constant positive radius. (The same is valid
for the hyperboloid II as a sphere of imaginary constant radius iR, see in Ch. 12.)

Orthospherical tensor rotation 3, in accordance with tensor formulae (184A),
(187A), is identical to tensor angular excess of a geodesic triangle on the hyperspheroid.
Angular deviations (scalar and tensor) take place due to dependence of parallel dis-
placement on a surface with curvature on its way. The scalar or tensor angular excesses
are expressed through the orthospherical shift # or © as the result of a closed cycle
of geodesic motions along the triangle sides! Take into account analogous results in
Ch. 7A, we formulate the following.

Corollary. Orthospherical rotation © gives the clear mathematical explanation to
the Harriot, Lambert and, in general, Gauss—Bonnet angular deviations in geometric
figures in non-Euclidean geometries, including their spherical and hyperbolic types!

The special case is summation of two step or multistep motions when particular
angles are infinitesimally small. Suppose that, for example, in formulae (193A), (196A)
with n = 2 both the principal spherical angles are infinitesimal. In particular, for right
triangle 123 with cose = 0, we obtain as 19 — 0, 3 — 0:

P13 = 4/ 01y + 03

P12 * P23 a2 - a3 )
013::|:T::|: 2R2 :Slgg'KG, (€::|:7T/2),

0193 = (61 + &9 + 53) — 21T = [37T — (71' — 5123)] — 21 = Siog - K > 0.

For k-step motion according to (193) the following generalization holds:

Z Py

J=1

Iim [=R-
@) — 0

UZQO(l)'-'(p(k)-Rk, ]{Sn, 8::|:7T/2.

They are the simplest infinitesimal formulae of the Euclidean geometry. This confirms
the infinitesimal character of Euclidean metric on the hyperspheroid of radius R.
Corollary. Geometry of the hyperspheroid is infinitesimally Euclidean.

Commutativity of partial angles of motion (arcs) takes place in the scalar variant of
conventionally orthogonal summation formulae. In particular, the first differential of
the total angle arc is represented on the tangent n-dimensional Euclidean subspace to
the n-dimensional hyperspheroid (as on the n-dimensional hyperboloid II in Ch. 7A):

(dgp)Q = Z[dgp(k)]Q, (da)2 - Z[da(k)]zv E(ij) = iﬂ/Qv (197A)
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According to the Big Pythagorean theorem (see it in sine versions: scalar (190A)
and vectorial (194A)), for spherical geometry of the hyperspheroid, it is possible to use
Cartesian subbase EYL) of the original base E; = {I}, as sine projective homogeneous
coordinates in the Euclidean projective hyperspace ((£")), but only inside the trigono-
metric ball, for example, with radius R = 1 (similar to tangent one for hyperbolic
geometry of the hyperboloid II in Ch. 12). The sine model of principal motions are
preferred here, because they are bounded by finite parameter either 1 as trigonometric
one or R as geometric one for considerations of geometric problems.

In (Q*1) for analysis and interpretation of two-step motion on the hyperspheroid
by differential method it is useful to apply decomposition of the total differential dy
into two partial orthoprojections, parallel (along e,) and orthogonal (along e,) ones
with respect to the current vector of principal motions e, in the current base E,,. Put
in sine spherically orthogonal decompositions (194A) and (190A) the angles values:
w19 = 0,93 = dip as 1-st and 2-nd principal spherical motions. By analogy with
(145A), we have the vectorial decomposition, if e, # const(da = Rdyp):

— 1 —\2 1?2
dp-eg =cose dp-e,+sine dp-e, =dy-e,+ dp -, — (d<p)2 = (dgo) + <d<p> ,
dly - e = cose - dlg - eq +sine - dlg - e, = dly - eqt dlg - e, — di3 = (dls) + <dl5> .

Itis 2D Absoluthuclidean Pythagorean theorems for orthogonal decompositions in
the Cartesian base E2 of di- es and dl-ez with the use of formula (137A). Both these
2D theorems may be generalized in 3D Absolute non-FEuclidean Pythagorean theorems

in the quasi-Cartesian base E,,, with the use of analogous approach as in Ch. 10A.
X ok %

Further we consider external vector trigonometry of the unity hyperspheroid.
Hyperspheroid (see Figure 4) has R = 1.
A point n x 1-element on the hyperspheroid has the following unit radius-vector:

_|sinp | | sing-e, :
ek_{cosgp]_[ cos ] (p > 0if Ay > 0). (199A4)

The metric invariant is
e} - ey = sin’ vy}, - sin @y, + cosh? O1E = sin’ D1k - e;ea + cos? o1 =1= 12, (200A)

Here
sin (1 is the n x 1-vector orthoprojection of e; into (€”>(1) parallel to 7(1),
cos 1y is the scalar orthoprojection of e into 7(1) parallel to (5”)(1>.

Also the following trigonometric functions will be used:
tan oy is the cross 3 X 1-orthoprojection of e into <5”>(1) parallel to 7(k),
sec (1) is the cross scalar orthoprojection of e into 7(1) parallel to (7)),
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Consider geodesic motion ey <+ e3 of a point element on the unity hyperspheroid
along two large circles in Fy and E, with the following visual polar description:

€2 €1
_ | sinpia-eq | o Jo]_
= {T‘Ot @23}E2 [ cos 019 ] = {T‘Ot (I)Qg}EZ rot ®q9 [ 1 ] = (201A)
e]_ e]_
[0 | 0
:{Tot@lg'(TOt@gg)EN,l'TOt/q)lg}Ez'Tth)lg'_1_:T’th)12'7’0tq)23-|:1]:
€1 €1 €3
:’I"Ot@13'7“0t@13‘[0]:TOt(Dlg' 0 :[SIIlngS-eU].
1 1 COS (13

The trajectory of spherical geodesic motion e; — e3 is in the cut of the hyperspheroid
by the quasiplane of rotation with matrix {rot ®y5 - rot ®o3 - rot’ @12}E . This
2

means that the trajectory is constructed with continuous transformation e — (e + de)
accomplished with varying the scalar angle in the matrix {rot ®93} from 0 up to 93 and
with constant eg. Intersection of the plane of rotation with the projective hyperplane
is a straight line segment in ((£")), it corresponds to this geodesic trajectory. A
spherical triangle on a hyperspheroid can be easily implemented as a cycle of three
geodesic motions. If the start apex is a central element u;, then

rot @12 - U1 = Ua, {TOt @12 -rot (I)Qg . TOt/ @12}E2 - U9 = Ug, {TOt (I)31}E3 U3 = Uuj.

The triple (u;, us,u3) may be converted into a triangle with these transformation of
coordinates. Thus for any two points uy and ug on a hyperspheroid of radius R, there
exists a unique geodesic line passing through them. However, there is a special case:
when certain two points of the hyperspheroid are polar (the Nord pole Cj; at Figure 4
and South one). Such points produce digons. (They are polygons with two sides and
two vertices.) This illustrates the following well-known theorem of spherical geometry:
any two points of a semisphere or two nonpolar points of a spheroid may be connected
by a unique arc of a large circle (a geodesic line), this arc is the shortest in the Euclidean
length measure. Therefore, this gives the matriz way for solving the problem in the
initial base E1 In base Eg = rot & - Eh motion uy — ugz is going along the shortest
arc with length ass = R - p93. By (201A), for a point element u, orthospherical
rotation ©;3, in fact, annihilates. A triangle cycle of motions returns a nonpoint
object into the start point, but this geometric object (or a real body) is turned in
the base Ej5 at angle ©13. Hence, the application point of this non-point object is
transformed here as e; — ey — e3 along spherical geodesic lines 15 and @o3.
Summing two-step motion, due to polar decomposition in the original base Ey, is
represented as the motion along geodesic line 13 in direction e, and further ortho-
spherical rotation rot ©! See this in details above in (181A) and below in (202A).



270 APPENDIX

* ok ok

Now, we describe in general form an algorithm for evaluating main characteristics of
summed multistep motion in (Q"™1) and (Q*™) = (€28 /) in the scalar, vectorial,
and tensor forms. The algorithm starts with application of formula (485) for right
transformation of the original unity base Ej. On the final step of the algorithm, the
polar representation according to (474)—(476) and (111A)—(120A) is used. On these
stages, with 7" and 7™ from (183A), the homogeneous modal transformations are

E’t =rot P19 -rot Poyg---rot CID(t_l)’t . E1 =Ty - Ela

/
T, = rot ®1; - rot O = rot O - rot dy; .
/
rot ®y=rot'Oy - rot @y - rot Oy = rot (—Oy) - rot ;- rot Oy

Z y
Ty - T5, = rot? &y = rot 20y, Ty, - Ty = rot® &= rot 2 dyy,
rot @175 = TOt_lq)lt . Tlt =rot (_(I)lt) . Tlt-

(The latter is the closed cycle of principal rotations with result rot ©1;.) The matrices
rot ®1; and rot Oy are evaluated in canonical forms (313), (314) and (259), (497).

Quasipolar representation (177A), (178A) is used for inferring the general law of
summing multistep motions or most general homogeneous rotations in this external
spherical trigonometry of (Q"™) analogous to (153A-155A) in (P"™1). We obtain:

Canonical formulae of Quasi-Euclidean homogeneous transformation,
in that number, for summarized multistep principal motion:

/
Tyy=rot ®-rot © =rot © -rot d =rot P1o---rot y_1y4 = (202A)
_ | cosg- \egefj +egef,/ —sinp-e, | [ [rot ©lnxn ‘ 0 | _
+sinp - e | cosg 0’ 1]
[ [rot Oluxn ‘ 0 cos © - \egeg + eéeg —sinp - e, |
B 0’ ‘ 1 +singp - e, ‘ Ccos B
0. -
(1 —cosyp) - e e, + [rot Ol,«n ‘ —siny - e,
B +sing - €/, ‘ COS ¥ '
g

%
Here e €/, = cosf - e,€, — see Ch. 5). If some rot ®;; are collinear, they are grouped.
(o g

Formulae (202A) give the General Law of summing principal motions in (Q"*1)
(in particular, on a sphere in the Euclidean space), expressed rot ® in canonical forms
(313) or (314) with respect to unity base {/}. The simplest case corresponds to n = 2,
when the canonical structure of the matrix rot ©3.3 is expressed with cell (259).
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The matrix R = rot ® is generated, for example, by the last element ¢,,, and all the
right elements ¢y, of matrix 7" in (202A). They permit one to express the matrix R in
the base ) in canonical forms (313), (314) with the frame axis in (Q"') and evaluate
scalar and vector trigonometric functions of the angle ¢ with its directional vector e, .
The matrix rot © may be computed in form (259) if n > 2, or (497) if n = 3 with the
axis ey and the sign of 6, or by matrix formula (184A). If n = 2,k = 1, 2, there hold:

cos p = t33, sinp = Jm/l—cos2 = || —siny - e,||; sing;, = —tk3,

cos o, = —tx3/ sin g, cos Uk = t3;/siny, e, = {cos oy}, e; = {cos ak} (203A)
c089:eg-e§:e4-eg, sinf = /1 — cos? 6 >Oat5>0andv. V.

Besides, if n = 3, then we use formulae (499): Ty (613) = e; @ e, = £sinb;- en.
The scalar final results do not change under the mirror permutation of particular
motions. It leads only to the substitution in (202A): T — T* with © — —0©, e, — e,
The specific matrix 7% in (185A) with contrary ordering of partial motions (7% # T”,
as ® # &' but & = —d’) has the general structure, gotten from 7" with e, <> e,

Z
T* = rot Pog-rot 19 =rot & -rot (—O) =rot (—0O)-rot & = {rot (—0)-T-rot(—0O)}
(1 —cosp) -e.e, + [rot (—O)]ax2 ‘ —singp - e,
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+sing - e ( )

COS

T and T* are connected by simple transposing in original complex binary base (271),
where they both are Hermitian symmetric (see at beginning of the Chapter).

Corollary. Multistep non-collinear spherical motion Ty in the space (Q") or on
the hyperspheroid is represented as a spherical rotation and further orthospherical one
Such interpretation of law (202A) for summing spherical motions is confirmed in the
quasi-Euclidean space by the fact, that rot © is revealed in the base Els =rot ®y;- E’l
by polar decomposition.

First real steps in creating hyperbolic geometry were made by J. H. Lambert [33]
and F. A. Taurinus [36]. Lambert assumed its analogy (as —i¢ — ) with geometry as
if on the sphere of imaginary radius ¢ R. Taurinus constructed its first cosine model with
formula (189A) on a such hypothetic sphere. Later F. Klein [42] and H. Minkowski [49]
proved that this hypothetic geometric object is the upper hyperboloid IT in (P"1).
Nicolai Lobachevsky [37] and Jénos Bolyai [39] created independently the hyperbolic
geometry in sufficiently complete forms by Euclid’s axiomatic method. Unfortunately,
the Lobachevsky—Bolyai metric plane and space on the whole are unvisual for men.

In the Chapter, laws of hyperbolic geometry motions established in Chs. 5A and 7A
were transformed by spherical-hyperbolic analogy (323) iI' <+ ® into spherical ones!
The polar representations were inferred in analogous forms in quasi-Euclidean tensor
trigonometry with the use of analogy (322) —i® <« I'. Between two types of geometries
and tensor trigonometries, we use the analogy ® <+ —i® < I' <» il" <> ® entirely!



“Buerything must be made as simple as possible. But not simpler.” — Albert Einstein.

Chapter 9A
Real and observable space-time in the general relativity!

The Special Theory of Relativity (STR) formulates the laws of relativistic movement
of matter in inertial and uninertial systems under abstract condition that gravitation
is supposed to be absent — see, for example, in [53]. The absolute motion takes place
in a macroworld and a microworld and does not depend on a nature of active forces.
In Chs. 1A-TA, we used tensor trigonometry for describing laws of the motion in clear
trigonometric forms. In 1905 H. Poincaré made a revolutionary step: he suggested
the idea of united complex-valued space-time with pseudo-Euclidean metric based on
Lorentzian transformations of space-time coordinates as the space group [47; 53, p. 107]
(this idea was not noticed by contemporaries). Poincaré introduced the imaginary time
coordinate and its scale coefficient c¢. (The real speed of light can sometimes differ
from ¢, but it never exceeds c¢.) Later, in 1907-1908 H. Minkowski suggested detailed
real-valued model of such pseudo-Euclidean space-time [49; 53, p. 41]. He introduced
into the relativistic theory the notions of time-like and space-like intervals, isotropic
cone, and others. His ideas were quickly accepted, the scientific ground was prepared.

Earlier, problems of inertia and gravitation origin were set in Newtonian mechanics
and his theory of gravitation. In order to explain a nature of inertia phenomenon,
I. Newton postulated so called absolute space and absolute time. So, as a consequence,
he gave the absolute character to the notions of inertia and acceleration.

Newton’s point of view was criticized in 1883 by E. Mach [87]. However Mach’s
theory merely gave the concrete sense to such "absolute space and time" by bonding
them with the star system of the Universe. Mach’s theory, contrary to the Newton’s
approach, had the qualitative and philosophic character. According to Mach, inertia
and acceleration are determined relatively to a certain inertial frame of reference Ej.
This system is, in its turn, connected with the barycenter of the Universe that is
immovable with respect to Ey (the Mach Principle). Then inertia and acceleration
are regarded absolute as in Newton’s approach. The Mach frame of reference E,

determines the infinite set of Galilean inertial pseudo-Cartesian bases (E};). Cartesian

subbases EJ@) move in <€3>(0) rectilinearly and uniformly, gravitation is as if absent.

While elaborating the General Theory of Relativity [51] in 1913-1916, A. Einstein
paid attention to empiriocritical Mach’s regards on gnoseology of celestial mechanics
uniting dynamics and gravitation, especially on the Law of Gravitational and Inertial
Mass Identity, used implicitly. As a usual Principle of Equivalence it holds in classical
and relativistic forms. Gravitational acceleration does not depend on substance nature,

this was established by I. Newton and confirmed with high precision by L. E6tvos.

IThe chapter is given in this shortening english variant only as discussional intermezzo between two last chapters.
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A. Einstein had proposed the General Principle of Relativity, inside Galilean one,
according to which the Laws of Nature have generally covariant forms in any free
frames of reference. As a consequence, for its realization into GTR, he introduced in
addition the General Principle of Equivalence of inertia an gravitation. This led to
curving relativistic basis space-time of GTR. However, the bend relates not only to
time-arrow, but and to Euclidean subspace’s geometry with its material objects!?

Another explanation of the both masses identity law is closer to E. Mach’s approach.
For a material body, the Newtonian force of attraction is caused by active gravitational
action of other objects, while the force of inertia is caused by passive gravitational
influence of the whole Universe. In the base associated with the barycenter of the body,
both the forces are proportional to its mass as a real-valued "gravitational charge".
In this interpretation, the 2-nd Newtonian Law of mechanics complements naturally
his Gravity Law. In order to obtain its geometric expression in (P3*1) we pass from
acceleration to its proportional analog in (99A) — a pseudocurvature of a world line:

—Fyy=F=my-g= mo - ¢*/Rx = Ey/Rx — R = 1/K = Ey/F, (2054)

F is the inner (i. e., applied in the current base E,,) active force causing bending
trajectory of the absolute motion of a material point M in (P3*1);

Fl;y is the passive force of inertia counteracting to F' in Em;

mo and Ej are the own mass and the own Einsteinian energy of a material point;
Ry is the radius of instantaneous absolute pseudo-Euclidean curvature of the world
line at the point M in the osculating pseudoplane (P'™1) k;

c is the constant module of 4-pseudovelocity of a material point absolutely moving along
its world line in (P3*1) (this characteristic was first introduced by H. Poincaré [47],
and it has imaginary directional unity vector 1i).

From "energetic formula" (205A), we have Ey = F' - Rk as the torque of the active
force F' causing local pseudo-Euclidean rotation of the world line (F' = 0 <> Rx = 00).
For each body moving rectilinearly with acceleration, "gravitational interpretation" of
inertia as in formula (205A) means that F;) is the centripetal force always directed
towards the instantaneous center of a hyperbola (pseudocircle) tangential to a world
line in (P31). Recall here, that as long ago as in the 15-th century Nicholas of Cusa
(Nicolaus Cusanus) noted: "The Universe is a sphere, and its Center is everywhere!"

Energetic gravitational form (205A) of the 2-nd Newtonian Law is in accordance
(and it is necessary) with his 1-st and 3-rd ones:

F=0 < g:0 <~ K:O, —F(i):-i—F.

If a material point is subjected to simultaneous actions of a few of active forces with
different directions and, may be, different nature, then these forces and generated by
them accelerations are summarized as vectors in Euclidean subspace (£2)(™) of (P3+1):

t t t
~Fy=F=) F;=> my-gj=mo-g = g=) g (206A.)
j=1 j=1

J=1
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The partial vectors of absolute hyperbolic pseudocurvature at the same point are
summarized by similar geometric way, and with the common direction pure additively:

t t
k = ij (k= Z +k;, e, = const). (207A)
J=1 J=1

According to (207A), at a point M of a world line for a material body, the pseudo-
curvatures are summarized covariantly to active proper forces and inner accelerations.

Consequently, if these inner forces at the point are coaxial, then these pseudo-
curvatures are trigonometrically compatible (their eigen pseudoplanes are identical),
pseudocurvatures as well as angles (Rule 2 in sect. 5.7 and in sect. 6.2) are algebraically
additive. However, if these causing them inner forces are non-coaxial, but applied to the
same point M, then the pseudocurvatures and inner accelerations are summarized by
geometric Euclidean way as vectors in (£3)(™). It is the principal distinction between
nonrelativistic Euclidean summing inner 4-accelerations in E,, and relativistic non-
Euclidean summing different (collinear and non-collinear) physical 3-velocities in E.

Spherical curvature has similar properties. So, for the radius of curvature of light’s
way, there holds the additive optical Newtonian formula, with the same consequence:

1/Ri+1/Rp=1/Ry, — ki + kp = ks (e, = const), (208A4)

where Rp is the focal distance of a lens or a mirror, it is either negative, or positive.
The formula may be applied repeatedly at summation points of a certain light ray as
the optical axis (each time). If the light ray is reflected by a mirror, then in addition
the direction and the sign of curvature are changed by inverse ones (for a flat mirror,
the absolute value of curvature stays the same). We will generalize (207A) in Ch. 10A.

In STR, from the pomt of view of a Galilean-inertial Observer NN; situated in the
Euclidean subspace (€3 any accelerated frame of reference Em7 as an nstantaneous
base, preserves formally its inertiality in (P3*1): i. e., E,, € (E;). This fact was used
in Chs. 5A-7A. However, for an accelerated Observer N,,, situated in the current
Euclidean subspace (£3)(™) its frame of reference noted further as E,, is Galilean-
uninertial with respect to (Ej>! Mathematically, it is a Gaussian curvilinear coordinate
system in the enveloping and absolute space-time (P31). Thus we have the relativistic
dualism and two ways (simplest and complex) for describing accelerated movement
in (P31). Such a dualism was considered, for example, in [61, p. 121-128].

In E,, = {X,cr} coordinates are curvilinear. Mapping Ej E,, is isomorphism.
In particular, for hyperbolic motion of Observer Ny, as the center of E,, (Chs. 5A, 6A),
this curvilinear coordinate grid contains in the base E the time axis due to (88A) and
the space axis due to (106A) of E,,, connected as # = 2™ = R -Incosh (¢7/R).

The connection between the coordinates in the bases Em and Em, is expressed also
by a smooth function, that is why differentials d(c7) and diy in E,, = {5{ CT} are
homogeneous linear functions depending on dxlgm) and d(ct™) in E,, = {x(™) cr(m},
this is equivalent to the one-valued connection of differentials as du = V(Z.)ldu( ).
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The arc of a world line at a point M, as invariant scalar element in (P3*1), may be
evaluated by these two ways, either in Em, orin E,,

[d(er)? = [du™]" - 1% - da™ = di’ - {V[ - T*- v@} i = di' - G, - di.

The matrix of local linear transformation V(;) is uniquely determined by this general
congruent representation of the metric tensor of inertia (see also in sect. 11.1):

G(il):R/DiR:(‘/D@R)/]i(VDEBR):‘/(/Z)Ii‘/(Z)

Thus the initial metric of the basis space of events is preserved under passage into
accelerated bases. In the flat Minkowskian space-time (P31) applying Gaussian curvi-
linear coordinates of the base E,, for inner analysis of accelerated motions formally
leads to the use of Ricci tensor calculus without change of topology of the space-time.

So, in uninertial and inertial bases, differentials of their coordinates for the same
arc are affine-connected, this connection is determined by variable tensor Gi) in the
Minkowskian space-time (the so-called metric tensor of inertia). The tensor acts as
a function in coordinates of an arbitrary point M. It is tmportant that tensor of
Riemannian—Christoffelian curvature for Gi) is zero here, as this basis space-time is
flat. In an accelerated frame of reference, bending the coordinate grid takes place just
relatively to Observer N,,. He is always in the center of his own instantancous base E,,.
But Galilean-inertial Observer N; notices no bend of coordinates x and cf with respect
to the instantaneous frame of reference E,, wherever N, is in E,,. In particular, a
rod moving with acceleration together with Observer N, is seen by IV; as rectilinear,
since for the Observer at any points of E,, the metric tensor is I*. However uninertial
Observer N, in Em can see the exactly same rod in E bent. This relativistic effect
has the coordinate nature. There are no additional mechamcal stretches in this rod
merely seemed bent, as the same active inner forces may be expressed in any inertial
frame of reference and they are identical as absolute characteristics in (P3™1). The
metric tensor Gi) is used for representing the quadratic form of a metric interval in
the basis space as the scalar product of differentials. Such tensor is determined also in
terms of a linear element u differentials with respect to its mutual coordinates:

d COvV
(dl]? = dul,,, - e = duly, - g, = dul,, " du,, = du,, G )dem, =
duCOTL
_ / dUcen A -1
= ducov Ay, AUy = duCOUG ducmn G(z) - G(Z)

In accelerated frame of reference E,,, we have distorted Minkowskian geometry with
basis (P31)) the variable metric tensor of inertia GE—;), and the zero tensor of the

Riemannian-Christoffelian curvature (sect. 11.1). Christoffelian symbols in E,, play
a role of tensor analogue of the absolute vector acceleration. As the important inference
for describing in both types of coordinates of the same motion in (P31) by this natural
way, there hold two metric, though in STR gravitation is not taken into account!
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If gravitation is present, then N; in Ej fixes the distortion of F,, coordinates too,
with the metric tensor G* (in the 2-nd order), as N; and N,, are divided by a field of
gravitation. The cardinal reason for this distortion of E,, coordinates is that in real
cosmic space there is only the Einsteinian tool of estimating geometric and temporal
parameters: it is a light ray between the object and its Observer (usually on the Earth
in a weak gravitational field). A light ray, due to changes in the potential of the field
in a light’s path, is subjected to corresponding bending, even due to Newtonian theory
of gravitation. The idea of accepting rays of light as straight lines (or geodesics in
GTR) in cosmic space was taken by A. Einstein from the experiment of great Carl
Gauss with his students (as the head of the astronomical observatory in Gottingen)
with measuring the sum of the angles of a triangle formed by three mountain peaks.
And, as is often the case in science, it was necessary to solve the dilemma: either what
is observed and measured using light rays should be taken for reality (a positivist
approach, for which Ernst Mach was the most known philosopher), or the same should
not always be considered as real assessment of the present, but as its mapping with
possible distortions from the applied measurement remedy (an objectivist approach).
A. Einstein accepted the first point of view, and as a result of which, a curvature of the
real space-time (R3T1) with its time arrow and real geometric objects (?) arose. Then
for N; the tensor of Riemannian-Christoffelian curvature is non-zero. The dualism in
description of the same motion by NN; and by 1V, is essentially widen, and two scalar
products are one-valued functions one of another. In the space-time (R**!) there is no
this deviation of light rays, because in it these rays are straight lines. In the space-time
(P3+1) this deviation of light rays is fixed with respect to its pseudo-Euclidean straight
lines in Ej, and then to reveal this deviation, it is not necessary to refuse basis (P371).

An objectivist dualism with difference in descriptions of relativistic movements in a
field of gravitation was realized in the modifications of GTR as Bimetric Theories of
Gravitation (BMT), where both metric tensors I* of the Minkowskian space-time and
G of the pseudo-Riemannian space-time act with the same signature. All BMT kinds
do not refuse the Minkowskian space-time as GTR and use it in a different degree.

The first BMT was constructed in 1940-1975 by Nathan Rosen |75] — Albert Einstein
assistant and colleague! In his variant of BMT, metric tensor I* describes in (P3%1) as
in STR the inertial part connected with absolute matter motion. Further, the tensor
of energy-momentum for a field of gravitation is evaluated, it characterizes this field
by G*, which determines (R*™!) with the pseudo-Riemannian geometry for Observers.
Geometric parameters and time of an object moving in basis (P3*1) are own. Under
translation into (R3*1) by Observer on the Earth, the time slows down; but geometric
parameters are as if distorted, as really kinetic distortion of objects is impossible. We
have a paradoxin BMT like apparent optical curving a light picture seen through a lens,
where GF is a gravitational lens for (R¥™1). The term is used in Astronomy [78], when
large cosmic objects are observed on the Earth through a strong field of gravitation.
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Riemannian geometry has a differential character, defined initially through the sym-
metric metric tensor of its space, as the matrix function of a point element. So, it may
be the Riemannian space (R™). The Riemannian space has always some internal local
geometry. But the Riemannian geometry as a whole differs significantly from homo-
geneous geometries, such as quasi- and pseudo-Euclidean geometries, in which the
concepts of group of motions, freedom of motion of figures, and topological properties
are of particular importance. For the Riemannian space as a whole with its indefinite
topology, the notion of "embeddability" with respect to the Euclidean superspace does
not make any sense. This causes the uncertainty for it of the minimum dimension of
the enveloping superspace n,,;,. But if we restrict ourselves to the study of any topo-
logically affine-equivalent domain of the Riemannian m-dimensional space, then the
value of n,,;, is determined entirely by its local differential-geometric properties.

The symmetric tensor of (R"™) contains a maximum of k = m-(m+1)/2 independent
functional scalar elements g;;. Hence, the domain D of the Riemannian m-space is
embeddable in flat (£¥) without changing internal geometry. This was inferred strictly
by E. J. Cartan [79]. Consider an analytical definition of D in the superspace (E"),
where n > k, with its Cartesian base through n x 1-radius-vector u with m degrees
of freedom of translations. Let each degree of freedom u corresponds to the Gaussian
curvilinear coordinate v; of the Riemannian m-space. Then there is a functional map
v(u) < u(v). At an each point v of D in (R™) there exists n x m Jacobi matrix
du/dv (n > m) as continuous 1-st derivative of u in v. The internal geometry of D is
defined through the homomultiplication as the m x m metric tensor of (R™) C (E™):

dul’ [d
dv'-G"-dv=du - du & G+={ u} {—u}, det GT #0 (v,u € D).

dv dv
For (R3*1) due to A. Friedman [80] there is 10D space of embedding (P?*1), and then
du)’ d
AV -GE . dv=du - I*-du & GF = {d—u} -Ii-{d—“}, det G £ 0 (v,u € D).
v v

For the complete functional independence of all k elements of the symmetric metric
tensors, it is necessary that the inequality n > k holds. Obviously, in the case of
an equal sign, this independence is realized only with the affine topology of the given
Riemannian space. Otherwise, they are connected by some parameters. So, Cartesian
coordinates of a sphere are connected by its radius R. For n > k, the Gaussian
Theorem Egregium allows to lower the order of embedding of a bounded domain of the
Riemannian m-space to at least n,,;, = k using bending. By this way, an isomorphic
translation of the motions described in k-dimensional pseudo-Euclidean space, but
within m-dimensional pseudo-Riemannian space embedded in it, is carried out. For
the observational pseudo-Riemannian space-time (R3™1), it is ny, = 10. (P91 can
be a flat space-time for mapping motions in a gravitational field by Observer in a weak
field. (See more in [17, p. 290-293| and in [85].) Without the field we have n,,;, = 4.
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However, only for simplest kinds of gravitational fields, it is not difficult to identify
actions of gravitation and inertia [84, pp. 233, 264]. A uniformly accelerated rectilinear
physical movement under the action of a homogeneous gravitational field is mathe-
matically equivalent to the hyperbolic motion in (P3™1) under the action of a constant
tangential inner force. The circular physical movement under the action of a spheri-
cally symmetric gravitational field is mathematically equivalent to the pseudoscrewed
motion in (P3*1) under the action of a constant normal force. The Einsteinian idea
of the strong Principle of Equivalence arose as a basis of GTR, apparently, from here.

Consider the energetic analogy between both Einsteinian time dilations for two accelerated movements:
in STR under some inner force (Ch. 5A) and in GTR or BMT under decreasing potential with applying
differential cosine form (171A) from Ch. TA.

d(ct
dcoshy = dﬁ = gydx/c* = Fydx/(mo - ¢*) = dE)/ Eo,

(209A)

=coshy =1 —|—A(z~)/(m0 -Cz) = 1—{—AE(Z-)/E0 > 1.

Proper time 7 mathematically corresponds to proper time Tina stationary field of gravity with the constant
equivalent intensity g(s) = g(;). Time T is expressed in E,,, as the inertial mass and the gravitational mass
mo in (P31) are equal, and P < 0:

dj((cc?) = g(pdx/c* = Faydx/(mo - ¢*) = dE(y)/Ey = d(=P)/?,
(210A)
j((Ct-)) =1+ A /(mo- ) =1+ AEy)/Ey =1+ (-P)/c* > 1.

Comparing (209A) and (210A), one can see that inertia and gravitation in the simplest case are in fact
mathematically and energetically identical as both mass are identical. However, Albert Einstein decides that
the Principle of Equivalence in GTR has the most general sense independent on complexity of a relativistic
movement and a gravity field. (Authors of RTG, as the kind of BMT, do no agree with this opinion [60].)
From (210A) the well-known estimation for the Einsteinian gravitational local proper time dilation follows:

d(c ;1) 2 2 2
dets) 1+ (=R)/cl/M+ (=P)/cT =1+ (=) = (=R)]/ (2114)
CTo

If P =0 = max, then = t™) | it is nonrelativistic coordinate time with respect to Nj on the Earth. But

proper time 7 evaluated at a point M is slower, because its potential is negative. Formula (211A) with the
Newtonian potential at the point M gives rather precise estimation in the near-Solar space:

d(c ;) =d(ct)/[1+ f-My/(r-c*)] =d(ct)-[1 — f-My/(r-c*). (212A4)

Hence, the "gravitational twins paradox" is possible too (for STR, see in Chs. 3A, 5A).

So, in GTR, but with more logical negative signature for the time-arrow of W. Pauli [53, p. 206-213],
i. e., as initially was introduced by Poincaré in 1905, this Einsteinian local gravitational dilation of proper
time (here near the Sun) is laid in the angular element g4 of the metric tensor G* in (R3*1):

=Vogu=1—(—Ps)/t <1 & gu=—[1—(~Ps)/PP = ¢=c V—gu<c

where Ps = —(fMy)/r, ¢ < cis the local speed of a light by Einstein. (In STR we have g44 = —1, Ch. 1A.)
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In BMT, the Riemannian distortion of space-time coordinates in the Sun’s field
may be interpreted by N; on the Earth (in its weak field) as the observable one as a
result of mapping by the gravitational lens from the variable potential of the field in
a neighborhood of an each point M in E,,, when translation from (P31} into (R3*+!)
is made, see also in sect. 11.1. In the gravitation field with decreasing potential, the
world-lines ¢f in such (R3*1) are mapped as dilated. Under decreasing potential, the
oscillations frequency v in a light ray gone of outside (!) counterwise increases with
increasing each photon kinetic energy hv. Since the oscillations quantity is invariant
in the equivalent time intervals as @) =T .U=t- v, then its wave length decreases:

c;/(ct)zu/izs\/)\:::1—(—P)/c2<1 — (c:y-)\:ﬁ-;:const). (213A4)

The photon as a particle of light (they are Newton’s corpuscles) was introduced again
by Einstein to interpret the photoeffect’ laws. Evaluate with an energetic—refractional
approach the deflection of a light ray near the Sun (so, see an analogy with the optical
light refraction in [84, p. 308]). Suppose that a photon of mass m moves with respect
to an astronomical mass M at velocity v under angle € to the radius-vector r from the
barycenter of M. The current centripetal inner force of gravitation F' applicated to
the particle m is invariant in Galilean bases from (F;). If M >> m, then the particle
at each moment get the differential of circular movement in (£3) around the Sun.

By the Newtonian Gravitation Law and STR Laws of dynamics in E,,, there holds

F—F.cs=[(f-M-m)/r}] -es=[(m-?)/R] -es5=F - ey+F-en (2144)

Here the inner force and inner acceleration are decomposed into normal and tangential
projections. In the quasi-Cartesian base E7, we have the Euclidean projections of F:

]é’zsine-[(f-M-m)/TQ] = (mg-c?) - [L(: (mO-CQ)/j%{: (m-v?)/p, (see Ch. 10A),

F=cose-[(f-M-m)/r*] = (mg-c?)-K = (mg-c?)/ R=d(muv)/dt, (see Ch. 5A).
These orthoprojections of F' and K are summarized with the Pythagorean Theorem.
The tangential projection causes acceleration of the particle mg along the velocity v.
For a photon, this projection merely increases or decreases its oscillation frequency and
energy F; during motion. Hence, this projection does not influence on the spherical
Newtonian deviation of a light ray. Contrary, the normal projection, as a classical
centripetal force, causes such a bend of the light ray trajectory with its local radius p.
Therefore, for photons, projections of the gravitational force are the following:

L L
F=sine-[(f- M -mp)/r’] = (my-¢*)/p=Er/p (asp=R,v=c),
d(mLc) dmL dEL

=l

f:cose- [(f’M'mL)/Tz] = (mL'C2)/

~~ —_ p—
~

a Cdt d(et)

M my = hv/c? is the mass of a moving photon. We have: 1/p = sine(fM)/(rc)?.
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In theory [51, 84, p. 351-355], b = const is the distance between center of M and the
intersection point of ray asymptotes: b ~ r-sin e ~ min(r), then 1/p = sin® e(f M)/ (bc)?.
Thus a light ray bend is calculated in the following differential and integral forms:

dé; =dl/p ~ d(—r-cose)/p=bd(—cote)/p=[fM/(bc?)] -sine de = [—P(e)/c?] de,

6~ [fM/(b-c?)]- /Oﬁsins de =2fM/(b-c*) =2 (—Ppnin)/c*

Just this first estimation was obtained by Albert Einstein in 1911 [53, p. 202|. However
Johann von Soldner was the historically first, who evaluated it in 1801 [74; 78, p. 7.
In fact, this estimation follows from Newton’s gravitational and corpuscular theories.
Moreover, Isaac Newton forecasted discovery of this effect for light corpuscles in 1704.

In 1915, Einstein evaluated the general-relativistic correction for a light ray bend
in a spherically symmetric gravitation field, with the use of Absolut Tensor Calculus.
New value was proved to be twice larger. In order, to estimate separately 2-nd term
of a light ray bend, we use the mathematical analogy of light propagation in the optic
medium with the variable refraction index and in the field of gravitation with variable
waves length of photons due to the change of their kinetic energy hv, caused by the
proportional change of the field potential. In the case, we form the instantaneous
angle of incidence ¢ by the speed of light vector ¢ and the radius-vector r (directed
as the field intensity g(s)). The angle is € if ¢ is acute, and it is 7 — ¢ if ¢ is obtuse.
The oscillations frequency of photons v increases in the 1-st part of the trajectory and
decreases in its 2-nd part due to (213A). By analogy with the W. Snellius Law (1626),
this may be interpreted as additional bend of a light ray towards the barycenter of M:
sine/sin(e —ddyr) = <%, & < w/2; sin(r—¢)/sin(r —e+do) = L, £ > 7/2; —

I
— dé;; = tane de/c = de /¢ > 0 for both the cases; dc is a parallel projection of dc.

dérr = ch Jc= g dr/c = g dl/c* = g(Lf) dl/c* = tane g(y) dr/c* = tane d[—P(e)/c*] =
~tane d[(fM -sing)/(bc®)] = [fM/(bc?)] - sine de = [—P(e)/c?|de = df;.

We obtain the twice deviation of a photon only from the Sun scalar potential change
iff c = v+ X\ = const, but no for vector ¢ (!), with a photon’s full energy conservation:
§ =07+ 611 = 4fM/(bc?) = 4(—Prin/c?) = 4(—Ps/c?) - (r/b) — under ¢ = const,.
Under the conception used above, in both these cases, P(g) = Py, - sine. We have:

jc () =2tane d[—P(e)/c] = 2sine(—Pyin/c) de = —2P(e)/cde — dec = 2d(—P/c).
The second part d(—P) = ¢ dc at ¢ = const is not transformed here into d(c?/2), then
a gravitational potential at any world point can not be determined by the value of
the local speed of light measured at this point by some manner. This corresponds to
the General Principle of Relativity in the case of conserving basis space-time (P3T1).
Scalar speed of light ¢ in the cosmic vacuum is equal to the Poincaré scale coefficient!
dE = —Ppin-sine de-mg, Enar — (= Pin-mo) = By, Wpae = hvg - [14+ (= Pin/c2)].
Finally, the photon’s energy is preserved, momenta vectors Py, p change only direction.
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For a ray of light along the central axis from the Star to the center of mass M, there
is no similar gravitational deviation at all (as for an optical spherical lens too). The
physical reason for this is that the normal deviating projection of the gravitation force
is zero. The work of parallel positive or negative projection, equal to the force itself,
turns into a positive or negative change of the kinetic energy of photons as +Ahv. The
variant is realizing for another extreme general relativistic effect. It is the well-known
"red shift" of the Sun radiation spectrum, predicted in 1913 by Albert Einstein too.
It is caused by slowing-down of all electromagnetic oscillations from the Sun surface
due to its very strong negative potential [84, p. 346-347|. Let us pay special attention
to the fact that the assessment of this effect is confirmed precisely on the Earth, that
is, by an external Observer in a weak gravitational field! Due to (212A, 213A), it is

i_u_d(c%)_d(%)N1 M

X o det)  dlb) T r

/<1l =\> ) , (VX =const =c¢). (215A)

This "red shift" was precisely affirmed directly on the Earth in 1959 by R. Pound and
Jt. Rebka with the use of Mossbauer’s effect [77]. They confirms with high precision
the Inertial and Gravitational Mass Identity Law too with gamma-particles. (In this
experiment, the difference of potentials was very small.) This "red shift" effect was
predicted first in 1783 by John Michell in his letter to the London Royal Society [58].
The letter contains also the first prediction of "black holes" in the Universe with eval-
uations of their parameters based on Newton’s corpuscular and gravitation theories!
We can interpret this "red shift" with an energetic part of the used conception.
Photons or other massless particles under negatively acting gravitation get decreasing
kinetic energy F = hr with increasing the wave length A = ¢/v = h/(E/c) = h/p for
an Observer on the Earth. (For massless particles, there holds £ = pc as Ey = 0.) For
a body, we have equivalent decreasing total energy £ and pc = muvc as Fy = const with
increasing De Broglie wave length A = h/p = h/(mwv). Then this effect is explained
clear by the Law of Energy Conservation, if it is compatible with gravitation theory.
Evaluate the effect for the Sun radiation with the use of quantum-mechanical approach:

EL:E.L—(—Ps)-mL:hI; —(—PS)-mL:hV<h;, = V<I;, (21614)

where my = hv/c? is the Planck-Einstein formula for the mass of a moving photon,

" , :\ are the local values on the Sun surface; v, A are the values on the Earth. Energetic
approach (216A) were first noted by Max Born [73]. He did not develop this idea and
rested the local GTR interpretation of the effect. Indeed, due to this Law of Nature,
while photons get farer from the Sun to the Earth, its initial local kinetic energy and
frequency must decrease due to overcoming the negative Sun potential in direction to
the Earth. Without the Doppler effect, the speeds of light near both these objects are:

E:&-)\—ontheSun, and ¢ = v - A = on the Earth at h = const.
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From (216A), we obtain: v =¢/A < ¢/ \ = » . Further we have only two variants:
(HA>\= ¢ = ¢ — it is correct variant, the effect "red shift" is fixed on the Earth:
2)A=1= ¢ > ¢ — it is uncorrect variant. The case ¢ < ¢ is absent in (216A) at all!

One must choose either the correct variant (1), where it is ¢ = ¢ = const, or choose
even the non-existing here variant ¢ < ¢ and refuse in general relativistic theory of
the Law of Energy Conservation. We choose variant (1). It corresponds to strictly
inferred relation (215A). The radiation on the Sun in its strong gravitational field has
the original frequency (as radiated on the Earth or without gravitation at all). Hence,
this general effect is observational one, and it is perceived on the Earth through the
gravitational lens G* as non-local one, due to this external gravitational time dilation.

Interchange the source of radiation and Observer. Then, according to the Principle
of Relativity, Observer in the strong gravitational field will see inverse "blue shift" of
the Earth source radiation spectrum with the equivalent increase of photons energy.

Due to the Quantum Mechanics approach, a red slowing-down of De Broglie wave
length must take place too, these waves are generated by any moving massive or
massless particle. Their length A must increase, due to overcoming the Sun potential.

This energetic approach with presence or absence of refractional curving a light
ray in these two extreme cases shows wonderful compatience of STR, BMT, Quantum
Mechanics, and Law of Energy Conservation in interpretations of the GR-effects!

[t is usually believed that the third GR-effect "perihelion shift of Mercury" can be
explained exclusively by GTR, but with interpretation of type: it us equations solution.
Specific interpretation of this effect with introduction of all possible dilations of time is
simplest and clear. So, in (P3™1) it may be caused by three equivalent time dilations.
1. The relativistic kinematic factor v*/c = coshy-v/c, which dilates the observational
time of the Mercury motion on the Earth proportionally to cosh .

2. The Einsteinian factor [1 + fMy/(rc?)] = cosh+y as the gravitational time dilation.
3. The relativistic dynamical factor m - fMy/r = cosh~v - mg - fMy/r, with the
additionally increased time dilation by the same coefficient cosh 7.

The Mercury proper time d T~ dt /cosh?7y is decreased relatively to the Earth time dt
on the value 3(coshy — 1)dt. As a result, its perihelion is shifting with the real coeffi-
cient 3 X (2 R), that now nobody physically understands. Karl Schwarzschild (1916)
in the frame of GTR introduced similar changes of coordinate time |84, p. 326, 348|,
and, in his new coordinates, realized the so called exact solution for this bias, predicted
without inferring in first Einsteinian article on GTR [51]. In Chs. 5A we showed: even
change dt — dr leads to the loss of two- and multi-step principal operations (roth I'y).
Then in the homogeneous Lorentzian group only the orthospherical rotations remain.

It is interesting that with such simplest approach to interpretations of GR-effects by
different kinds of proper time dilations, it was not necessary to reduce the local speed
of light ¢ and to curve the space-time (P3™1), but only additionally curve a world-line!
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There is an undeniable fact: some GR-effects in the Solar system are fixed by Observers on the Earth
in a weak field of gravitation, but occur locally in a strong field of gravitation near the Sun. Therefore, their
real description must have corresponding dualism from these two points of view including bimetric variant.
GTR, according to its equations, gives only single physical interpretation of these effects [84, p. 346-356], i. e.,
as seen by Earth Observers without taking into account that local information about them must reach him
through the decreasing field of gravitation. Above we have shown, with the simplest descriptive approach to
the question, that single interpretation inevitably leads to the violation of the Law of Energy Conservation.
Similar inference may be suggested also by the works in publications of some very eminent authors.

The historical statement by David Hilbert, as first author of the movement equations in GTR [52] (1917),
becomes clear: "I assert... that for the general theory of relativity, i. e., in the case of general invariance of the
Hamiltonian function, energy equations... corresponding to the energy equations in orthogonally invariant
theories do not exist at all. I could even take this circumstance as the characteristic feature of the general
theory of relativity." [59]. However, it has not been recognized by the physical community for a long time.
This violation has a simple mathematical explanation. Bases of GTR do not contain the ten-parametric group
of motions presenting in the Minkowskian space-time. This takes place due to transformation of movement
in a gravitational field in bent pseudo-Riemannian space-time not connected with (P3*1) (see [61, p. 163]).

That is why, D. Hilbert, yet in the beginning of 1915, set the task for his famous colleague Emmy Noether:
to find full conditions for fulfilling this Law of Nature. As a result of it solution, in the same 1915, she proved
the fundamental theorem of mathematical physics, connected the Integral Law of Conservation of Energy and
Momentum for material motions with parameters of a space-time symmetry (published in 1918). The general
pseudo-Riemannian space is nonhomogeneous and anisotropic. Hence the Law cannot hold in it. The curved
space-time cannot have even constant curvature, as it depends on hierarchical casual mass distribution.

As well-known, in addition, V. Fok proved that predictions of GTR concerning general relativistic effects
in the Solar system are ambiguous [56]. They depend on coordinate conditions. Change of the initial base
leads to non-covariant change of these effects. In order to make estimations more definite, Einstein considered
the general relativistic effects as they are in a weak stationary gravitational field as if embedded into the
Minkowskian space-time (P3*1) [60, p. 156-165]. Such an artificial approach did not fix the problem.

A. Logunov with colleagues from MSU had created RTG kind of BMT [60], where (P3*!) was preserved,
but the equations of motions are formulated in the so-called effective Riemannian space-time, identical in
fact to our observable space-time, i. e., they developed the main idea of N. Rosen of two metrical tensors.

In 2004 with publication in Russia of the 1-st edition of the Tensor Trigonometry [17] at the same time,
eminent English scientist Roger Penrose, professor of Mathematics at the University of Oxford, wrote in [81]:
"We seem to have lost those most critical conservation laws of physics, the laws of conservation of energy
and momentum! In fact, there is a more satisfactory perspective on energy-momentum conservation, which
refers also to certain curved space-times M as well as to Minkowski space ... These conservation laws hold
only in a space-time for which there is the appropriate symmetry, given by the Killing vector k. Nevertheless,
they do not really help us in understanding what the fate of the conservation laws will be when gravity itself
becomes an active player. We still have not regained our missing conservation laws of energy and momentum,
when gravity enters the picture." Anything to add to this clear unambiguous conclusion is not required!

Moreover, numerous attempts to combine GTR with the laws of Quantum Mechanics, have not yielded
significant results. These attempts are hindered by the curvature of a real space-time in it. But if in some
way to return in theory of gravitation the flat basis space-time with homogeneity and isotropy (variants of
this were considered above), then this problem can be solved quite naturally using the Dirac approach [55].

The main conception of Einsteinian GTR is expressed by his General Principle of Relativity as the
Postulate: All physical laws in free arbitrary moving frames of reference must have locally standard forms
determined by metric tensor IT (as if in STR). Strictly speaking, this Postulate is a hypothesis, while it
is not confirmed experimentally convincing enough, for example, by experiment with a free horoscope in a
space orbit. We discussed some contradictions in GTR. Thus, STR is valid in GTR only infinitesimally, and
hence the certain Mach’s base Ej [87) is refused. Frames of reference free-moving in presence of gravitation
became equivalent. This was expressed in well-known extreme, but scientifically honest Einstein’s statement
on equal rights of Kopernik’s and Ptolemy’s systems. Since he abandoned the world material ether, starting
at construction of STR, then the answer to the cardinal question was remained dark: what is curved in GTR
— as if non-material space or as supposed its more convenient coordinates chosen for describing motions?
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We can classify general relativistic effects in the Solar system, taking for illustration 3 well-known ones.
The single effect of the one-time "red shift" of the Sun radiation as a result of the photons overcoming the
strong negative gravitational potential of the Sun on the way to Observer, fixing this shift on the Earth.
The double effect of the twice "deviation of a light ray" after passing near the Sun as a result of summing
deviations by gravity and refraction of a ray in the changing strong field, and fixing by Observer on the Earth.
The triple effect of the "perihelion shift of Mercury" as a result of three different reasons but leading to the
triple equal time dilations, and fixing also by Observer on the Earth.

Wee see, that GTR does not have any other tools for revealing these general effects, but only by using
Minkowskian space-time with its Euclidean subspace both for mathematical comparison and experimental
observation, which it itself and denies!? Therefore, (P3+1) exists really and together with the Mach Principle!

Nathan Rosen’s BMT [75] (he was Einsteinian colleague!), with metric tensors = and G of basis (P3+1)
and observable (R3T1) is in compatibility with the Principles of correspondence, causality, uniqueness, with
the Law of Energy-Momentum Conservation, and with the Quantum mechanics (as STR). BMT may interpret
simply the second metric tensor GT as the gravitational lens creating (R3*1).

Such dualism of BMT approach may be used in explicit descriptions of relativistic motions in the real
space-time with a field of gravitation: firstly, as local ones, in 4-dimensional Minkowskian space-time, and
secondly, as observable ones, in (R3*1) or principally in 10D flat space-time (P?*1), may be, with the use of
the tensor trigonometry methods. (See about such idea in [80], [17] and [85]). It is quite logical that BMT
varieties give the same estimates for GR-effects as GTR of the first order in the gravitational constant f.
Hence, the idea of Nathan Rosen [75] of two metric tensors may be very fruitful and closer to the reality.

BMT with basis (P3*!) leads to Euclidean topology of the observational space-time with properties of
endlessness and infinity. Ones argue so: the infinite space-like part of this 4-dimensional world must have,
according to H. Olbers’ paradox (1826), the light night sky, contrary to the finite world of radius R. But the
mathematical infinity of (P3!) does not mean the infinity of the material world mass. It may be limited.
Besides, the Hubble Law in its ancestral form —Av/v = —Ahv/hv = Hl/c = Ht with this interpretation of
the constant H only connects the relative "red shift" and the distance or time till a galaxy. From discovery in
1929, it is interpreted and used for inferring Theory of Expanding Universe with some acceleration. However,
the Law may have other interpretations too. So, this "red shift" may express the lack of the photons energy
proportionally to their long way of the motion from a galaxy to the Earth due to some cosmic friction, may be
very small, — why not? Then the photons lose energy with decreasing frequency and increasing wave length.
As a result of similar interpretation, the need for the so called dark energy to justify the hypothesis of the
universe expansion with acceleration is absent! On the other hand, how can apologists of a finite space-time
place in it the endless time-arrow without violating the Principle of determinism?

A priori a certain geometry of the real space-time in the large was not discussed here. For our opinion, the
complete knowledge of its global structure in principle cannot be achieved. Illusions of complete knowledges
in mathematics were broken by the Gédel’s Theorems. In the theoretical physics, the idea about transcendent
nature of the Universe is not yet understood. Albert Einstein has suggested the whole Universe homogeneity
and isotropy, but only in the mean, although as a hypothesis! Alternative Rosen’s point of view [75|, as it
should be in free science, continues to be developed by new independent researchers in [60], [85], [86], etc. We
use Minkowskian space-time with tensor trigonometry in the small, in geometric sense without a distance.

As a result, it is now possible to adopt reasonably the following important inferences.

If we consider various relativistic motions exclusively locally as if in the real space-time including a
gravitational field, but with the basis Minkowskian space-time, where ¢ = dz(®) /dt*) = const (as in BMT),
then it is possible, with fairly high degree of accuracy (as was shown above), to study and describe these
motions with their kinematic and dynamic characteristics at a local level directly in this basis space-time.

All kinds of motions in (P3T1) are divided into absolute ones with absolute parameters and their relative
projections with relative physical parameters. An absolute motion is mapped by a world line in (P3*1!) in
pseudo-Cartesian coordinates with admitted values of their slope to the isotropic cone. A world line has an
important physical feature as its dynamical character. This enable one to determine absolute geometric and
physical parameters of the motion along its world line. Relative physical movements are the pseudo-Euclidean
projections of an absolute motion into the Euclidean subspace (£2) and onto the time-arrow cf.



Chapter 10A
Motions along world lines in (P*™!) and their geometry

Locally, each material point M, in particular, the barycenter of a material object,
is permanently absolutely moving along its world line in the space-time (P31} due
to Hermann Minkowski [49]. It is easiest to being analyze a curved world line with
an increase in its complexity sequentially in pseudo-Cartesian bases of the space-time
(P (P2 (P31 respectively for rectilinear, flat and space physical movements.
A world line is geometric invariant of Lorentzian transformations of the base and a
continuous regular curve, with 4x 1 radius-vector r(c7), embedded in the 4-dimensional
homogeneous and isotropic space-time. The inexorable absolute motion, limited by the
slope of a world line to the time arrow, ensures its regularity. Physically its trajectory
is the locally oriented proper time-arrow ¢t of M. The scalar integral value of proper
time along a world line does not depend on a pseudo-Cartesian base too. By their
slope dr — Figure 2A, the world lines relate only to the internal cavity of the light
cone. For descriptivity and visuality, we analyze world lines with the initial pseudo-
Cartesian base E; = (x, ct), where their slope corresponds, due to concrete tangent—
tangent analogy (sect. 6.4), to the visual spherical angle ¢ : tanhy = tanpg. In
a neighborhood of its point M, the world line with its orientation and configuration
is completely determined by four current scalar and 4-vector differential-geometric
characteristics corresponding to four dimensions of the space-time (P3*1). Scalar
characteristics are invariant under homogeneous Lorentzian transformations. Such
construction is based, mainly, on the Frenet—Serret absolute rotational approach to
the differential theory of regular curves in (£3) [16], when they are supposed to be
embedded in homogeneous and isotropic space of a fixed dimension.

The hyperbolic angle v of motion with directional cosines is defined in these relations

T )
1) | w2 | _ | x(er) _ | dx(er) | _ dr _ | sinhy-eq ]

r(er) x3 [ cter) |’ dr det(er) |’ i(7,€a) d(cr) cosh ) (e7);
ct

sinh v = % =sinhvy-e, = %*, tanh v = % =tanh~y-e, = % = sinh 7/ cosh~;
’ L (217A)

- y/dx? + dx3 + dx3 \/dx? + dxd + dad
v = arsinh e = artanh (D) >0, as d(ct) > 0;

e, = {cosay}, k=1,2,3; cosay = Hgiﬁ i wh =da/dr, w, = da/dt. )
E

In particular, the so-called uniform absolute motions r = r(c7) are of especial interest.
Among them, the physically most important are the following three types:

the uniform rectilinear movement at v = const, e, = const (Chs. 1A-4A);

the uniformly accelerated rectilinear movement at 7, = const, e, = const (Ch. 5A);
the circular movement of a body with velocities v and w at v = const, w, = const.
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In the space-time (P3*1) with its metric tensor {I*}, the 4 x 4 tensor of motion
roth '™ = F(v,e,), introduced in (100A), determines along a world line the absolute
base E%) — roth T . E, and also the local hyperbolic inclination I' of a curve, with
respect to the time arrow 3, and the local Euclidean orientation e, of the curve, with
respect to the 3 Cartesian axes in (£%). This tensor is defined at the current point M
in the base By = {I} by canonical structure (362) or (363). The change dI' causes
locally the change of inclination dvy and the change of orientation de, = da for the
curve in (P3T1). Such local changes can have different orders from 1 to 4. Generally,
a world line in (P3*1) can have at the point M maximum four absolute parameters of
orders up to 4, completely defined its local orientation and configuration. The pseudo-
Euclidean integral length of a world line arc ¢t is counted from the reference point
O, this length is an internal argument on the world line. In the theory of relativity
(STR), speed of absolute motion of a material point M along its world line is defined
in the vectorial form as so called 4-velocity introduced by H. Poincaré:

_.dr _dr_def _
AT) = Glery = dr =~ dr — ¢ iler), } (T=ci)  (2184)
c/(cr) - I* - c(er) = ||c(cT)||% = —¢? = const.

It may be represented in (P3*1) as the time-like 4 x 1-radius-vector of the hyperboloid II
(upper) with radius R = ic, see (146A). Its scalar value ”¢” is the constant normalizing
scale multiplier to time, introduced by H. Poincaré too [47]. Isotropy and metric
properties of (P31} take place due to it, see in Ch. 1A. Physically, ¢ is the speed of
light in the interstar vacuum. Other parameters of 1-st order mean the following:
dr = i(cr)d(cr) is the 4-vector differential along the current proper time arrow ¢f;
i(cT) may be as: 1) a time-like 4 x 1 radius-vector (146A) of the unity hyperboloid II,
2) a 4-vector of tangent to a world line in (217A), 3) a 4-th column of tensor roth T'™).
The velocity v is the tangent cross 3-projection of this local 4-velocity ¢ into <€3>(1).
Its sine 3-orthoprojection is the proper velocity v*. These velocities have Euclidean
direction e,. The scalar cosine orthoprojection of 4-velocity c into 3 is the proper
velocity of the coordinate time ¢ current stream as ¢* = coshy - ¢. The 4-velocity c of
a particle or a body can be changed only in its absolute directions: hyperbolic v with
respect to the time-arrow and/or spherical e, with respect to the Euclidean subspace.
This takes place whenever a certain inner force ? acts on the particle or body. For any
material objects (a photon, an electron, a down, a star, etc.) independently on its mass
the pseudomodule of 4-velocity of their absolute motion in (P31} is the constant c.
All these arguments are summarized in the following assertion as the Postulate.
Any material body is permanently absolutely moving in the Minkowskian space-time
(P31Y along its proper world line with vectorial 4-velocity T =c-i having constant
pseudomodule c. Its unit vector i as tangent to the curve is constant (as for uniform
rectilinear physical movement) iff no any inner force ﬁ s applicated to the object.
In philosophy, such an assertion means the so called perpetual matter movement.
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The Postulate is based on the original notions introduced by Poincaré and Minkowski,
such as 4-velocity ¢ and a world line in space-time as a trajectory of absolute motion of
a particle M. With the latter we connect the main dynamical physical notions of STR:
the own 4-momentum Py = myc = myc - i(c7), the real momentum p = mv and the
own Einsteinian energy Ey = myc? as scalar; both they are external notions on a world
line. See them in Chs. 5A and 7A, where they were connected preliminary by the Abso-
lute Pythagorean Theorem in its pseudo-Euclidean variant (in (P3%1)). All measured
physical values relate to their projections from the world line in (P3*1) onto cf and
into (£3) expressed in a fixed frame of reference of (P3™1) in clear trigonometric forms!
These values are changed iff the direction of i is changed.

Another remark: the scalar value of 4-velocity used in the postulate, identical to
the scaling coefficient of Poincaré for the relativistic time coordinates (see in Ch. 1A),
is equal here to the speed of light ”¢”. However, the constancy of value ¢, as a result
of observation in the nearest cosmos, is merely a hypothesis which cannot be inferred,
and it may not spread strictly in the whole Universe and on all a world time.

The Postulate by Poincaré-Minkowski gives us some advantages.

1. It allows one to consider world lines not only geometrically, but and physically as
time-like world trajectories with absolute current kinematic and dynamic parameters
for a material point M in the metric space-time (P31}, and, in particular, to evaluate
additional such characteristics of order greater than 1 along a world line.

2. It gives simple explanation to the nature of permanent matter movement as
stream of proper time c7 along a world line, and vice versa. And they both move with
4-velocity c¢. What is more, the unit vector i is changed iff the passive force of matter
inertia is overcome by an equivalent active force F. Hence for the complete geometric
analysis of a world line it is enough of the sequential differentiations of its tangent i.

3. It mathematically explains either hyperbolic, or spherical, or mixed trigonometric
character of distortions of world lines in (P**!) under factors acting onto a particle.
Indeed, due to constant module of c, its vector derivative along a world line is perma-
nently pseudo-Fuclidean orthogonal to c:

c'(cr) - IF - c(er) = const = c(cr) - IF- lc- dC(CT)] =0. (219A)
d(cr)

Here at pseudoorthogonal (generally) differentiation along a world line in (P3+1),
as the homogeneous and isotropic space-time, the gotten new 4 vector-derivative of
the first order is always pseudoorthogonal to vector of 4-velocity c. We got zero scalar
product of a vector ¢ with its first 4-vector-derivative along a world line, though the
same holds for its derivative of higher orders — under here till fourth order! Hence,
all such 4 vectors-derivatives are gotten in result of sequential rotational operations of
initial 4-velocity along a world line. These operations are described by trigonometric
4 x 1 rotational tensors with their either hyperbolic, or spherical, or mixed tensor and
scalar eigen angles as real, imaginary and complex ones (see it before in sect. 10.3).
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Define the order of embedding ¢ of a world line as the least dimension { = k + 1
of the pseudo-Euclidean subspace (P*1) of the basis Minkowskian space-time (P3*1)
containing the whole curve. All possible values of this order are € {1,2,3,4} at
k=0,1,23 If ( =1 (k= 0), then the enveloping subspace is only the straight
time-arrow E? as itself. This is an abstract voyage in time along a straight world line.
A flat world line has ¢ = 2 (k = 1). This corresponds, for example, to hyperbolic
motion or another accelerated rectilinear movement. A twisted world line has order (
as 3 or 4 corresponding to order of the line curvature 2 or 3. The order k = ( — 1 is
the minimal dimension of the Euclidean subspace (%), where a trajectory of physical
movement is represented as Euclidean orthoprojection of absolute motion in (P**+1).

In the neighborhood of a point M, with exactness up to 2-nd order of differentiating
i(cT) in er along a world line (not only in the osculating pseudoplane!) —see in (223A),
we obtain the free proportional total 4-vector characteristics of the 2-nd order along eg:
4-pseudocurvature k (with radius Rx = 1/K) and inner 4-acceleration g, introduced
in (79A), with their common unity vector of the instantaneous pseudonormal p as:

Ksler) = 1/RVY = gs(er)/ (A>3, k> 2); (220A)

ks(cr) = Ks(er) - pler) = galer)/c* = [ga(er)/c] - pler). (2214)
Natural change of the velocity of physical movement preserves smooth geometric
form of a world line, that is why world lines are continuous regular curves in (P3+1).
They as time-like curves have inclination to 3, bounded in E; by angle pr(vy) < /4.
Due to approach of the classic differential-rotational theory of regular curves by
Frenet—Serret in the Euclidean space [16, p. 521-524|, we can realize a similar theory
in (P31) and (Q*™!) as also homogeneous and isotropic spaces with fixed dimension,
but now in general tensor-vector-scalar trigonometric form! So, the tangent i in (217A)
is 4-th vector-column of our trigonometric tensor of motion roth I'™ = F(v, e,),
represented first in (100A). The tangent to a world line as a unity vector i,(c7) is its
1-st order differential characteristic in (218A). Then it is produced in the base E; with
the 1-st differentiation in c¢7 along a world line in the space-time (P*1) (at ¢ > 2):

dr(er) _ in(cr) = {Smh %] _ [Smh% ' e“] — rothl; - [O] . (222A)
d(cr) cosh ; cosh ; 1

We have covered thoroughly in Ch. 5A the motions along i, (c7) at constant e,. If to
do this 1-st differentiation along a world line more free (as non-collinear), we receive
in addition the spherical rotation, orthogonal to the first hyperbolic motion, and both
ones must be in correspondence with the 1-st two-step metrical normal form on a
hyperboloid I. What is more, the time-like tangent i,(c7) is simultaneously both a
4 x 1 radius-vector and pseudonormal (146A) of hyperboloid II and a 4-vector of
a time-like tangent to the locally conjugated hyperboloid I, where only one geodesic
hyperbola can pass through a point M. We leave locally hyperbolic motion for the final
differentiations along a world line, when they will close all the cycle, and here’s why.
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Let’s pre-attach to a world line with dv; # 0 at its point M the so-called movable
conjugate unity hyperboloids I and 11 (n = 3) (see at Figure 4 in Ch. 12) so, that they
can by determined locally by four current pseudoorthogonal each to other unity basis
vectors of a world line (as tangent i, pseudonormal p, and so one). Our idea is to
identify and connect one to one the 1-st local metrical forms along a world line with
the analogous forms of these hyperboloids (see the end of Ch. 6A and of sect.12.1). We
will calculate these metrical forms with finding their basis unity vectors in process of
sequential differentiations along a world line. This will interrupt the process of differ-
entiation in its final, as it should be in such a type of the theory. In second, we must
connect this system of four basis vectors with the already existing pseudoorthogonal
system of four basis vectors-columns in our trigonometric tensor of motion (100A).

The principal and free-valued characteristics k, and kg are produced with the 2-nd
differentiations in c¢7 along a world line with different orthogonality degree (¢ > 3):

{ Bl —alery- | i | = Kaler) - pafer) = lefer),

sinh ~;
di,(cT) cosh, - e3

(223A4)
T = Kt | T | = K- pater) = er).

Unity space-like 4 x 1 p(cr) are also pseudonormals to the hyperboloid I in (149A).
Expression (223A) is the pseudoanalog of the 1-st Frenet—Serret formula [16, p. 522].
But i, and p, under change of curve slope either converge or diverge! Any unity
vector p in (223A) preserves pseudoorthogonality with i, in (222A). The principal
pseudonormal p, is else hyperbolically orthogonal to it. It is obviously for collinear
motions. In general, we have cose = egea = e/ es. From the condition of pseudo-
orthogonality for i, and pg, we obtain the connection between angles ~, and ~;:

{tanh~, = cose - tanh; <+ tanh~y, = cose-v/c} — 7, <7, (v >0). (2244)

If es = e, theniand j; = p, determine conjugate points on the hyperboloids I and II
in (146A), (149A) and at Figure 4. Ife, L e, in (£2)(™) = (e, e5>(m) = (v,g)™ then
j2 = pu is here a binormal (a pseudonormal with its minimum Fuclidean projection at
cose = 0,7, = 0, see bottom point on II). Recall relation (137A):

es = cose - e, +sine - e,, where ¢ € [0;7], (e,-e, =0, e, -ez=sine).

14

Here e, is the vector of orthogonal increment; ¢ is the angle between e, and eg in
[0;7]. The pseudocurvature ks and inner 4-acceleration gg as 4-vectors differ only
by ¢?. These proportional space-like vectors are directed inside region of concavity of
a world line arc d*r(™ out center O of the osculating hyperbola — see at Figure 2A(3):
cose > 0 for acceleration (g>0), cose < 0 for deceleration (g<0). If cose = 1, then
the Euclidean projection of g is parallel to v (movement is rectilinear). If cose = 0,
then the Euclidean projection of g gives no increment to ||v|| and leads to world line
bend towards e,, i. e., Euclidean orthogonally to the curve (movement is centripetal).
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Now, at this stage, consider in details and completely orthoprojectional trigono-
metric representation of (223A), with the original base E; = {I} and the current base
ET(S‘) = roth T . B, = {roth F(m)} (i. e., at instantaneous v; = ¢ - tanh ;) the cur-
rent vector and scalar geometric and physical parameters of order 2 along a world line
(en # const, A = 3). We realizes this description in the Euclidean plane of curvature
(52>§?) = (£2)™) = (eq, €5)™ = (€4, €,)™ = (v, g)™ using further for evaluation
of the total pseudocurvature kg and its orthoprojections as these principal k, and
normal k, curvatures of a world line. Besides them, there are also different kinds of 3-
and 4-accelerations proportional to these curvatures as in (220A), (221A). So, the total
pseudocurvature kg in (223A) is decomposed into these tangential and normal ones.
These orthoprojections have unity vectors: a pseudonormal p,, and a sine binormal p,,.

In the Lagrangian space-time (£3%1) (see further the small illustration), the tangent
and principal normal to a world line are applicated, as a pseudonormal does not exist
in the space, see Ch. 1A. In the Minkowskian space-time (P*™!)  we obtain these
tangential and normal orthoprojections after decomposition of the vectorial pseudo-
curvature kg, with application of (137A) and according to (222A)-(224A), as follows:

dig(cT)  dv, np(cT) dyp coshy, - e
ks(er) = d(cT) B d(er) Poler) = c Paler) = d(cr) [ sinzlyp ’ ]

i coshr - e +-Smh%'ﬁ%% ﬂ{—K( )Pa(cr)+ K, () py(er) =
d(cT) sinhy; | 0 = Ha(CT) PalCT v(cT)-pulcr) =
2l

(1)
B cosh; - e, e, o coshy,-eg |
= K,(cT) [ sinh ~; L + K, (cT) [ 0 L = Kp(cr) [ sinh -, -

— Ka(er) - paler) = Ka(er)+ ks (or) =

. (1)
dy, cose - coshy, - e, sine - coshy, - e,
= . . : 225A

d(cr) { [ sinh v, + 0 ( )

Here we use the intuitive notations of all figurated parameters in the original base E:

dyy g = dvy g9 dvi =
— = — IC — a = = — = , * o =
K d(cr) 2 P K d(cT) 2 d(er) K

are the general and parallel principal pseudocurvatures with all projections into (€ 3>(1);

dJ_ 1
L L 8 g
Ks p d(cr) c? c? SR d(er) c?

is the normal curvature as this hyperbolic sine orthoprojections into (£3)().
Here v; is a time-like hyperbolic angle in (146A) between i, and 3 realificated by I+.
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[ cosh; - e,
Pa = :

sinh ;
pseudocurvature KCy;

] is a principal pseudonormal, as a unity vector of the principal

0
k, = KC, - p,, situated contrary to the time-like angle ~; as a space-like sine projection;
de,  de, . HdeaHE _ da(l)
dr  |lde.||g dr — dt
The 3D Relative Pythagorean theorem follows strictly from Euclidean part of (225A),
now in these complete 3D-forms, and it acts in the movable subbase E® for the
3-pseudocurvatures, 3-differentials and proper 3-accelerations as proportional ortho-

projections into (£3) at v € [0,00), & € [0; 7] [see before in (163A), (165A), (192A)]:

e, | . . . :
P, = [ v ] is a sine binormal, as the unity vector of the normal curvature IC,, and

-e, = wz(l) - €, 1s the angular 3-velocity of eq(i).

= 1
Ks - coshvy,-ez=Kg-coshy;-e,+ Kz - ey, N ki = k*—|— kﬁ,
2

=
— 1 1
(KCs - coshp)? = (K - coshy;)*+ K, (K5)? = (K5 + (Ks)?,

coshy, dv, - eg = cosh~; dv; - €, + sinh~; dagy) - e,

- cosh? Yp d%% = cosh?; dry? + sinh?y; doz%l) = N

fe— L

= cosh? Yy - [(cose d’Yp)Z + (sine d%)?] = cosh? Tp [(d7p)2E + (d%)%]a

N g5 = g5+ gg— coshy, - 8 = cosh ;- ga - €0 + 0" - wg gy - €, (226.4)

()7 = (95)> + (95)® = cosh?, - g% = cosh? ; - g2 + (v - w}y))

Kp - sinh~y, = ICB sinh; < sinh~y, dy, =sinh~y; dv; — dy,/dv; > 1. (227A)

From (225A) we obtain these additional hierarchical relations for all scalar parameters:
sinh v, dvy, = sinh~; dv; = dvy,/dv; > 1, (7, /7 < 1,see (224A)), d coshy, = d cosh ;.

{7i=0—1,=0}; coshn, d:fyp = cosh, - cose dv, = cosh; dy; = d:%/d% > 1.

(226A) and (227A) give us in E® the 4D Absolute Euclidean Pythagorean theorem,
identical to the Riemannian metrical form in (P?™1) (Ch. 6A) on the hyperboloid II,
for the proportional 4-pseudocurvature, 4-differential and inner 4-acceleration:

= 1
ICB Ps = ICB Pao Kﬂ Py = ’Ca Pa + ICV P, g5 = Jga Pa + v* w2(1) Py,

9 = \2 1 9 5 5 = g2 — gQ + (U* w* )2 =
K5 = (Ks)™ + (Kp)™ = (Ka)” + (K0)7, 5= Ya a(1)™

p

dvp - P = dvi - Pa + sinhy; dag - py,

= : ) —\2 1
| {ANRY = i} = do? 4 sinlty, dof,) = (dyp>P+ v,

? (228A)

E

Factor |sinh+y, dv, = sinh~; dv; = dcoshy, = dcosh~; | causes dilation of an inner
4-acceleration. Logically, that if 4; = 0, then the second orthospherical part is absent!
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From the point of view of the absolute 4D base E® in (P3t1)| the characteristic
g3 1s a 4-acceleration of a particle M motion along a world line.

Without a time part, (228A) gives the 3D Absolute Fuclidean Pythagorean theorem
as (145A), (198A). It acts in the current Cartesian subbase E®) at the condition

Yp, Vp = 0 (gp # 0) — d:’yp = cose dry, = cosh~; dv;, with curvature of the rotation

dvp - eg = coshy; dv; - e, + sinh; dag) - ey,
in <52>y{n) c (P3HY) {d\/R}? = dyz — cosh® ; dvy? + sinh? v; doz(QD =\

— 1
= (cose d’VP)Q + (sine d’Vp)Q = (d%)% + (d’Yp)%,

= L * *
g5 = 8+ g5 = cosh Yi*9a €a T U - wa(l) c €y,
- L * *
(95)* = (G5)° + (g5)* = cosh®y; - g2 + (v* - w}))*.

The 4D theorem is given with tensor I* (17A) and shows that at two-step differen-
tiation in (225A), we got decomposition of the non-Euclidean segment dv, - ps with
respect to direction e, (or velocity v) into principal dv; - p, (along the 4-pseudo-
normal) and secondary sinhv; doy) - p,, (along the sine 3-binormal) in the base E® of
the whole (P*™1). The latter determines its absolute character. Both parts of dv, - ps
are pseudoorthogonal on the movable accompanying unity space-like hyperboloid I as
its 1-st Riemannian metrical normal form. (See the end of Ch. 6A, of sect.12.1 and
at Figure 4.) Trigonometric expansion in (228A) corresponds now to this in the more

= (2294)

general vector-scalar form. Its two vectors are a first pair of the absolute base Eﬁf).
A next pair will be realized at hyperboloid I. This two-step differentiation in (225A)
corresponds to two types of the principal tangent i, rotations!

In (226A) as the Euclidean fragment of (225A), the relation of its right and left parts
is tane. Hence with (226A) for any similar two-step 1-st metrical forms, in particular,
in (228A), we may introduce the characteristic ratio between two Euclidean orthogonal
parts of a segment on the hyperboloid II and in its hyperbolic geometry at (n = 2) as:

tane = sinh; dey)(y/1 + sinh®y; d;). (230A4)

Connect dayqy with normal hyperbolic differential as sine - cosh v, dv, = sinh~; da).
Now, with the use of (244A), we can express, in addition, the Euclidean Thomas
orthospherical shift and precession of the Euclidean plane of curvature (52>%n> with
the base E\2 in result of summing two spherically orthogonal segments in (227A) —
how velocity and acceleration in (172A) with the axis as next third basis vector e,

*

L
—df = tanh(v;/2) dv, = tanh(v;/2) - sinh~; doyy, — (231A)
— —wj = tanh(v;/2) - sinhy; - wy, 4y = tanh(v;/2) - v* - wy ) /c

All used parameters above and further (with R) have instantaneous values.
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In decomposition (225A), i, (c7), pa(cT) and p,(c7) are the basis vectors of the right
mobile base £ = (palcT), PulcT), in(cr)) in (P?T1). But, in (P31), it is subbase of
the cardinal current pseudo-Cartesian base ES) C E,, = (J1(er), jaler), js(er), i(cr)).
Differentiating anyone of these four basis unity vectors a; along a world line is reduced,
as a rule, to its rotation around other second basis vector as with another third basis
vector ag in a certain pseudoplane or plane formed by a; and ag. Then fourth rested
basis unity vector a4 in the full space-time (P*™) must be immobile. A result of this
rotation is the unity vector as, what is equivalent to the vector product of a; and as.
Below, for illustration of this approach, we give these complete Tables of signs for such
vectorial products in (P31) with a frame axis i and (Q*™) with a frame axis jj.

i h{ g | Js N T B Ji | J2 | Js
i | 0 | —jg2|—Js|—J1 i | 0] — - - 7 0 5 T
Ji|+je | O | 42| — |, g =] 0 | —Js|+j2|; L . 3 2 (ofFrenet — Serret),
- - - - - - Jo | =gz O |45
S e . 2l ity 0 Loh gz | +je | —Jj1| O
Js | th| — - 0 J3|— | —Je|+j1| O

where ji = Pa, J2 = Pu, J3 = P, are the axes of the cardinal Cartesian subbase E~£3).

Due to these Tables of signs (in the left one for hyperbolic rotations, in the central
one for orthospherical rotations), in the upper row we chose the rotated (differentiated)
unity vector and in the left column we chose the axis of its rotation in the subspace. In
the intersection, we get the sign of the vectorial product. So, for example, we obtain
i, X pa = +P, as for any hyperbolic rotations, but p, X p, = +p, and p, X p, = —p,
as for orthospherical rotations. The mathematical reason for this behavior of signs is
that hyperbolic functions preserve their sign during differentiation, while spherical
functions change it. The difference in signs of both theories in Euclidean space is
eliminated by operation p, <+ p,, due to our chosen strategic plan.

The hyperbolic rotations are described by the sine-cosine functions. Differentiations
alonge the curve as a world-line lead here to the equivalent trigonometric processes
sinhy — coshy — sinh~... and coshy — sinhy — cosh~... for radius-vectors of
hyperboloids I and II (Figure 4), where we have sign ” +” for both the concave arcs on
hyperboloids I and II. For analogous trigonometric version of the Frenet—Serret theory,
we obtain such processes for radius-vectors of hyperspheroid with signs variations:
sinp — cosp — —sinp... and cosp — —sinp — —cos.... Such peculiarity, in
hyperbolic description of rotations, may be valid, if these differentiations along a world
line but in d(ict) to transfer into complex-valued space-time of Poincaré (Q3T1),..

The partial pure hyperbolic rotation of the pseudonormal p,, for example, around
the sine binormal p, (in general, nonuniform), is expressed at a = const as follows:

; (m) d (m) — =(m) d =(m)
77 fyz — COSE - Kﬁ — ICﬁ — np fyp . g

c d(cr) c dler)
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X okox

Non-relativistic decompositions of acceleration at the point M of a world line in the
Euclidean plane <€2>%n) = (eq, e3)™ = (v, g)™ in the base E; are performed in the
Euclidean-affine Lagrangian space-time (£3™1) (see Ch. 1A), they are the following:

o-[3] -[1)-[]

dQ_u: g _ geﬂ _ %-ea + U'% _ ﬁ-ea + 'Jg_.ey
dt? 0 0 0 0 0 0 ’
b _ dv . é ||dea|| & 02 e
where = — = (- Cos =v- =V W, =— = ¢-sing;
9= — 9 ’ dt r 9

2 —\ 2 L 2 = L = L L =
g=09)°+0), g=g+8, gllv. 8Lv (8=g—8).
Here g(t) is decomposed along the direction e, of the velocity v and the orthogonal

direction e, of the principal normal to the curve in the constant Euclidean subspace

(E3) of the Lagrangian space-time (£3™1), but with single Pythagorean Theorem!
£k ok

For nonuniform rectilinear physical movement (e, = const), pseudoanalog (223A)
of the 1-st Frenet—Serret formula may be inferred by simplest trigonometric way with
the use the hyperbolic angle of motion v as the argument of differentiation in the
osculating pseudoplane with respect to the current base F,,:

di di di p
di=pdy & —=p & = =—=K-p.
P dry P Rdy d(ct) R P

_>
For the curves [ with e, = const in the quasi-Euclidean space (Q?*1) (Ch. 8A),
in its osculating quasiplane, with respect to the current base E,, (but with reper axis

1/ for the principal angle ¢), the quasianalog of the 1-st Frenet—Serret formula holds:
de de de n

d f— d _— = = —= — = . .
engp@dgp H@Rdgo 7l RlCn

X ook ok

Continuing the previous process, we will take a next step of differentiation, but
now for the principal pseudonormal, in order to find remaining motion parameters.
Principal and free-valued parameters q, and q, are produced with the 3-rd different-
iations in c7 along a world line after (222A), (223A) with different orthogonality degree

S SR R ] = Kaler) - a(er) = aue)

\

L (2324)

dpaler) _ cT) - sinhy, ey | cr) - t.(cT) = qlcr
d(cr) = Qsler) [ cosh v, ] Qxc(cT) - ti(eT) = qu(eT).
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Adopt the additional relation of type (137A) with the connection of type (224A)
for an new directional angle "x" with the angles e, and e, in their Euclidean plane:

e, = Cos€- e, +sine-e,, €e€[0;m], (€], e, =-cose, e;-eoé:O, e, - €, = sine). (2334)

{tanh~; = cose-tanhy, = 7 < v} v € [0, 00). (234A)
At the 3-rd free two-step differentiation in ¢7 along a world line after (222A) and

(225A) at ¢ = 4, we obtain the tensor trigonometric analog of the 2-nd Frenet-Serret
formula [16, p. 522] with identification of the torsion 7, with its cosine binormal p,:

dpa .
BelEE) — Kaler) i Toler) By = ler) + auler) = Qufer) - taer) = (23520)
dvi | | dea][5" dyi do
= i, hry, - NE 5 iy, hy - —2 . p, =
d(cr) lo + coshy d(cr) By d(er) Lo+ coshy d(cr) By
_dy sinh; - e, . wZ(Q) e, | . _
= %) [ cosh; L[ + cosh ; p 0ol = Kaoler) i+ T(cT) - pu =

gl
— 1 _ 1
= Qu(er) - ti(er) = Qi lat Qi - Py = du(cT) = Q,e(cT)+ Ay (c7) =
_ dyg | sinhy,-e, | dyg cose - sinhv, - e, n sine - sinh~, - e,
~ d(er) cosh 7, ~ d(er) cosh 7, 0 '

The final 4-vector q, may be time-like or space-like, since it acts in the pseudoplane
(PUHDYm) = (p, i,)™). For unambiguity, we have chosen so far the first option.
The 3D Relative Pythagorean theorem follows from the Euclidean part:

L « =, 4
Qn'sjnh’)/q'eli:Qn'Sil’lh’yi'ea—{— Q,ﬁ'em}:> qm_qm+qm

. : — 1 =
(Qx - sinhy,)* = (Kq - sinhy;)? + (7,)%, (92)? = (Q)% +(Q.)%
( sinh~, dv, - e, = sinh~; dv; - e, + coshy; daa) - ey;
sinh? v, dy? = sinh®~; dy? + cosh®~; da?,, =
5 Z . 2364
= =sinh?n, - [(cose dv,)? + (sine dv,)?| = ( )
_— 1
| = sinh? 5, [(dyg)” + (d)?],
Q,. - coshy, = Q:,€ - coshy; < cosh~y, dvy, = cosh; dv;. (237A)

Differentiation in (235A) corresponds also to rotations: p, X p, = +iq, (P, = const)
and p, X P, = +Pu, (ia = const) in (PBTY). In result, we obtain the space-like

cosine torsion T, :Ié,,h in the plane of torsion (5(2)> = (Pa, Py), With its unity cosine
binormal p,,. Here ; is a space-like hyperbolic angle in (149A) between p,, and (£3)(1)
indifferent to tensor I*. For a sine binormal p, in (235A) ~; is a time-like hyperbolic
angle in (146A) between i, and ¢t realificated by I*. To now we got all unity vectors

of the cardinal pseudo-Cartesian base as Kl = (palcT), PulcT), Puler), i(cT))!
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From (236A), (237A), we get the 4D Absolute pseudo-Euclidean Pythagorean theorem.
This theorem for rotation of p,, corresponds to the pseudo-Riemannian metric form on
the movable hyperboloid I with I* and IF (see Ch. 6A) in these vector-scalar forms:

Qn'tnzaﬁ‘ia‘i‘ én ‘Pu = ICa'ia‘Fn'pm
— L
FO5 = ()" = (Qu)* = (Ka)? = (W) = —[=(Ka)?* + (T0)°);

dvg - tx = dv; - 1o + coshy; dag) - Py, )
F{AN/RY? = Fdy? = dy? — cosh®y; da?y = (d_%)i = (d%) |
E

For final quadric characteristics we use the signs + or F accordingly to their mupping
with metric tensor 1% (47A), adopted by us, or IF, used sometimes in literature. The
tensor IT conserves Euclidean spaces, but IT transforms them into anti-Euclidean
analogues, which contradicts classic geometry and physics and violates the Principle
of Correspondence. In (238A) and metric form of the hyperboloid I (Ch. 6A), the
quadric pseudocurvature (£/K,)? = K2 of the tangent i, is contrary by signs to the
quadric torsion (£7 )% = TMQ of the cosine binormal p,,. We will take this into account
at calculating quadric curvature of a world line with (228A), (238) and metric tensors.
We have two extreme cases at the point M: a local hyperbolic shift if da) = 0 and
a local spherical shift if dv; = 0 at the necessary local slope of a world line tanh y; < 1.
So, in the 1-st case, we have a local hyperbolic increment in some pseudoplane. And
in the 2-nd case, we have a local spherical increment in some cylindrical pseudosurface.

= (2384)

Above we considered the variant of space-like torsion. Though it may be time-like
precession with its time-like cosine binormal too and with a pseudo-hyperbolic angle of
time-like motion (rotation) as v = icy) (see in sections 6.1 and 10.3) in a pseudoplane.
But here the tensor I negates this imaginary factor i. (So, see further the complete
description of the pseudoscrewed motion with as if torsion time-like precession.)

The pseudoorthogonality of (228A) and (238A) is reduced to pj - {1 1.t =0,
which exists iff tanh~,/tanh~y, = e} - e,. Dwthis and (224A), (233A), (234A),

tanh -,/ tanh~, = e/’B €, = COS€-COSE = e’ﬁ ‘e, e, e, = (<ea_ea’ ep) - (eq € - €ey).
From this we have the orthogonality full condition: eg = e,, e, = e, and opportunity
of curvature independent decompositions with these three orthogonal basis vectors.
Following our scheme along a world line, we get the two last formulae as results of
4-th differentiation of a cosine binormal p,, in the normal plane <52>§?) = (Pa, Py)

dp,(cT) B B Wey9) cosh; - e, .
{ d(er) Ji o = —T.(cT) Pa = — P [ b, ] , Pu X ia = —Pa, (239A4)

)

and of 5-th differentiation of a sine binormal in the binormal plane (52>ng = (Pv, Py

dpv(CT) _ . L w;(l) . e, -
{ d(cr) }impﬂ = =Tuler) - puler) = —— o | Py X Pa=—pu (2404)




CHAPTER 10A. MOTIONS ALONG WORLD LINES IN (P3*!) AND THEIR INNER GEOMETRY 297

If a world line has the order of embedding ¢ = 3, there hold two variants: either (1),
when p,, is absent, it corresponds to above stated complex analogue of Frenet—Serret
formulae with third formula (239A) and Frenet movable trihedron EY = {Po: Py, 1a};
or (2), when p, is absent, it is the real-valued variant with a right part of (225A) as
its third formula and trihedron EY) = {Pa,Pv,1a} as alternative to the former case.

The quadruple B = {palcT), pucT), PulcT),in(cT)} is @ movable tetrahedron to
a world line in (P31, Tt complements the accompanying movable hyperboloids and
gives the asymmetric pseudoorthogonal tensor U(v;,eq, ey, e,), only at n = 3. It is
useful addition to 4 basis vectors of symmetric tensor of motion roth I'; = F/(v;, €,).
U(%i,€a, €y, €,) defines completely orientation and configuration of a world line at M.

We have all three independent orthoprojections of a world line general curvature Cg.
In order to combine metric forms (228A) and (238A), we take into account the fact that
in these two-step forms the hyperbolic angle v; accordingly is time-like and space-like!
Therefore for descriptiveness to different readers, we apply below, for example, metric
tensor IT (see above). In result, we obtain the final 4D pseudo-Euclidean Absolute
Pythagorean theorem for the full quadric curvature of a world line in a such form:

)

dy-d, = dv; - pa + sinh; dag) - p, + coshy; dag) - pu =
:Ka'pa+lcy’pu+7;z'pu;

241 A
+{d\/R}? = +d? = dv? +2sinh2 i doz%l) — C(;ShQ Vi daé), ( ( )
.2 U)* ’UJ*
+Cr* = 77—22 + sinh?~; - % — cosh?~; - O§(2) = K2 + K2 - 7;2 )
c c c

T, = 0 s full condition of a flat curve. K, = T, = 0 is full condition of a straight line.
The movable tetrahedron is rotated in (P3*!) with the general angular velocity
Cr - c around the special instantaneous 4-vector-axis {7, - in + Ko - Py + Kb - Pa }-
In the real-valued quasi-Euclidean space (Q3*1) (see in Chs. 5, 6, 8A), for Euclidean
regular curves at v = const, we have the quasi-Euclidean analogue using I* and (322):

{dl/R}? = dp* = dp? + (sin® ; doz%l) + cos? doz(22)), (242.4)
Cr® = wy,” [v” + sin? i - wafy) J0* + 05> @i - Waly [v* = Ko + K + T

In (Q*™1) for the Frenet—Serret 3D theory, but with our frame axis z, we have these
three variants of 3D curves:

(1) if wa) = 0 = K, = 0, then Cr* = [w?, + cos® ;- w) )] /v* = K2 + T2

(2) if wa(2) =0 — T, =0, then Cr% = [w?pZ + sin? ; - wi(l)]/vz = K2 + K2

(3) if wy; = 0 = ¢; = const — K, = 0, then

Cr* = [sin® @; - Wiy + cos? @i - W} )] /v* = K + T2

For curves in 3D quasi-Euclidean spaces, only K, = 7, = 0 may be full condition
of a flat curve! In case (3), for cylindrical enveloping form of a curve, we may adopt
Wa(1) = Wa(2) and obtain a spherical screw, with trigonometric description of its two
variants: tan o; < 1,tan; > 1. But in (P?1), we have only one variant tanh~; < 1!
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Above in (235A) we chosen p,, as the unity vector of a space-like torsion in a pseudo-
plane of torsion. But, if Ky (c7) = 0 (pg is the same), we have an opportunity to choose
the unity vector iy of the time-arrow 67(1) as the basis vector of a time-like general
spherical torsion y; = ) - i;. Note (see in sect. 10.3), that for acceptable pseudoized
spherical angles, as differentials too, we have in a plane and a pseudoplane (if dy = 0)
accordingly the two clockwise forms as space-like da: and time-like d(ic) ones, pseudo-
Euclidean orthogonal each to other! The rotation of a principal time arrow i, in the
pseudoplane (PU+)(M) = (p,, i) produces the time-like 3-pseudoscrew h,, in (P*1).
[ts unity vector is formed as a result of orthogonal spherical rotation rot 11/2 -1, = i,.

To illustrate this, let us consider a 3D-pseudoscrewed motion in space-time (P?*1).
Its world line has constant inclination ~y; and angular speed w}, with pseudoized angle .
We get so the 3-rd kind of uniform motion as the pseudoscrew map of a planetary
movement of a body or point M at v = c-tanh;, dv; = 0, da/dt = w,, (da/dT = wy):

d(cr)

{ di,(cT) }

*

= sinh~; - % - Py + cosh; -

* )

w .
Ta°11:ku+y1:h1/:

— K, Py 4+ Y iy =sinhy, - e | Y| 4 coshy, - e O _ > (243A4)
¢ 0 ¢ 1
_ w, | sinhyi-e, |, 2 _ 52 A2 12 [ 02
¢ [ cosh ; ]_CV i, = |FCr™=C, =V - K, = [wy/c]"].

/
Here i; is a unity vector of rotated AW = y - aiy, y = cosh; - c/w = ¢ /w) = c/w,
is a step at a = 1rad of the world line progressive precession at speed ¢* along ¢t (;
h, =C,-i, is a time-like 3-pseudoscrew along i, as a normal tangent with direction e,;
C, = w}/c is, on the first point of view, a general negative scalar time-like pseudo-
curvature (see above) in (P?T1) of the screwed world line at its point M, and it is, on
the second point of view, a scalar combined pseudoscrew parameter (for a right screw);
Y = cosh~;-w? /cis a progressive time-like precession of the world line with its current
point M along i; and time arrow 3(1) as a time-like part of this pseudoscrew;
IC, = sinh~; - w} /c is a normal curvature as a space-like part of this pseudoscrew.
Moreover, ; affects on r/y, but w? affects on y. So, this screw may be as a model
of a physical accelerator with these parameters. More generally, a planet (or sputnik)
is rotated around of a star (or planet) along orbit of the Euclidean radius r = v/w,.
As the extreme example of such motions, we may give a pseudoscrewed world line
of a photon circular movement, realized on the isotropic cone with velocities ¢ = c¢- e,
and w, of the radius r = y = ¢/w,, when in the limit r/y = K, /Y = tanh~, = +1.
We see that w, = ¢/r is determined only by given 7. Einsteinian photon is rotated at
velocities ¢ and w, around some black hole of radius "r” with the time step "y = r”
(at Act =), predicted in 1783 by John Michell [58] only with the Newton Theory.
Integral pseudoscrewed motion with its differential form (243A) is realized on the
lateral cylindrical surface. A natural question arises: what relation does this surface
have to the used moving hyperboloid I, besides their common topology?
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The point is that we use hyperboloids not to describe integral motion, but to map
their metric forms. These two kinds of applications can only coincide in particular cases
as such motion. In Figure 4, we can see that the increment of this motion is mapped
into the region of the central circular zone ("equator") of the movable hyperboloid I.
The applied cylinder of radius r is tangent surface to the equator of this hyperboloid.
Pseudo-Riemannian differential form (238A) gives us wide possibilities for application

of various motion angles as hyperbolic, spherical, real-valued, imaginary and complex.

For consistent differential-geometric description of such rotational-progressive motion leading to this
pseudoscrew, we introduced the spherical rotation of ¢t and h, with their common subvector iy synchro-
nized with the rotation of a principal pseudonormal in the pseudoplane <73(1+1)>(m) = (py,i1). The world line
precession along ct at speed ¢* = c - cosh~y; arises as a result of the spherical rotation of the screwed curve

with a point M at angular velocity w},, caused by this synchronous rotation of a principal pseudonormal pq.

On the other hand, this precession is the coordinate time t stream at velocity ¢* = cosh~ - ¢ as a usual scalar
cosine orthoprojection of any absolute motion’s 4-velocity ¢ from (218A) onto 3 Such progressive motion
influences too on the inner geometry of a world line, because it strains the curve along time. Compatibility of
rotations and precession in (P?*TY) is mathematically explained by the fact that iy is as if common subvector
for i, and i,, which will exclude mixing of basis vectors of the given motion in its base E(m) = (Pa, Pvyla):

L L
K, =1/Rx =sinh~; - wl/c=9 /¢ (9=9g), k,=K, p,; (244A)
Y =1/Ry =cosh~y; - w)/c, y1=Y-1i1. (245A)

The properties follow: p,(c7) L iy(c7), e, L e, <> g L v. Three of basis vectors de-
termine the movable base E(m> = (Pa, Pv, 1) of cardinality 3. The triple IC,,, Y (legs),
C, (hypotenuse) forms interior right triangle of pseudoscrew P in (243A).

On the cylindrical surface, we get the interior right triangle A1 with legs r, y and
hypotenuse Rc = 1/C,,, where r = sinh - R¢, y = coshy-Re (in A1 y is coaxial to ct ).
And it is y?—r? = R%. Here R¢ expresses the pseudo-Euclidean length of the world line
arc at &« = 1 rad. The identical right triangle A2 is realized in the pseudoplane of
precession (P11}, = {p,,i1}. Their common leg is y > r (in A2 7 is coaxial to p,).

As a geometric paradox of this screw, we obtain two wonderful right triangles:
P of pseudoscrew and A in the two variants. Their legs are proportional with coefficient
y/Y = r/K,, they have equal adjacent angles. Hence, these triangle are homothetic.
But their hypotenuses are inverse each another as C, = 1/R¢! From here the world line
generates, in addition, two pseudo-Euclidean right triangles: they are the interior right
triangle B and the exterior right triangle C, with also their Pythagorean theorems.
This paradox extends to similar screwed lines in the quasi-Euclidean space {Q*™!) too!.

The triangle B has hypotenuse Rx = 1/K,, (radius of the spherical curvature under
inclination v to ct), leg Ro = sinhy - R is opposite to 7, leg by = coshvy - Rg is
adjacent to . This metric triangle lies in the osculating pseudoplane (p,(c7),i,(cT)).
From triangles B and A we have r = Ry -sinh?~, y = Ry - cosh? and y? — 2 = RZ.

The triangle C has hypotenuse Ry = 1/) ("radius" of the time precession under
inclination 7 to (£?), leg Rc = coshy - Ry is adjacent to vy, leg by = sinh~y - Ry is
opposite to 7. This metric triangle lies in the rectifying pseudoplane (p,(c7),i,(c7)).

With first triangle P, such screwed world line has 5 characteristic right triangles!
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If the enveloping tangent cylinder with this screwed curve is cutted along the central
axis 3, further to develop it into fragments of the pseudoplane and finally to add these
fragments so to coincide windings of this screw, then we obtain the same but straight
continuous world line in the flat pseudoplane. Such flat mapping of the original pseudo-
screwed world line is determined geometrically only by the one constant parameter ~;.

This convincing example demonstrates very clearly how minimal curving the basis
space {P?1) into the cylindrical space (C*™1) complicates in a large extent description
of the simplest straight world line with introducing a lot of additional parameters!!!

Therefore, before curving some simplest unique space, we need to realistically assess:
which is more expedient — curving space or additionally curving the trajectories of
motions in the original space due to the appearance of additional influencing factors.

In the same pseudo-Cartesian basis, we can also transform this cylinder (together
with the screwed line) with its round base into another cylinder with its ellipsoidal
base, applying small dividing again into maximal w;(l) and minimal wZ(Q). Then with
this ellipsoidal cylinder it is possible to describe more real planetary movements.

Besides, this unique motion is not purely rotational in nature. Due to the coordinate
time stream, it contains a progressive part along time-arrow 3 Hence, this precession
should be considered as geometrically and physically independent on rotations, as
rotational-progressive motion beyond the scope of the theory by Frenet—Serret.
Conclusion. Due to the presence of progressive motion along y-axis, a full geometric
theory of curves on the base only rotations of basis unity vectors cannot be built.

In cylindrical coordinates, we display descriptively all parameters of the motion.
ry=r-cosa, To=r-sina, ct=y-a (r=v/w,=const, y=c/w, = const).

sinhy =r/Rc = Ro/Ryx — sinh®y =r/Rg =7 -K,,— r =v/w,

coshy =y/Rc = Re/Ry — cosh’y =y/Ry =y Y, =y = c/w, }% (2484)

— bg = R - coshy, by = Ry -sinh~, by /b = tanh®~, Y/, = coth~y, (247A)
V- K =C>=1/R: . =1/R? —1/R3 >0 — Rc=1/C,. (248A)

= = 1 i
Note: If k = 0, then k£ = 0, p,, is the same. If k = 0, then k = 0, p, is the same.

For the pseudoscrewed motion as circular physical movement, the normal hyperbolic
and spherical angular velocities with inner accelerations are the following (g = 0):
v* = c-sinhy, w? = c-sinhy/(Rg sinh?y) = v*/r, v = c-tanhvy, w, = v/r;
L L
g =c-sinhy - w) =v* - w’ = (v*)*/r = *K, = ?/Rx = g* ;

TLO A )
g =9 -sechy=uv-w. Seealsoin (165A)-(168A).

For the time part of (243A) there hold:
gy = /Ry = Y = *C,coshy = c-coshy - w = c¢* - wi = (c*)?/y, where again
c¢* = cosh 7y - ¢ is the proper velocity of the coordinate time t stream for any world line.
X % ok
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Let’s go back to general motions with variable two parameters of roth I'; = F(v;, €4).
Pay attention to the fact that simultaneously with a point M of a world line and the ac-
companied movable unity hyperboloid I with their common time-like tangent i,!) and
space-like pseudonormal p,!), moving all at 4-velocity ¢, there is the instantaneous
point N on the conjugate hyperboloid IT with its also conjugate space-like tangent i, D
and time-like pseudonormal p,/?). In Ch. 12 we denoted such conjugate points of two
hyperboloids as v and u in a textual part and at the Figure 4. Between all our four

unity basis vector on these hyperboloids there is one-to-one correspondence as follows:

i, = p, D = rgfvl))v (as of 4-velocities for I and II); )

p, = iU = r(ﬁ), (as of 4-accelerations for I and II); , (2494)
p,D =p,UD = nVI)(M) = nl(,H)(N), (as of normal 3-shifts for I and II);

pu(l) _ pu(H) — n/(f)(M) = n,(f[)(m, (as of torsion 3-shifts for I and II). )

where n are binormals to these hyperboloids too in these point v and u (Figure 4).

Formally here, this dependent space-like pure geometric motions of the point N on
the movable hyperboloid IT (connected with the point M on the movable hyperboloid I)
are realized by our tensor of motion roth I'; = F(v;,e,) (100A) under connected
changes in two of its parameters as the hyperbolic angle of motion (velocity) and its
direction (see in details in Ch. TA).

The correspondences (249A) make it possible to better see the reason why motions
along a world-line are displayed on both unity accompanying hyperboloids I and II.
This can be presented more clearly in Figure 4 with two these hyperboloids.

Indeed, the first two-step rotation-differentiation of the tangent i,'? in (225A)
is executed with the geometric space-like principal motions in the Euclidean plane of
curvature (82)(Km) = (pa, P»)". But this plane is tangent namely to the hyperboloid I
at the point M’! Hence the motion is transferred mathematically (no physically) from
the hyperboloid I into a surface of the hyperboloid IT according to the first and third
relations in (249A). However the second two-step rotation-differentiation of the pseudo-
normal p,") in (235A) is executed with the physical time-like principal motions in the
pseudo-Euclidean plane of torsion (73(1“))&17”) = (p,,, ia)"™, which is tangent namely
to the hyperboloid I at the point M!

As final result, we obtain all absolute parameters of a world line in £y = {I} and E,,
under permanent action on a particle of the current motion tensor roth I'; = F/(v;, €4):

| coshv; -eq | e | ey . . | sinhvyi-eq | . | O
Pa = |: sinh vi :| y Pv= |: 0 :| y  Pp = |: 0 y  la = T 11 = cosh vi ;o = 1 .
Ko =ni/c, ka = Ko Pa; Ky =sinhy; - wj /e, k, =K, py; Qu =coshy;-w),/c, du= Qu Pu; da = Ka ia-

€y

InEm(’yi:()): pa:jlz[eoo‘ ]see (149A), p,,:[ 0 }, pu:[eg], ia:ilz[?}see(MGA).
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In the basis Minkowskian space-time (P3™1)| we obtained exactly the maximal order
of curvature (.. —1 = 3 and all one-valued results. In the curving pseudo-Riemannian
space-time, it may be that (., = 4, but due to its anisotropy and non-homogeneity,
corresponding formulae cannot give results undependent on the initial base. Moreover,
analogous situation takes place, starting with the characteristics of 1-st order of motion
along a world line as 4 X 1-momentum, real 3-momentum and energy, with the Integral
Laws of their conservation. First this was showed by D. Hilbert [52], see in Ch. 9A.

These Laws in STR may be inferred in (P! by the Absolute Pythagorean Theorem
with the use of own 4 X 1-momentum Py = F, - i, as a hypotenuse and right column
of the tensor of impulse Tp = F, - rothl';, i. e., produced by the symmetric tensor of
motion (100A) with four independent elements. In any physical pseudo-Cartesian base
E = (x, 3) with inertial Observer Ny, the tensor Tp has physical structure (101A):

/ \/ 1
Tp = Py -rothI’ = myc - rothl’ = P, - coshry - €a " €a —tea ‘€, |sinhy-eq |_
sinhvy - €], cosh ~y

N
P-e,-e)/+ P -e,- e Me- e, - e, +moc-e,-ey | mv ror+ 2
—_ « « o] « p — « « « [ , (POI 'PO):PO-

p’ P mv’ mc

Then we have own 4 X 1-momentum as Py = Fy-i, = mg-c, where the notion mgy # 0
is used only for massive material objects; i, is a time-like unity 4 x 1-vector of the
world line inclination (222A) and for Poincaré 4-velocity ¢ = ¢-i, (7 > 0 as Act > 0).
Py and Tp are the geometric invariants conservative under Lorentzian transformations
in any insulated physical system: {F =0 <> Py = const, 7p = CONST}. For the
progressive moving material body M, geometric invariant Py has scalar invariant 7
and gives two trigonometric projections of Py as relative cosine and sine parﬂetem:

P = Fy-coshvy-iy = P-i; = mc-1; as 4 X 1 cosine one onto the time-arrow ct(l), and
p = Fy-sinh~y-e, = myv* - e, = mv as sine one into the Euclidean subspace (53>(1>.
In right triangle, Py, P, p satisfy the Absolute pseudo-Euclidean Pythagorean Theorem.
In an insulated for the body M system, there is the principal preserving characteristic
under Lorentzian transformations: Py = F, - i, = const as the invariant hypotenuse.
Other dynamical cathetuses are preserved under conditions (v and e, are constant) and
expressed by projecting Py and constant ¢: E = ¢-Fy-coshy = cP, p = Fy-sinh~-e,,
where P ~ E ~ m are expressed proportionally, because £ = P -¢, m = P/c,
Such approach is applicable at arbitrary quantity of moving massive material points
in an insulated for them system, for example, in the same original base E; with N:

Z[Po(k) : i(k)] = C- E[mo(k) -i(k)] = EPo(k) = E[Po(k/) . i(k/)] = C- E[mo(k/) -i(k/)] = const.

Y.Py (1) has cosine projection onto ctM) as sum of P and sine projection into (€3>(1) as
sum of p. Trigonometric projecting for inferring in such insulated system of these two
relative Laws of Energy and Momentum Conservation may be realized one-to-one only
in isotropic and homogeneous spaces as the Minkowskian space-time. The inference is
in correspondence with the fundamental E. Noether’s Theorem (1915 — Géttingen).
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As we have seen repeatedly, consideration of relativistic problems in Minkowskian
space-time gives us their clear interpretation, especially using the tensor trigonometry
tools with the connected Poincaré Relativity Principle and Mach Principle. Kinematic
effects of STR are realized exclusively under the action of these Principles of the Nature.
So, the "twins paradox" does not have any physical meaning without the operation of
the Mach Principle with its Star system of the Universe Ey. We accompany both these
Principles with our 4 primary dimensionless trigonometric tensors of absolute motion:

rot ®; = FS(QOi’ea)’ <Qn+1> V(@ivea,ez/)a (U 7& U’), <QQ+1>
.. . / . / Q] .. .. " Q] i€
08P Ca " Ca i /e o Ca SI@i " Ca | L CO8Pi Ca | G PP " Ca for Frenet—Serret theory.
+sinp; - e, CoS ©; + sin @; 0 COS ©;
roth FZ == Fh(’)/’iv ea)7 (F = F/)7 <7)TL+1> U(’Y’Lv eavelheﬂ)a (U 7& Ul)? <P3+1>
coshv; e, e, +eq-e, |sinhv, e, coshvy;-e, | € | e, | sinhy; - e,
i ol costi, e s T0T 0T oy, - (250A)

U, inferred above, is a movable trigonometric tetrahedron along a world line (as a
pseudoanalogue of the classic Frenet trihedron in £3), and it is an asymmetric tensor
of motion with its orthospherical part rot © leading to combined normal Euclidean
motion in £3(™ c (P3*1) as in (241A). The polar decompositions of U and V' (inferred
in Chs. 11, 7A, 8A) lead again to these principal symmetric tensors of motion with the
tensor of secondary normal rotation rot ©. For example, with (474), (475) we have
U=rothT; rot ©;, = rothT; =UU', rot © = \/W_l U =roth (=1;) - U.

We see that the asymmetric tensor U contains in an explicit form the possibilities for
4 independent motions of Lorentz. Two of them is purely hyperbolic with synchronous
rotations of the tangent and the principal pseudonormal, and else two are purely
spherical with Euclidean rotations of the sine and cosine binormals. In an insulated
system, these 4 motions are absent. Then we have 4 conserved physical characteristics:
real momentum, total energy (see above) and two angular momenta M; and Ms as a
consequence of normal curvature and torsion. If we add to them 2 more independent
Thomas purely orthospherical rotations and 4 independent translations, then we obtain
a complete 10-parametric group of Poincaré with all conserved physical characteristics.
For a particle or a body M, this corresponds to the Noether’s Theorem in (P3F1)!

These hyperbolic F}, and spherical F tensors with the orthospherical tensor (rot ©)
produce all set of homogeneous Lorentzian and Special quasi-Euclidean transformations
in clear trigonometric forms due to unambiguous polar decompositions of the latters.
In (154A), (202A) we expressed such mixed tensors by canonical forms in the base F.

In the end of this Appendix and all the book, we would like to emphasize once
again that both these concomitant hyperbolic geometries with their Euclidean and
cylindrical topologies, which are mapped isometrically on the hyperboloids IT and I in
the common enveloping pseudo-Euclidean space (P™"*1), must be considered as a three
sheets unified hyperbolic geometry with the one Lorentzian group of transformations.
In this chapter, we have actually applied the unified three-sheets hyperbolic geometry.
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The following questions and problems may be solved with the use of the book material and basic knowledges.
As seem to the author, they are enough interesting for inquisitive readers.

1. Consider an algebraic equation of power n with real positive coefficients in its alternating-sign form.
Represent Cardano’s (n = 3) and Ferrari’s (n = 4) formulae in terms of small and large medians.
Prove that, if the roots of the equation in such form are real-valued numbers, then at any "n" there hold:

0<ky <[(n—1)/2n]k3.

Give the similar chain for all the coefficients.

2. Explain why each of the following equations has complex conjugate roots with positive real parts.
y(z) = 2% — 102* + 4023 — 8022 + 90z — 64 = 0,

y(z) = 2% — 102* + 4023 — 7022 + 80z — 64 = 0,

y(z) = 2° — 102* + 402 — 8022 + 752 — 60 = 0,

y(z) = 2° — 252* + 902 — 64022 + 80z — 1 =0,

y(z) = 2% — 252* + 16023 + 80x — 1 = 0.

General conditions to coefficients of an algebraic equation for its roots to be real see in our monograph [18].

3. Equation y = ||z(x)|| = ||Ax — a|]| = min, where A is a m X n-matrix, a is a n-vector, has a unique
solution x = b. Express b, z(b), and y(b) as formulae only with A and a. Find the spherical angle between
the vector b and the plane (im A). Find condition for it be zero, be right. What is the geometric nature of
the vector z(b) in the m-dimensional Euclidean space? How does geometry of solutions depend on relations
between m and n?

4. For a pair of conjugate complex numbers and operations over them, give the real-number representa-
tions without the imaginary unit. What is the main distinction between complex-valued representations of
the numbers and the operations and these real-valued ones?

Prove that a real-valued algebraic equation of power n has a complete real-valued general solution unique
up to admitted permutations.

5. In the first half of the 19-th century Urbain Le Verrier "discovered on tip of a pen" (by the words
of F.-J. Arago) the new planet Neptune (1846). He used his own algorithm for inverting a square matrix B
with evaluating scalar characteristic coefficients of the matrix B in terms of traces of powers Bt. Prove the
following statements for these characteristic coefficients of a n x nm-matrix B and its powers B!, 1 <t < n.

a.lftr B=tr B2=...=tr Bl = ... = tr B = +1, then k(B,t) = 0. In particular, det B = 0 if t = n.
b.Iftr B=tr B®=...=tr B/ =-.. =tr Bt = —1, then k(B,t) = (—1)!. In particular, det B = (—1)".
c.lftr B=tr B2=...=tr B/ = ... =tr B! = +t, then k(B,t) = +1.

d. If —tr B=+tr B2 = ... = (=1)itr B/ = ... = (—1)%r B' =t then k(B,t) = (—1)%.

e.lftr B=tr B2=...=tr Bl = ... = trB' = +n, then k(B,t) = +C".

f.If —tr B=+tr B2=... = (=1)itr B = ... = (=1)'tr Bt = n, then k(B,t) = (—1)"C?.
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6. Integer-number n x n-matrices generalize the notion of number. They keep also a lot of mysteries and
phenomena. Prove the following formulae (they are connected with these characteristic coefficients too).

(1 1 0 0 0 0
11 0 0 0
111 0 0 0
det | = o o : =0. (1)
111 - 1t=2 0
111 -1 1 t—1
111 - 11 1]
1 -1 0 0 0 0
11 =2 0 0 0
1 1 1 0 0 0
det | : 1 e : : = tl. (2)
1 1 1 1 —(t—2) 0
11 1 -1 1 —(t—1)
111 -1 1 I
[t 1 0 0 0 0
t 2 0 0 0
t ot ot 0 0
det | = oo : =tl. (3)
t ot t t—2 0
t ot t ot t—1
|ttt t ot t ]
I —t 1 0 0 0]
+t —t 2 0 0 0
—t +t —t 0 0 0
det : : Do : o= (=) (4)
(D)2 (=13 (1) —t t—2 0
(=D (=12 (=1)3 +t -t t-1
(=D (=) (—1)2% —t o+t =t |
(n 1 0 0 0 0
n n 2 0 0 0
n n -+ 0 0 0
det |+ it Lo =G (5)
non n n t—2 0
nn n n n t—1
| n nn n n n |
i —-n 1 0 0 0 0]
+n —-n 2 0 0 0
—-n +n -n - 0 0 0
det : : Lo = (=D, (6)
-1)'2n (=1)"Pn (=1)'"'n -n t—2 0
(- (=120 (=1 3n +n  —-n t—1
B G L G L O L R

Note. For (5) and (6) there holds, if ¢ > n, then the determinant is 0.
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7. For n x m-matrices A; and As, prove equalities for the following scalar coefficients of any order ¢:

k(Ay - A5 t) = k(A7 - Ao, t) = k(A - A}, t) = k(A5 - Ay t).

8. For r x r-matrices B and C of rank r, give the matrix interpretation of the scalar relation:

det BU det Bll o det (Bll . 012) _ det Blz det Bll o det Blg

= = = = =
det Bgl det (Cgl . BH) det (021 . BH . Clg) det B22 det Bgl det B22

& det By - det By = det Bis - det Bgl,

where B and C' — r x r-matrices of rank r. For example, with the use of the relation, infer exact formula for
the orthogonal quasi-inverse matrix AT from Ch. 2.

9. For singular matrices determining planars or lineors, write down in the unified notation all characteristic
eigenprojectors, orthogonal and oblique ones. Their quantities are:

e 8 and 12 for real-number and complex-number square matrices,

e 4 and 6 for real-number and complex-number rectangular matrices,
e 8 for a pair of real-number rectangular matrices,

e 12 for a pair of complex-number rectangular matrices.

Compose the multiplication table for these eigenprojectors.

Why paired orthogonal and oblique eigenprojectors mutually change their nature under translations from
quasi-Euclidean space into pseudo-Euclidean one and vice versa?

Are there any geometric distinctions between orthogonal and symmetric eigenprojectors, oblique and
nonsymmetric ones in the spaces with quadratic metrics?

10. In a geometry with its binary space and quadratic metric, a reflector tensor and the mid-reflector of
the tensor angle have similar expressions. What is the principal distinction between these notions?

11. For generalized circles and hyperbolae in a real affine plane, draw graphs of the following func-
tions y(x):
ly|" + || = |R|", |y|" —|z|" =|R]", n=0,1/4,1/3,1/2,1,3/2,2,3,4, 0.

Why the value n = 2 is chosen just for Euclidean, quasi- and pseudo-Euclidean spaces (for the spaces
with quadratic metrics)? Does the parameter n have any geometric sense for affine planes and spaces?

These questions are connected with justification of the Pythagorean Theorem, as well as the quadratic
metrics in Euclidean, quasi-Euclidean and non-Euclidean geometries and in the theory of relativity (and also
of the Gaussian method of least squares and quadratic regression).

Whether it is possible to consider that the mathematical condition n = 2 follows from the nature of our
real space and space-time or it is used as an axiom for them?

Give comparative analysis of the following generalized trigonometric functions for integer n > 1:

y/R=Sin ¢, ©/R = Cos ¢; y/R=Sinh~y, z/R=Cos;
If n = 2, then in the universal bases F1y the covariant concrete spherical-hyperbolic analogy takes place:
y/R =sinp = tanh~y, z/R =cos ¢ =sech v < sinh 7 =tanyp, cosh 7 =sec .

Why angles in quadratic geometries (i. e., Euclidean, quasi-Euclidean, and pseudo-Euclidean), as well as
their trigonometric functions have the nature of bivalent tensors?

When the tensors are orthogonal, either spherically, or quasi-Euclidean, or hyperbolically, or pseudo-
FEuclidean, and when they are affine ones?

What kinds of invariants and quasi-invariants take place for functions of spherical and hyperbolic angles?

What distinction in the kinds of invariants is there between spherical and hyperbolic angles?

Why a choice of n = 2 for the relativistic space-time according to Poincaré is equivalent to Einsteinian
physical definition of simultaneity?
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12. The concrete sine-tangent analogy leads to the hyperbolic analog w of the spherical number m/4:
sinhw =1=tann/4 = w = arsinh 1 ~0.881 rad, /4 = arctan 1 ~ 0.785 rad.

Both these constants are represented with similar number series:

/4 fanl=1—t4i 1o D (the Leibnitz series)
=arctan 1=1— -+ - — = +--- e Leibnitz series
" 375 7 o+ 1 1D SeHes),
. 11 113 1 1:3:5 (—1)" (20— )N
— hl=1--.-4-. . )
W A 327524 7246 Tl @a

Why w as well as 7/4 is a transcendental number? What is the geometric sense of w? Why w > 7 /47

13. What common trigonometric property do flat curves tractrix and cycloid have?

What common geometric feature do all these objects have: a circle and a sphere, an equilateral hyperbola
and hyperboloids, a catenary and catenoids, a tractrix and tractricoids including a pseudosphere?

How does a quadrohyperbola in a pseudoplane lead isomorphically to the emergence of four catenaries
and tractrices in quasiplanes (two time-like and two space-like) with a common determining parameter R?

Describe geometrically tractricoids obtained with parametric rotation of these time-like and space-like
tractrices around the single ordinate axis.

What is a difference in the first metric forms of a Beltrami pseudosphere, hyperboloids I and II and
a hyperspheroid given in their quasi- and pseudo-Euclidean spaces? Which kinds of transformations are
invariant for a hyperspheroid and a Beltrami pseudosphere of the parameter R in an Euclidean space?

14. Which kinds of angles do measure segments and angles in both hyperbolic geometries on concomitant
Minkowskian hyperboloids and in the spherical geometry on the hyperspheroid? What is the main difference
of measuring segments and angles for figures in a pseudoplane and a quasiplane?

15. What roles do play the angles v and v in the pseudo-Euclidean geometry and in the theory of relativity?
How are they connected to each other and correspond to the contravariant Lobachevskian parallel angle 11
and the covariant parallel angle of motion v? What types of the bases may be used for these bonds?

How does the angle of orthospherical rotation # (scalar) or © (tensor) appear in non-geodesic (or non-
collinear) motions (1), in metric forms (2), in angular deviations inside figures from geodesic segments (3)?

What tensor trigonometric distinction does exist in the mathematical description and interpretation
of these well-known relativistic effects: Einsteinian dilation of time and Lorentzian contraction of extent?
Describe concomitant to them other relativistic effects.

16. What does the mathematical principle of relativity in geometries consist in? How does it correspond
to the physical principle of relativity in nature?

Do there exist chemical-mathematical isomorphism, biological-mathematical isomorphism etc.?

17. How curvature of a world line is related with the 2-nd Newtonian Law? Which kinds of curvatures
and their orders do take place for world lines in the Minkowskian space-time? How they correspond to types
of physical movement of a particle and its kinematical and dynamical characteristics?

18. Describe the symmetric trigonometric tensor of motion and its connection with relativistic physical
tensors of momentum and energy. How it leads to the pseudo-Euclidean Pythagorean Theorem of three
momenta and to the Law of momentum—energy conservation in an insulated system? What additional
analogous Laws of conservation does give the asymmetric trigonometric tensor of motion?

19. Give interpretation of approximately uniform relativistic pseudoscrewed motion of the Earth in (P3+1)
using the approximately inertial base Ey connected with a barycenter of the Sun and results of Chapter 10A.
Reveal the vectors of a tangent, a pseudonormal with e,, and a sine binormal with e, with all accompanied
differential characteristics. Why in the pseudoplane of this pseudoscrewed motion precession we deal only
with the rotational angle of spherical type?

20. Construct the trigonometric kind of the Frenet-Serret theory in (£3). Why it may be realized in two
different variants? How the order of differentiations-rotations must be changed? Give correct criterium of a
flat curve in the Euclidean 3D space.

21. A sign-indefinite (n 4+ 1) x (n + 1) symmetric tensor as a function in (n + 1) curvilinear coordinates
determines a variable quadratic metric in a certain (n+1)-dimensional binary space, either quasi-Riemannian
or pseudo-Riemannian. What is necessary for unambiguously determine of a concrete non-FEuclidean metric
from the variants of Riemannian or pseudo-Riemannian metrics? What tensor is true in both these variants?
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ABSTRACT

Ninuil A. S. Tensor Trigonometry.

Appendiz. Trigonometric models of motions in non-Euclidean Geometries and in Theory of Relativity.
— Moscow: Scientific Publisher “FIZMATLIT”, 2021, 320 p., 8 ill.

(English version of the first Russian edition: Ninul A. S. Tensor Trigonometry. Theory and Application.
— Moscow: “MIR” Publisher, 2004, 336 p. with addition of Kunstkammer.)

The main objectives of this book are to develop a number of geometric notions of the theory of exact
matrices and on this platform work out the fundamentals of the tensor trigonometry with its applications.
It operates with binary tensor angles formed by linear subspaces or in accordance to their rotations.

In the first part (chs. 1+4), for the sequential, a number of questions in the theory of exact matrices are
considered. The general inequality for all means is inferred, and hierarchical invariants of a spectrally positive
matrix are installed. For an n x n-matrix, its eigenprojectors, quasi-inverse matrices, and minimal annulling
polynomial are expressed in explicit form, in terms of its characteristic coefficients. Primary parameters of
matrices singularity and fundamental inequalities, connected with them, are revealed. Singular null-prime
and null-normal matrices are defined and used. The sine and cosine relations for matrices were introduced.

In the second part (chs. 5+12), the tensor trigonometry (generally as a multi-dimensional trigonometry)
in affine and metric forms is developed. For the binary tensor angles between linear objects or in accordance
to their rotations, the full set of tensor functions and reflectors is defined. Quasi-Euclidean and pseudo-
Euclidean tensor trigonometries are constructed in these three kinds: projective, reflective and motive, the
last term relates to rotations and deformations. For two- and multistep rotational transformations, as pseudo-
Euclidean (Lorentzian) and quasi-Euclidean (new) ones, polar decomposition into principal and secondary
rotations is installed and widely applicated. The covariant abstract and specific spherical-hyperbolic analogies
are introduced and used. All quadratic norms of matrices are defined. The matrices trigonometric spectra are
established, which serve as a basis for obtaining general cosine and sine normalizing inequalities. A number
of the various applications are given in passing. So, the full solution of the pseudo-Euclidean right triangles
is given. The new hyperbolic (primary) and spherical equations for a tractrix with a Beltrami pseudosphere
defined by only parameter R are gotten. The trigonometric models of two complementary each to another
hyperbolic geometries in the large are constructed and interpreted on the Minkowskian hyperboloids II (as
a flat disc of tangents similar to Klein’s one) and I (as a flat ring of cotangents or a cylinder of tangents).
And especial n-dimensional isometry of the hyperboloid I and the Beltrami pseudosphere is installed.

In Appendix, the tensor trigonometry in elementary forms is used for studying motions in quasi-Euclidean
and pseudo-Euclidean geometries with index ¢ = 1, in non-Euclidean geometries of hyperbolic and spherical
types, and in the theory of relativity. The contravariant Lobachevskian parallel angle is supplemented by the
covariant universal parallel angle for these geometries (as the angle of principal motions). The general law of
summing principal motions or velocities is established in the trigonometric matrix, vector and scalar forms
with the orthospherical rotation. The tensor trigonometric model with its vector and scalar orthoprojections
for kinematics and dynamics of a material point in the (3 + 1)D Minkowskian space-time is proposed. It is
shown that the mathematical source for complete physical description of motions in the homogeneous and
isotropic space-time is the fundamental dimensionless trigonometric motion tensor producing proportionally
the momentum tensor and its scalar and vector orthoprojections into the time-arrow and the Euclidean space,
with the rectangular pseudo-Euclidean triangle and the pseudo-Pythagorean Theorem for three momenta.
In addition, the hyperbolic formalizations of Einsteinian dilation of time and Lorentzian seeming contraction
of extent with supplementary to them effects are realized as consequences of the rotational and deformational
trigonometric transformations of coordinates. The four absolute vector and scalar differentially-geometric
and physical characteristics of a world line, completely defining its orientation and configuration in the
vicinity of its each world points in the (3 + 1)D Minkowskian pseudo-Euclidean space-time, are established
as complete 4D trigonometric pseudoanalog of the Theory by Frenet—Serret for the usual 3D Euclidean space
(or for the (2 + 1)D quasi-Euclidean space), with a detailed consideration of some particular motions.

Personal web-site for contacts: http://www.ninul-eng.narod.ru
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